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Based on the cell model, the general formula for the free energy of solids is derived analytically with the lowest

order anharmonic modification and correlation effect taken into account. Combining a method of summing over lattice

sites, the analytic equation of state for generalized Lennard-Jones solid is derived. The calculations show that the

agreement between theory and computer simulation is quite good and is significantly improved as compared with the

numerical results in literature. The comparison of different effects shows the theory including all neighbors but only

considering the lowest anharmonic and correlation effects may be a good and convenient approximation for practical

solids. The approximation can be easily extended to the quantum case and other generalized potentials.
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I. INTRODUCTION
The conventional approach to the calculation of
the thermodynamic properties of an anharmonic crys-
tal is through Born’s theory of lattice dynamics. But
the approach has a severe disadvantage, that one can-
not get analytic expressions for all thermodynamic
quantities, and each elaboration greatly increases the
So it is difficult to be
Lacks and Shuka et

al.l2] have developed a thermodynamic perturbation

computational requirement.

used in engineering practice.

theory for the nearest-neighbor Lennard-Jones solid.
The theory is also fairly complicated and inconvenient
for applications. As an alternative, people already
developed the free volume theory based on the cell
model.

Lennard-Jones and Devonshire (LJD) proposed
the free volume theory primarily for Lennard-Jones
liquid®!. The fundamental assumption of the theory
is the cell model, which assumes that all molecules
of a system are situated in their equilibrium positions
except one, which roams near the center of the cell. In
the primitive LJD version, the main thermodynamic
quantities can be expanded as analytic expressions un-
der anharmonic approximation!4!. But the LID theory
has two disadvantages. The first is the correlation be-

tween the motion of various molecules are completely

ignored. The second is that the extension of the the-
ory to the generalized Lennard-Jones (GLJ) or other
generalized potentials is very difficult.

In fact, the cell model is more in agreement with
the practical case of the solid and many works have
West-

era and Barker et al.>=7 have proposed a cell-cluster

been done to apply the cell model to solids.

expansion of Ursell-Mayer-type to treat the correla-
tions as a perturbation of some sort. Although the
results for the improved theory are in good agreement
with the computer simulation results, it is difficult to
derive the analytic expressions for the main thermody-
namic quantities. And although the LJD theory has
been extended to the quantum casel®?! the extension
of the cell-cluster expansion theory to the quantum
case is very difficult, so we have no quantum version
at present. But the quantum effects and maybe the
quantum correlation effects are very important at low
temperature. For example, experiments have shown
that the Grineisen parameter tends to zero at low
temperature. This is obviously a quantum effect, but
no theory can explain it up to now!®l. Otherwise,
most of the equations of state for solids are semi-
empiricall®=16]: which cannot take any anharmonic

or correlation effects into account. Since the complete

*This work was supported by the Science Foundation outer of the China Academy of Engineering Physics under Grant No. 99010102.
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cell-cluster expansion theory is difficult to be applied
to the all-neighbors model or other generalized poten-
tial systems, the development of practical equations of
state for solids in terms of the theory is also a difficult
task. This is not enough for practical applications.

A method of summing over the lattice sites is
proposed in Ref.[17], by using it the analytic expres-
sions of the main thermodynamic quantities for LJ
system was derived easily. Considering the GLJ sys-
tem is very important as it can be used to describe
interactions between a variety of molecules, we would
use the method to derive the analytic expressions of
the main thermodynamic quantities for the cell-cluster
theory. Although the approximate version of the cell-
cluster theory only considers the lowest order anhar-
monic and correlation effects, we can see from the
comparison of our results with the complete theory
and the computer simulation that such analytic ver-
sion may be a good and convenient approximation for
practical solids. The general formalism in our analytic
approximate theory provides not only the possibility
to develop practical molecular thermodynamic equa-
tions of state for solids but also the possibility to ex-
tend the theory to the quantum case. This may lead
to a change of the situation that the semi-empirical

equations of state being prevalent(10—16]

, and we ex-
pect the quantum correlation effects will be treated
properly in due course.

The generalized anharmonic cell model is de-
scribed in section II. The analytic expressions of the
main thermodynamic quantities for GLJ crystal are
derived in section III. In section IV, the results for LJ
system are compared with the computational simula-

tion and discussed.

