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The dynamic equations of the proton transport along the hydrogen bonded molecular systems have been obtained

by using completely quantum-mechanical method to be based on new Hamiltonian and model we proposed. Some

quantum-mechanical features of the proton-solitons have also been given in such a case. The alternate motion of two

defects resulting from proton transfer occurred in the systems can be explained by the results. The results obtained

show that the proton-soliton has corpuscle feature and obey classical equations of motion, while the free soliton moves

in uniform velocity along the hydrogen bonded chains.
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I. INTRODUCTION

Hydrogen bonded systems in condensed matter,

polymers and biological bodies have stimulated wide

interest in recent two decades.[1−23] Such systems, as

ice, imidazole, hydrogen halides, carbonhydrates, solid

alcohol, bacteriorhodopsin, protein and others, exhibit

considerable electrical conductivity,[1−4] even though

electron transport through these systems is hardly

supported. These systems are characterized by the

formation of long chains of hydrogen bonded molecules

· · ·X—H· · ·X—H· · ·X—H· · · · · ·. This concept is il-

lustrated for water molecular chains. A proton is

transferred to a water molecule to form an ionic defect,

a hydroxonium, H3O
+, and another water molecule is

dissociated by losing one of its protons to its neigh-

bours, forming a hydroxy1, OH−. Each proton (H+)

can be transferred inside the X—H· · ·X bridge inter-

changing the role of the covalent (—) and the hydro-

gen (· · ·) bonds with the heavy ion group (X−).[5−13]

After such an intrabond proton transfer the chain is

locally disturbing its neutral charge distribution, gen-

erating an ionic defect. An additional degree of free-

dom allows the group X—H to rotate in such a way

that an interbond proton transfer is possible, gener-

ating a bonding (or Bjerrum, or orientational) defect.

Any of the two defects could be the majority charge

carriers through the chain. Both types of defects are

also sensitive to the vibrations of the heavy ion sub-

strate. Several scientists, trying to explain the pro-

tonic conductivity in ice, formulated theories based

on the hopping migration of the ionic and bonding de-

fects along the hydrogen-bonded networds in the crys-

tals. However, these theories failed to reproduce the

highly complicated dynamics in the system. In recent

years, many scientists are inclined to believe that the

structure and dynamics of ionic and bonding defects in

these systems have been a collective behaviour stimu-

lated by the dipole-dipole interaction between X—H

groups. The collective effect could excite a kind of

soliton, likely topological kink, to encourage motion of

these defects.[5−23] Although the heavy ion sublattice

does not change the qualitative picture of the defects

dynamics, it has been proved that it may produce im-

portant “signatures” for experimental detection. For

this reason, a two-component model has also been

introduced,[10−15] trying to consider the main degrees

of freedom of the hydrogen-bonded chain, it can only

explain the motions of one pair of defect of each type,

but cannot give the multi-defects dynamics. Oth-

ers have also introduced an one-component protonic

chain with a new two-parameter doubly periodic on-

site potential.[19,20] In such a model the main charater-

istics of the systems are concentrated in the structure

of the on-site potential, which is parametrized by two

constants in order to have higher flexibility. Due to

the flexibility of the potential the model can only be

adapted to the hydrogen-bonded structure when the
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heavy ion sublattice is assumed “frozen”. There-

fore, in order to describe the main properties of the

systems the two coupled degrees of freedom at each

lattice site must be included, but this complicates also

their investigation. Even when a continuum limit is

taken, the equations of motion couple two fields so

that they are difficult to solve in the above models.

For instance, no exact analytical solution is known for

an original Antonchenko model.[5] Another difficulty

appears when one considers realistic parameters for

hydrogen-bonded systems because then the solutions

are narrow with respect to the lattice spacing and the

continuum approximation fails. This is the case in ice

in which the H3O
+ or OH− are almost point defects.

Also, these models almost cannot explain theoretically

the mutual conversion of the two types of defects in the

transport processes along hydrogen-bonded chains.