II. FUNDAMENTAL FORMULA FOR GEN-
ERALIZED ANHARMONIC CELL MO-
DEL

Using the cell model, the total interaction energy

for a system can be expressed asls—T7:17]

U= Uy + Y fulrd) — ul0)], (1)
i#£0
where Uy is the total interaction energy as all
molecules are situated at their equilibrium positions,
[u(r;) — u(0)] is the change of potential energy of the
i-th molecule when it given a displacement 7; from
the equilibrium position.
The free volume is defined as

vy = /exp{—[u(r) —u(0)]/kT}dr. (2)

v

Where v is volume of a cell. The Helmholtz free en-
ergy of a molecule can be calculated using the follow-

ing equation!®!

f zéu(O) — kET[1+ lnj(T)
3 2w ukT
+ 51{1 < 71-}/;2 > + lnvf]. (3)

Supposing the potential function is e(r),u(r) can be

expressed as
u(r) = e(|Ri —r|). (4)
i#0
In usual cases R; >> r for all ¢, Eq.(4) can be ex-

panded as series of r

2 1 3
(r- V) u(r)lo + 5;(r - V) u(r)lo

1
u(0) + 5Vfu(r)|o - p?

X

1 1
R v ORI C)

The second line of Eq.(5) is derived from the consider-
ation that the first order derivative of potential energy
equals zero at equilibrium position, and the adoption
of spherical symmetry approximation, as well as the
omission of higher order terms of r (anharmonic ap-
proximation).

Supposing s = |R; — r|, we have ds = dr cos6,

and

Viu(r) = Z cos? - Vie(s),

i#£0

Viu(r) = Z cos® 0 - V3e(s), (6)
i#£0

Viu(r) = Z cos® 0 - Vie(s),
i#£0

and where 6 is the angle of R; with ». As u(r) is

highly symmetric for cubic lattices, we take the aver-
1

age for solid angle 4—/ < -+ >dQ, and Eq.(6) can
7

be changed as

1 1 92 290
A =-) Vi(s)=- —+ =
) = 3 S VEE) =3 3 | o + 2] elo)

i#£0 i#0
1 1 92 20]°
V4 _ V4 _
rur) = 5 Z#O «£(5) = 5 Z#O [852 385} £(s),

(7)
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and V3u(r) = 0. It must be pointed out that the
derivation of Eq.(7) from Eq.(6) is exact for lattices
with cubic symmetries®], one need not assume the
approximation of spherical symmetry for the deriva-
tion. Only as Eq.(7) is applied to non-cubic lattices,
the derivation becomes an approximation of spherical
symmetry.

Substituting Eq.(5) and Eq.(7) into Eq.(3), since
the fourth order term can be taken as small, we ex-
pand the corresponding exponential function and only

keep its first order term to obtain

_ R 4
o= [ 1= g Tutr ]
- exp [ﬁVfu( )o -r2] 4mr2dr, (8)

where the integral limit for r is approximately [0,a/2],
and a is the distance between nearest neighbors. As
the integrated function in Eq.(8) is Gaussian, if the
value of the function in the exponent at upper inte-
gral limit is larger than some large positive number,
the integral limit can be approximately taken as [0,00]
without influence to the integrated result.

Here we take

ﬁVfU(rﬂg- (3)2 > 6. )

The formula gives the applicable scope of temperature
and density for the model.

On the condition of Eq.(9), evaluating the integral
of Eq.(8) and substituting it into Eq.(3), we get

f=hht+fithamfot+fitfe (10)

Here fy is the free energy only taking harmonic

approximation(!”],

fo :%U(O) - kT{l + nj(T)

3 2m kT 3 2nkT
—ln( ——— —In 11
(M) 4 [W()b]}’( )
f1 is anharmonic modification to the free energy from
Eq.(3) and Eq.(8)

5
3272

(12)

onkT 172
fi= }
lo

Vil |

and f} is the lowest order correlation modification,
which can be easily evaluated by using the method in

Ref.[5-7]

zkT (27
=g

3
4v]26d2 @) (A% + 23%)’ (13)

where z is the coordination number of the lattice, and

2
A, = d*e(a)

da?