Recently we proposed a new model,[24] in which a

new Hamiltonian is introduced to study the classical

properties of the proton transfer in a solitonic mech-

anism by using classical method. In the new Hamil-

tonian introduced we take into account not only the

harmonic vibration of the proton with frequency ω0

and the double-well potential which is similar to other

models, but also the dipole-dipole interaction between

the X—H groups and the change of the displacement

of heavy ions resulting from this interaction. From

this model we not only obtained an analytical solution

of the equation of motion, but also gave a unitized ex-

planation for the mutual conversion of the two types of

defects in the proton transfer. Thus, this model over-

came the difficulties existing in previous models.[5−16]

However, we are more interested in the quantum me-

chanical properties of the proton soliton in this model

because of many distinctions from the classical be-

haviours, which are not studied yet. The purpose

of this paper is to study the quantum-mechanical

properties of the proton-soliton in the systems by

means of completely quantum-mechanical method in

our model.[24] In Sec.II we derive the equations of mo-

tion of the proton-solitons. The quantum-mechanical

properties of the proton-soliton are given in Sec.III.

II. EQUATIONS OF MOTION FOR

PROTONSOLITONS

According to the features of collective excitation

of the protons resulting from the localized fluctuation

of protons and the deformation of structure of the

heavy ionic sublattice in the hydrogen-bonded molec-

ular systems, the Hamiltonian of the systems can be

given by[24]

————————————————————————————
|
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where the proton coordinate ri is the displacement

of hydrogen from the middle of the bond between

the ith and the (i + 1)th heavy ions or OH− in a

static cases; r0 is the distance between the local max-

imum and one of the minima of the potential well of

U = U0(1 − r2
i /r2

0)
2. U0 is the height of the poten-

tial barrier, Ri is the displacement of heavy ion from

the equilibrium position, χ1 and χ2 are coupled con-

stants between the protonic and the heavy ionic sub-

lattices due to the motion of the heavy ions. And ω0

is the frequency of harmonic vibration of the protonic

sublattice, K = mω2
0 is the elastic constant of the

protonic sublattice, ω1 is a characteristic frequency of

vibration of protons, β is a linear elastic constant of

the heavy ionic sublattice. V0 = r0(K/m)1/2 is the

velocity of low amplitude sound waves in the protonic

sublattice. C0 = R0(β/M)1/2 is the sound velocity in

the heavy ionic sublattice, pi and Pi are the conjugate

momenta of the coordinate ri and the displacement

Ri, respectively. Hp is the Hamiltonian for the pro-

tonic sublattice with an on-site double-well potential

U(ri), Hh is the Hamiltonian for the heavy ionic sub-

lattice, Hint is the Hamiltonian of interaction between

protonic and heavy inoic sublattices, which takes into

account the fact that with proton displacement from a

stable equilibrium position the distances between the

neighbour heavy ions changes.

Adopting the general transformation,[25−27] we

have

ri =(2mω0/h̄)−1/2(ai + a+
i ),

pi =mṙi =(h̄mω0/2)1/2(−j)(ai−a+
i ) (j=

√
−1), (2)

where a+
i (ai) is the creation (annihilation) operator

of the proton of number i, thus Eq.(1) becomes
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H =
∑

i

[h̄ω0(a
+
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+ aiai) + (h̄χ2/2ω0)
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(Ri+1 − Ri)(a
+
i+1ai + ai+1a

+
i + a+

i+1a
+
i + ai+1ai) + U0/4. (3)

|————————————————————————————

According to the properties of collective excitation of

the protons generated by the localized fluctuation and

the deformation of conformation of heavy ionic sub-

lattice, the trail wave function describing the state of

collective excitation occurring in the systems should

be of the form[25,26]

|Φ〉 =|ϕ〉|βq〉 = (1/λ′)(1 +
∑

i

ϕi(t)a
+
i )|0〉pr

· exp

{

∑

i

(1/jh̄)[ui(t)Pi − πi(t)Ri]

}

|0〉ph,(4)

where |0〉pr and |0〉ph are the ground states of the pro-

ton and the vibrational excitation of the heavy ionic

sublattice (phonons), respectively. We choose the nor-

malization factor λ′ = 1 in the following calculation

for convenience.