1de(a)

a da

7B1 = 7d = Vzu(r)|0 (]‘4)

Substituting Eq.(8) into Eq.(13), expanding the an-
harmonic contribution, f; and fj can be approxi-

mately rearranged as f; and fs

5 onkT 1? 2f
fi= ?Q?Vfu(r)\o {V;r( )d <1+ k—ﬁ) , (15)

zkT

o Z— (A% +2BY). (16)

fa=-

mm. ANHARMONIC OSCILATOR MODEL
FOR GLJ CRYSTAL

Now we apply the formula in Section II. to the
GLJ system. The GLJ potential is

-G b ()]

The expression for u(0) is

u(0) = €0 [nsm <T—> — ms, <T—> }
m-—n a a
x\ mM/3 x\ n/3
. \%4 \%4
=4 A<7> B<V> ] (18)
where
4 Mm g Mn 7 (19)
m-—n m-—n
A* = zeg, = (r*)3/7, (20)
and
V =ad*/7. (21)

Sm and s,, are structural constants, their values as (or
n) being integers can be easily found in Ref.[18]. Yet
the value of s,, as m being non-integer is in absence.
Here we get an analytic expression of s,, for fcc and

bee structures by fitting the values as m being inte-

gers,
3.5378  61.9251 23923
Sm=1— 3 + 3 + 3 (fec)
21.096  232.13  5809.3
Sm =1 3 + 3 + 5 (bee) (22)

As the fitting error is less than 0.2%, we postulate that
the expressions are also applicable to the case as m be-
ing non-integers. The values of structure constant z

and v are given as

z =12 (fcc),8 (bec),
v =2 (fcc), 3v3/4 (bcc). (23)
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Combining Eq.(17) with Eq.(7), we get

2 ____f (T
Viu(r)|o = 3lm = ) () Z [nm(m 1)(Ri)
r*\nt2
—mn(n—1) (E) ]
_ z€q 7\ mt2
= ) ["m(m ~Dsmaa ()
’I"* n+2
— mn(n — 1)5n+2(;> ],
or
A* V* m/3 V* "/3
2 —
(24)
By the same argument, we get
241" v\
4 —
Vru(r)lo ~ 5yaV [Cl < 14 >
V* n/3
o (w) | e
where
o mn(m — 1)sm+2’
(m —n)
D— mn(n — 1)sn_|_27
(m —n)
o = mn(m? — 1)(m + 2)8,44
! 24(m — n) ’
Dy — mn(n2 — ]_)(’n + 2)Sm+4 (26)
! 24(m —n) '
Then Eq.(9) can be changed as
A* V* m/3 V* n/3 mnzeg
T<1m C<V> _D<V> T o144k
(27)

where we take the approximations, V*/V ~ 1,s,, ~ 1

and s, ~ 1.
Substituting Eq. (24) and Eq. (25) into Eq. (11)
and Eq. (15) respectively, we get

%\ m/3 %\ n/3
(7)) -2 (7)
14 14

kT [1 + Inj(T) + gln <2”55T) + ln(V*)}

\%4 3 6mkT
— kTIn [’y <W>} — Elen < e )

o(5)" 0 (5)

A*
fo=%

3

kT

: <1 + %) : (29)

From Eq.(14), Eq.(17) and Eq.(24), Eq.(16) for f; can

be derived as

%\ m/3
fa=- E)%T [(m = 1)sm2 <“// >
%\ n/37-2
()
%\ 2m/3
X [(m2+2m—|—3) <‘;>

* 'rn,+'n/3
—2(mn+m+n+3) <V>

+(n2+2n+3)<v*>2n/3} (30)

The equation of state can be derived by the ther-
0
modynamic relation P = — (—f> .
T

oV
thus

PV RV PV PRV

= — = = 1

T §o+ &1+ &2 R (31)
where

PV A* ye\™/3 v\ "3
=% T kT mA<V> ”B<V>

Go)e(¥) - Gre(3)”
(7)o (%)

is the pressure under harmonic approximation. For LJ

(32)

potential, m = 12, n = 6, the result are in agreement
with the LJD free volume theory!¥. Introducing the
following auxiliary quantity
V*
I

the contribution of fi; and fs to the pressure can be

Y= (33)

derived as
PV kT /3 _
_-1r _ m/3 _ D n/3\—3
& =77 9<A*>(0y y")
. {—652(Cym/3 _Dy'n./?))(clym/?) _Dlyn/?;)
2
+ <1 + k_é%> [mCCy*™/* — (CDy(2m — n)