In Eqs.(3) and (4) we have the relations

〈Φ|Ri|Φ〉 = ui(t), 〈Φ|Pi|Φ〉 = πi(t).

Thus we obtain

∂u(t)

∂t
= 〈Φ|[Ri, H ]|Φ〉,

jh̄
∂

∂t
πi(t) = 〈Φ|[Pi, H ]|Φ〉. (5)

Finally we can obtain from Eq.(5), in the continuum

approximation,

M
∂2

∂t2
u(x, t) =βR2

0

∂2

∂x2
u(x, t)

+ h̄(χ1 + χ2)
∂

∂x
|ϕ(x, t)|2. (6)

Equation (6) is just the equation of displacement of

the heavy ion in our classical model.[24]

When we derive the equation of ϕi(t), the only

assumption is that |Φ(t)〉 satisfies the following time-

dependent Schrödinger equation:

jh̄
∂

∂t
|Φ(t)〉 = H |Φ(t)〉. (7)

Now substituting |Φ(t)〉 in Eq.(4) into Eq.(7), and

again product-lefting Eq.(7) with ex〈0|〈β|, we get

————————————————————————————
|

jh̄ϕ̇i =
[

(3/2)h̄ω0 + W − (1/2)
∑

k

(ukπ̇k − u̇kπk) + U0/4 − h̄U0/mr2
0ω0

]

ϕi

− (h̄ω2
1/4ω0)(ϕi+1 + ϕi−1) + (h̄χ1/2ω0)(ui+1 − ui−1)ϕi + (h̄χ2/2ω0)[(ui+1 − ui)ϕi+1

+ (ui − ui−1)ϕi−1] + (8h̄2U0/m2r4
0ω

2
0)ϕiϕ

∗
i ϕi + (8h̄2U0/m2r4

0ω
2
0)ϕi, (8)

|————————————————————————————

where

W = 〈βq|Hph|βq〉. (9)

To find out the explicit expression of W and
∑

k

(ukπ̇k−
u̇kπk), we should quantize further the low-frequency

vibration of the heavy ionic sublattice. Thus, per-

forming the transformation

Ri =
∑

q

(h̄/2NMωq)
1/2(bq + b+

−q)e
jiqR0 ,

Pi = j
∑

q

(h̄Mωq/2N)1/2(b+
−q − bq)e

jiqR0 , (10)

where N is the number of the heavy ions in the hydro-

gen bonded chain, b+
q and bq are creation and annihi-

lation operators of the phonon with the wave vector q,

ωq = 2(β/M)1/2 sin(qr0/2) is the frequency of phonon,

substituting Eq.(10) and Hh into Eq.(9) yield

W = 〈βq|Hph|βq〉

= 〈βq|
∑

q

h̄ωq(b
+
q bq + 1/2)|βq〉. (11)

We know that the part of |Φ(t)〉 depending on the dis-
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placement and the momentum operators, Ri and Pi,

is a coherent state of the normal mode with creation

and anihilation b+
q and bq. A coherent state for the

model with wave vector q is

|βq〉 = exp
{

−
∑

q

β∗
q (t)bq − βq(t)b

+
q

}

|0〉ph. (12)

We can obtain, from Eqs.(12) and (3),

∑

i

(uiPi − πiRi) =
∑

q

jh̄(βq(t)b
+
q − β∗

q (t)bq),

βq(t) = (Mωq/2h̄)1/2uq(t)

+ j(1/2Mh̄ωq)
1/2πq(t), (13)

where uq(t) and πq(t) are the spatial Fourier transform

of ui(t) and πi(t), i.e.,

uq(t) = N−1/2
∑

i

e−jxqui(t),

πq(t)=N−1/2
∑

i

exp(−jxq)πi(t) (x = iR0). (14)

Utilizing Eq.(12), we can obtain

〈βq|b+
q bq|βq〉 =|βq(t)|2 = (j/2h̄)(πqu−q − uqπ−q)

+
mωq

2h̄
|uq|2 +

(

1

2mh̄ωq

)

|πq|2. (15)

Inserting again Eq.(15) into Eq.(11), we have

W =
∑

q

[(1/2M)|πq|2 + (β/2)|uq|2 + (1/2)h̄ωq].