+ C1D(2n — m))y™ 3 1 nDDyy*" 3]}, (34)
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and T y 1.1 1.15 1.2 1.25
0.75 M -3.75 —-3.41 —2.87 -2.21
C —3.57 —-3.24 —2.72 -2.03
RV 3
& :I:—T = —Z[(m—1)y™3 - (n—1)y™33 SO -362 323  -2.68  -1.96
z
S1 -3.72 -3.34 —2.81 -2.10
. 2m+n/3 m+2n/3

[(m +2)y +(n+2)y L (35) S2 3.9  -3.32  -279  -2.09
S3 —0.82 -0.19 0.61 1.59
. . L. . 1.35 M -0.93 —0.43 0.21 0.98
respectlveb./. Fc.)r simplicity, we have used in Eq.(34) o o 016 0.50 136
the approximations s,, ~ 1 and s,, ~ 1. S0 _0.82 ~0.19 0.57 1.50
IV.RESULTS FOR THE LENNARD-JONES SLo 7090 033 039 128
SOLID AND DISSCUSIONS S
S3 2.02 2.84 3.82 4.99
Using the formalism presented in the previous 274 M 4.20 524 6.35 .74
. . . C 4.75 5.72 6.82 8.14

sections we calculate the thermodynamic properties
¢ the L] solid. Table I sives th fourational S0 4.29 5.46 6.74 8.14
o e solid. able 1 gives the configurationa s1 158 551 6.62 7.90
Helmholtz free energy fp/eq versus reduced density 99 4.65 5.58 6.68 7.96
y = V*/V for three reduced temperatures 7 = kT'/ey. S3 7.52 8.71 10.1 11.6

Here fp is the total free energy f eliminating sec-

ond term of fp in Eq.(28). Table II gives the re-

Table 2. The reduced pressure (PV*/eg) of LJ solid

duced pressure PV*/ey versus density for the same
temperatures. In the two tables, we compared the
contributions of different effects to the free energy
and pressure. It is shown that even the harmonic
approximation can give fairly good results. The re-
sults including the lowest-order anharmonic and cor-
relation corrections are in best agreement with Monte
Carlo computer simulation!®!, and are significantly
improved as compared with the numerical results of
Cottin and Monson using the complete version of cell-
cluster theory including first-order correlation correc-
The two tables

also show that the results obtained by ignoring the

tion and all anharmonic effects20].

contributions of non-nearest neighbors to the thermal
parts of free energy and pressure are almost in agree-
ment with the original; however, the difference intro-
duced by completely ignoring the contributions of non-
nearest neighbors in both the thermal and cold parts is
fairly large. So the contributions of non-nearest neigh-
bors to the thermodynamic quantities are mainly the
contributions to the cold parts, and the ignorance of
the contributions to the thermal parts is a good ap-

proximation.

Table 1. The configuration free energy (fp/eo) of the LJ
solid versus reduced density (y = V*/V) at three tempera-
tures (7 = kT'/eo). M, simulation. C, Cottin and Monson.
S, this paper: SO, harmonic approximation; S1-S3, anhar-
monic approximation including correlation effects; S1, in-
cluding all-neighbors; S2, including all-neighbors only in

the cold part; S3, nearest-neighbor approximation.

versus reduced density (y = V*/V) at three temperatures
(r = kT/eo). C, Cottin and Monson.
S, this paper: SO, harmonic approximation; S1-S3, an-

M, simulation.

harmonic approximation including correlation effects; S1,
including all-neighbors; S2, including all-neighbors only in

the cold part; S3, nearest-neighbor approximation.