Using the Fourier transform relations in Eq.(14), we

can rewrite W as

W =
∑

i

(π2
i /2M +(β/2)(ui+1−ui)
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∑

q

h̄ωq.

(16)

If utilizing the relation

∑

k

(uk+1 − 2uk + uk−1)
2 = −

∑

k

(uk+1 − uk)2

and inserting the above results into Eq.(16), we can

get
————————————————————————————
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}
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1/4ω0)(ϕi+1 − ϕi−1) + (h̄χ1/2ω0)(ui+1 − ui−1)ϕi + (h̄χ2/2ω0)[(ui+1 − ui)ϕi+1

+ (ui − ui−1)ϕi−1] + 8(h̄U0/m2r4
0ω

2
0)ϕiϕ

∗
i ϕi + (8h̄U0/m2r4

0ω
2
0)ϕi, (17)

where W0 = (1/2)
∑

q

h̄ωq is the zero-point energy. If we assume that the terms contained in Eq.(17) which are

independent of the site index i are G(t), we have

G(t) =W0 − (h̄/4ω0)
∑

k

[χ1(|ϕk+1|2 − |ϕk−1|2)uk + χ2((ϕ
∗
k−1 − ϕ∗

k+1)ϕk + ϕ∗
k(ϕk−1 − ϕk+1))uk]. (18)

Thus Eq.(17) becomes

jh̄ϕ̇i =(3h̄ω0/2 + G(t) + U0/4 − h̄U0/mr2
0ω0)ϕi + (h̄χ1/2ω0)(ui+1 − ui−1)ϕi

+ (h̄χ2/2ω0)[(ui+1 − ui−1)ϕi+1 + (ui − ui−1)ϕi−1] + (8h̄2U0/m2r4
0ω

2
0)ϕi

− (h̄ω2
1/4ω0)(ϕi+1 − ϕi−1) + (8h̄2U0/m2r4

0ω
2
0)|ϕi|2ϕi. (19)

Obviously, Eq.(19) may turn into the following form in the continuum limit for low-frequency vibrations:

jh̄
∂

∂t
ϕ(x, t) =(3h̄ω0/2 + G(t) + U0/4 − h̄U0/mr2

0ω0 + h̄ω2
1/2ω0)ϕ(x, t)

− (h̄ω2
1R

2
0/4ω0)

∂2

∂x2
ϕ(x, t) + (8h̄2U0/m2r4

0ω0)ϕ(x, t)

+ (h̄(χ1 + χ2)R0/ω0)
∂

∂t
u(x, t)ϕ(x, t) + (8h̄2U0/m2r4

0ω
2
0)|ϕ(x, t)|2ϕ(x, t). (20)

|————————————————————————————

This is a nonlinear Schrödinger equation, which is dif-

ferent from the equation of motion of the proton ob-

tained in classical case for our model; the latter is

a nonlinear Klein-Gordon equation, concretely speak-

ing, ϕ4-field equation. The above result is due to the

linear Schrödinger equation (7) we here adopt.

Now we will find out the soliton solutions of

Eqs.(6) and (20). The solution of the set of equations

can be represented by the following form:[26,27]
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Q(x, t) = Q(x − V t), ϕ(x, t) = ϕ(x − V t) exp(−jθ(x, t)), Q(x, t) = − ∂

∂x
u(x, t). (21)

Thus Eqs.(6) and (20) become[26,27]

Q(x, t) = [h̄R0(χ1 + χ2)/MC2
0ω0(1 − s2)]|ϕ(x, t)|2 + g′, (22)

jh̄
∂ϕ(x, t)

∂t
= εϕ(x, t) − JR2

0

∂2

∂x2
ϕ(x, t) − g|ϕ(x, t)|2ϕ(x, t), (23)

where

s =V/C0, ε = 3h̄ω0/2 − G(t) + U0/4 − h̄U0/mr2
0ω0 + g′h̄(χ1 + χ2)R0/ω0

− h̄ω2
1/2ω0 + 8h̄2U0/m2r4

0ω
2
0 , J = h̄ω2

1/4ω0,

g ={8h̄2U0/m2R4
0ω

2
0 − [h̄2r2

0(χ1 + χ2)
2/ω2

0MC2
0 (1 − s2)]}, µ = g/4J.

|————————————————————————————The exact solution of Eq.(23) normalized by the con-

dition
1

R0

∫

|ϕ(x, t)|2dx = 1 at g > 0 and ε > 0 has

the form[25,27]

ϕ(x, t)=±
√

µ/2 tanh

(

µ

R0
(x−x0−V t)

)

· exp{j[(−h̄V/2JR2
0)(x−x0)−Esott/h̄]}, (24)

thus

u(x, t) = ∓ [h̄R0(χ1 + χ2)µ/MC2
0

· (1 − s2)] tanh

(

µ

R0
(x − x0 − V t)

)

.(25)

If g < 0 and ε < 0, the solution of Eq.(23) is in the

following form:

ϕ(x, t)=
√

|µ|/2sech

( |µ|
R0

(x−x0−V t)

)

· exp{j[(−h̄V/2JR2
0)(x−x0)−Esott/h̄]}, (26)

u(x, t) =[h̄R0(χ1 + χ2)|µ|/MC2
0

· (1 − s2)] tanh

[ |µ|
R0

(x − x0 − V t)

]

. (27)

If inserting Eqs.(24) and (25) into the formula of G(t),

we can get, in the continuum limit,

G(t) =(4h̄N/π)(β/M)1/2

− h̄2R2
0(χ1 + χ2)

2|µ|/6ω2
0MC2

0 (1 − s2). (28)

From the above results we see clearly that an ana-

lytical solution of soliton for proton transfer is again

obtained from the new model in quantum case. This

is an advantage of this model as compared with oth-

ers. Thus we may suppose that this model could over-

come the difficulties occurring in other models. Ow-

ing to the fact that the nonlinear interaction, g, in

this model comes from the double-well potential U

and proton-heavy ions coupling interaction, the na-

ture of the proton soliton can be determined by the

competition between the two kinds of nonlinear in-

teractions. When the double-well patential is domi-

nant, the solutions (Eqs.(24),(25)) show the motions

of ionic defects. When the coupling interaction dom-

inates, the solutions, Eqs.(26),(27) show the motions

of bonded defects. Therefore, our solutions can com-

pletely explain the combined and alternate motions of

the two kinds of defects along hydrogen-bonded sys-

tems. For detailed explanation for the phenomenon,

please refer to Ref.[24]. On the other hand, although

the form of the above solition in the quantum me-

chanical theory is the same as that in the classical

case,[24] its amplitude and shape and velocity are all

changed as compared with the classical case. This

shows that the quantum-mechanical properties of the

soliton are different from those in the classical case in

the new model. Therefore, the quantum-mechanical

properties of the soliton excited in the systems are

worthwhile to further study. In the following section

we shall study the properties by means of the above

equation of motion obtained, Eq.(23), and the com-

pletely quantum-mechanical method. Meanwhile, we

here should point out that the equations of motion of

the proton transfer in quantum mechanics can also be

obtained from the Heisenberg equations of operators

bi and ai, but the latter is ϕ4-field equation which is

the same as the one in the classical model.[24] This is

a quite interesting result, and is also quite worthwhile

to study thoroughly.

III. THE QUANTUM-MECHANICAL PROP-

ERTIES OF THE PROTON-SOLITON IN

THE SYSTEMS

A. The motion of the soliton satisfies the

conventional conservation laws of mass,

momentum and energy
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First of all, we write down Langrangian and ef-

fective Hamiltonian of the system corresponding to

Eq.(23),

L =
1

R0

∫

[(jh̄/2)(ϕϕ∗
t − ϕ∗ϕt) − J |ϕx|2 + (g/2)|ϕ|4

− ε|ϕ|2]dx (here ϕ = ϕ(x, t)), (29)

H =
1

R0

∫

[−J |ϕx|2 + (g/2)|ϕ|4 − ε|ϕ|2]dx, (30)

respectively, where ϕx =
∂

∂x
ϕ(x, t), ϕt =

∂

∂t
ϕ(x, t).