T Y 1.1 1.15 1.2 1.25
0.75 M 7.55 11.9 17.6 24.9
C 7.24 11.7 17.6 25.1

S0 8.00 12.3 18.1 25.4

S1 7.39 11.9 17.7 25.1

S2 7.45 11.9 17.6 25.0

S3 13.4 18.7 25.5 33.8

1.35 M 12.5 17.1 23.1 30.7
C 12.0 16.7 22.9 30.4

S0 13.9 18.4 24.2 31.7

S1 12.1 17.0 23.1 30.8

S2 12.9 17.5 23.4 30.9

S3 18.1 23.8 30.9 39.5

2.74 M 23.6 28.8 35.0 43.2
C 22.1 27.6 34.4 42.8

S0 27.6 32.3 38.4 46.2

S1 20.5 27.0 34.3 42.9

S2 25.7 30.5 36.7 44.6

S3 26.7 33.9 40.2 51.5

Here we should point out that the second-order
correlation effect is smaller than the contribution of
non-nearest neighbors to the thermal parts, so its ig-
norance is also a reasonable approximation. Westera
and Cowly] have shown the contribution of second-
order correlation effects to the free energy is approxi-

mately

fea = —6 x 0.00712kT = —0.04272kT.
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We can easily estimate the difference of the thermal
part of free energy with and without the contributions

of the non—nearest neighbors as follows
3
fa~ 5M’[ln(13.2.6y2 — 63.6) — In(132y® — 60)].

Here we ignored the difference of anharmonic and cor-
relation parts, although it is obvious that the two
parts may enlarge the difference f;. The value of y

can be estimated by its value at zero temperature,

1
y? ~ 5(2.409/1.011) ~ 1.1914. Then the value of fj

can be estimated as
fa =~ —0.0445kT.

So it has been shown that absolute value of f.5 is in-
deed smaller than that of f;. Since the ignorance of
fa is a good approximation, the same is for f.o; or one
can include the contribution of non-nearest neighbors,
but ignore the second-order correlation effects for the
simplicity of the former and the complication of the
latter.

Our analytic approximate theory can be easily ex-
tended to the quantum case with the quantum correla-
tion effects taken into account, which no existing the-
ory can access, including the quantum cell model and
the Monte Carlo or molecular dynamic simulation!®!.
It is well known that the quantum effects are not neg-
ligible at very low temperature. For example, the
experimental results in Ref.[5] shows the Griineisen
parameter tends to zero at low temperature, this is
obviously a quantum effect, and most possiblely a
quantum correlation effect, but no existing theory
can explain it up to now. Now we have developed
a method to extend the analytic approximate theory
to the quantum case, the results obtained are encour-
aging and will be published elsewhere. On the other
hand, Vinet et al.l'?l have pointed out that a classical
theory is applicable when the temperature is higher
than the Debye temperature @p. So the theory in

this paper also can be applied to other more general

potentials, such as in the case Ref.[21], when an im-

portant generalized potential is advanced as

A (2) e n(3) )

r

(n+h) __ (m+ta) 4
(m+a—n-—p) (m+a—n-—0)

Here g, 7o, m, n, @ and (3 are six independent param-

A= ’ )

eters for the potential. It is obvious that the gener-
alized potential can be changed to the GLJ potential
as a = 0, and 8 = 0, the Morse potential as m = 0,
n = 0 and a = 20, the Exp-6 potential as m = 0,
Although the gen-

eralized potential is more complicated than the GLJ

B = 0 and n = 6, respectively.

potential, the formula in Section II also can be di-
rectly applied to the potential, and the expressions for
main thermodynamic quantities can be derived ana-
Iytically. However, the application of the complete
cell-cluster expansion theory to the generalized poten-

tial is unimaginable.
V. CONCLUSIONS

Using a method of summing over lattice sites, we
developed an analytic expression of free energy for
generalized Lennard-Jones solid within the frame of
the cell model. The expression has taken the lowest-
order anharmonic modification and correlation effect
into account. The equation of state is analytically de-
rived including the lowest-order anharmonic modifica-
tion and correlation effects. The comparison of differ-
ent effects shows the contribution of the non-nearest
neighbors to the cold parts of thermodynamic quanti-
ties must be taken into account, while the contribution
to the thermal parts is negligible, and the contribution
of the second-order correlation effect is also negligible.
The theory including all neighbors but only consider-
ing the lowest-order anharmonic and correlation ef-
fects may be a good and convenient approximation
to the practical solids. The analytic approximate for-
mula developed here can be easily extended to the

quantum case and other generalized potentials.
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