Thus we can determine the number density, number

current, momentum and energy of the proton-soliton.

They are

ρ = |ϕ|2, p = −j(ϕ∗ϕx − ϕϕ∗
x),

J = j(ϕ∗ϕx − ϕϕ∗
x), ε = −J |ϕx|2 −

g

2
|ϕ|4 + ε|ϕ|2,







(31)

respectively. From Eqs.(23),(29),(31) and the conju-

gate equation of Eq.(23)

−jh̄ϕ∗
t (x, t) =ε∗(x, t) − Jϕ∗

xx(x, t)

− g

2
|ϕ∗(x, t)|2ϕ∗(x, t), (32)

we can obtain
————————————————————————————

|

∂ρ

∂t′
=

∂J
∂x′

,
∂p

∂t′
=

∂

∂x′

[

2

(

∂ϕ

∂x′

)

g

2
|ϕ|4 + 2ε|ϕ|2 −

(

ϕ∗ ∂2

∂x′2
ϕ + ϕ

∂2

∂x′2
ϕ∗

)

+ 2jε

(

ϕ∗ ∂ϕ

∂x′
− ϕ

∂ϕ∗

∂x′

)]

,

∂ε

∂t′
=

∂

∂x′

[

ρp + j

(

∂ϕ∗

∂x′

∂2ϕ

∂x′2
− ∂ϕ

∂x′

∂2ϕ∗

∂x′2

)

− jε

(

ϕ∗ ∂ϕ

∂x′
− ϕ

∂ϕ∗

∂x′

)]

. (33)

Thus we have the following forms of integrals:

∂

∂t′
M =

∂

∂t′

∫

ρdx′ = 0, M = const.,

∂

∂t′
P =

∂

∂t′

∫

pdx′ = 0,
∂E

∂t′
=

∂

∂t′

∫

εdx′ = 0 (t′ = t/h̄, x′ = x/
√

J). (34)

|————————————————————————————
These formulae are just the conservation laws of mass,

momentum and energy of the proton-solitons in such

a case. This shows that the particles (solitons) in non-

linear systems still obey the general rules of conserva-

tion which are the same as those in linear quantum

systems.

B. The mass, momentum and energy of

the proton-soliton

When the proton-soliton is formed in the

hydrogen-bonded chains, the chain deformation en-

ergy is
————————————————————————————

|

ε0 =
1

2R0

∫ ∞

−∞

(M(ut)
2 + β(uz))dx = β(s2 + 1)h̄3R2

0(χ1 + χ2)
4/6β3ω3

0(1 − s2)3ω2
1 .

Taking the chain deformation energy into account the energy of transfer by the proton-soliton along the molecular

chains is

E =
1

R0

∫ ∞

−∞

Hdx =

∫ ∞

−∞

(

ε|ϕ|2 − J |ϕx|2 −
g

2
|ϕ|4

)

dx + ε0 = E0 + MsolV
2/2, (35)

where the rest energy of the soliton is

E0 =3h̄ω0/2 +
4h̄N

π
(β/M)1/2 − h̄ω2

1

2ω0

+
U0

4
− h̄U0

2mr2
0ω0

− h̄2(χ1 + χ2)
4(2ω2

1 + 3h̄R2
0)

12β2ω2
1ω

3
0

+

[

1 − 4h̄(χ1 + χ2)R
2
0

6ω2
0MC2

0

+
8h̄2U0

m2r4
0ω

2
0

][

8h̄2U0

m2r4
0ω

2
0

]

, (36)

the effective mass of the soliton is

Msol =mex

+
[(4h̄R2

0ω0−4ω2
0−6h̄R2

0)+(3s2
−s4)(2ω2

1+3h̄R2
0+2h̄2ω2

0)](χ1+χ2)
4+(5s2

−1−s4)(8h̄2r−2
0 ω−1

0 ω2
1U0Mm−2β(χ1+χ2))

6ω3
0ω2

1(1 + s2)3β3M
.

(37)

The momentum of the soliton is

P (V ) =
h̄

2jR0

∫

(ϕ∗ϕx − ϕϕ∗
x)dx − M

R0

∫

uiuxdx =

[

m∗
ex + M

(

h̄4R2
0(χ1 + χ2)

4

3ω4
0β

4(1 − s2)3

)]

V. (38)
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From the above formulae we see that the energy, mo-

mentum and the effective mass of the proton-soliton

increase as velocity of the soliton increases. However,

at all finite values of the rest energy, Eq.(38), the soli-

ton velocity is always less than that of the longitu-

dinal sound in the hydrogen-bonded molecular chains

(V < C0). When V → C0, the amplitude, energy

and momentum and the effective mass of the proton-

soliton go to infinity and the distances between the ad-

jacent heavy ions tend to zero. This means that the

above approximation method is in applicable as the

velocity, V , is near the longitudinal sound C0. This

is a shortcoming of this theory. However, if consid-

ering further the anharmonic vibration of the heavy

ionic sublattice, the above difficulty can be completely

ruled out. Furthermore, according to the rule of the

minimum energy for the stability of soliton, i.e., their

energy is less than the conduction band bottom of the

proton, we can obtain from Eq.(36) that the proton-

soliton is stable only under the conditions of s < 1/
√

5

or V < C0/
√

5 and µ < 1. On the other hand, when

the proton-soliton velocity is lower, i.e., V ≪C0, s≪1,

we have

————————————————————————————
|

E = E0 + MsolV
2/2, P = [m∗

pr + (h̄4R2
0M(χ1 + χ2)

4/3ω4
0β

4)]V = const.V,

Msol = m∗
pr +

(4h̄R2
0ω

2
0 − 4ω2

1 − 6h̄R2
0)(χ1 + χ2)

4 + 8h̄3r−2
0 ω−1

0 ω2
1U0Mm−2β(χ1 + χ2)

6ω3
0ω

2
1β

3M
= const. (39)

|————————————————————————————This shows that the dependences of the soliton energy

and momentum on its velocity are analogous to those

of the general macroparticle’s in the proton transfer in

the systems. These results also show that the proton

solitons determined by the nonlinear wave equations,

Eqs.(6) and (20), have obviously corpuscle feature.

C. The proton-soliton obeys a classical

rule of motion

Now let t′ = t/h̄, x′ = x/
√

J and U = ε − G(t).

Utilizing Eqs.(23) and (33), we can obtain

————————————————————————————
|

d

dt′

∫ ∞

−∞

ϕ∗ϕx′dx′ =

∫ ∞

−∞

ϕ∗
t′ϕx′dx′ +

∫ ∞

−∞

ϕ∗(ϕt′)x′dx′ = j

∫ ∞

−∞

{

ϕ∗ ∂

∂x′
[ϕx′x′ + gϕ∗ϕ2

− Uϕ] − [ϕ∗
x′x′ − gϕ(ϕ∗)2 − Uϕ∗]ϕx′

}

dx′

= j

{
∫ ∞

−∞

(ϕ∗ϕx′x′x′ − ϕx′ϕ∗
x′x′)dx′

+

∫ ∞

−∞

[

g(ϕ∗2ϕϕx′ + ϕ∗ϕ2ϕ∗
x′) − ϕ∗ ∂U

∂x′
ϕ

]

dx′

}

= j

∫ ∞

−∞

ϕ∗ ∂U

∂x′
ϕdx′,

where
∫ ∞

−∞

(ϕ∗ϕx′x′x′ − ϕ∗
x′x′ϕx′)dx′ = ϕ∗ϕx′x′

∣

∣

∣

∣

∞

−∞

−
∫ ∞

−∞

ϕ∗
x′ϕx′x′dx′ − ϕx′ϕx′

∣

∣

∣

∣

∞

−∞

+

∫ ∞

ϕ∗
x′ϕx′x′dx′ = 0,

∫ ∞

−∞

g(ϕ∗2ϕϕx′ + ϕ∗ϕ2ϕ∗
x′)dx′ =

1

2

∫ ∞

−∞

g(ϕ∗2ϕ2)x′dx′ = −1

2

∫ ∞

−∞

ϕ∗2(g)x′ϕ2dx′ = 0.

Using the boundary conditions

lim
|x′|→∞

ϕ(x′, t′) = lim
|x′|→∞

ϕx′(x′, t′) = 0 and

∫ ∞

−∞

ϕ∗ϕdx′ = const.,

lim
|x′|→∞

ϕ∗x′ϕx′ = lim
|x′|→∞

ϕ∗
x′x′ϕ = 0,

we can get

d

dt′

∫ ∞

−∞

ϕ∗x′ϕdx′ =

∫ ∞

−∞

(

∂ϕ∗

∂t′
x′ϕ + ϕ∗x′ ∂ϕ

∂t′

)

dx′ = j

∫ ∞

−∞

{

ϕ∗x′[ϕx′x′ + gϕ∗ϕ2 − Uϕ]

− ϕx′[ϕ∗
x′x′ + gϕ∗2ϕ − Uϕ∗]

}

dx′ = j

∫ ∞

−∞

(ϕ∗x′ϕx′x′ + ϕ∗
x′(ϕx′)x′)dx′ = −2j

∫ ∞

−∞

ϕ∗ϕx′dx′.
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The average position (or mass centre) of the

proton-soliton ϕ(x, t) can be represented by[27]
< x′ >=

∫ ∞

−∞

ϕ′∗ϕdx
/

∫ ∞

−∞

ϕ∗ϕdx′, and the average

velocity (or velocity of the mass centre) of the proton-

soliton ϕ(x′, t′) is defined as————————————————————————————
|

d

dt′
< x′ >=

∂

∂t′

{
∫ ∞

−∞

ϕ∗x′ϕdx′
/

∫ ∞

−∞

ϕ∗ϕdx′

}

= −2

{
∫ ∞

−∞

ϕ∗ϕx′dx′
/

∫ ∞

−∞

ϕ∗ϕdx′

}

.

Thus the average acceleration (or the acceleration of the mass centre) of the soliton ϕ(x′, t′) is

d2

dt′2
< x′ > = −2j

d

dt′

{
∫ ∞

−∞

ϕ∗ϕx′dx′
/

∫ ∞

−∞

ϕ∗ϕdx′

}

= −2

∫ ∞

−∞

ϕ∗Ux′ϕdx′
/

∫ ∞

−∞

ϕ∗ϕdx′ = −2

〈

∂U

∂x′

〉

. (40)

|————————————————————————————

This shows that the motion of the soliton (or its mass

centre) ϕ(x, t) determined by Eq.(23) obeys Newton-

type equation of motion. Thus it exhibits clearly the

classical property of the proton-soliton. We see from

Eqs.(34), (39) and (40) that the proton-soliton has

wave-corpuscle duality. On the other hand, if sub-

stituting U = ε − G = 3h̄ω0/2 − h̄ω2
1/2ω0 + U0/4 +

8h̄2U0/m2r4
0ω

2
0 + g′h̄(χ1 + χ2)r0/ω0 − h̄U0/mω0r

2
0 −

G=const. (notice that G is a const., see Eq.(28))

into Eq.(40), we can get
d2 < x′ >

dt′2
= 0. This shows

that the kind of proton-soliton formed in such a case

moves with a uniform velocity (i.e., V =const.) along

the hydrogen-bonded chains. This result has impor-

tant meaning in the biological systims, if appling this

theory to the protein and DNA, because these are a

kind of special hydrogen-bonded systems. The above

property of the proton-soliton in the protein and DNA

ensures that the energy and momentum and charge

transported by the proton-soliton can be kept without

any decay and dissipation, which is very important for

the development of living bodies.

———————————————————————————
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