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The effect of dust charging and influence of its fluctuation on dust-acoustic shock waves in the sheath region of

the dusty plasma is investigated. By employing the reductive perturbation technique, the Burgers’ equation is derived.

The weak shock wave solution is obtained and discussed in this dust-charge-fluctuation system.
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I. INTRODUCTION

Dusty plasmas have attracted more and more at-

tention because they are of crucial importance for

the investigation in space plasma, material process-

ing plasmas and laboratory plasmas[1−7] as well as in

thermonuclear fusion devices.[8,9] A new dust-acoustic

mode of low-frequency is found both theoretically[11]

and experimentally[10] in a dusty plasma and exten-

sively studied by many authors. Shock waves result-

ing from a balance between wave-breaking nonlinear-

ity and wave-damping dissipation are ubiquitous in

nature[12], so recently much work involving the for-

mation of shock wave in a collisionless plasma with

dusts or negative ions has been reported.[13−15]

As is well known, in most dusty plasmas the

sheath is unavoidable. It is also important in dusty

plasma crystals, plasma etching, as well as in the

problem of plasma-wall interaction in fusion devices.

Some fluid theories of the sheath boundary of a dusty

plasma have been proposed.[16,17] Up to now the re-

search work on shock waves is mostly in the region

far from the sheath[13−15], and the ions are assumed

inertialess with Boltzmann distribution at an equilib-

rium temperature. However, the situation is different

for the sheath region where the ion streaming veloc-

ity should be important. In this paper we focus our

attention on the possible formation of dust-acoustic

shock waves in the sheath region, taking into account

the ions streaming velocity.

II. BASIC EQUATIONS

We consider a three-component dusty plasma con-

sisting of extremely massive, high negatively charged

inertial dust grains, inertialess Boltzmann-distributed

free electrons with a finite fraction of number density,

and the cold ions but with streaming velocity. Charge

neutrality at equilibrium requires

ni0 = Zd0nd0 + ne0, (1)

where ni0,ne0 and nd0 are the unperturbed ion, elec-

tron and dust number densities respectively, and Zd0

is the unperturbed number of charges residing on the

dust grain.

In the sheath region the ion is assumed to pos-

sess a steady motion. It is valid since the character-

istic time for dust-acoustic mode is very long[17] and

kvd ≪ ωpd ≪ kvi, where ωpd is the dust plasma fre-

quency and vd,i is the dust (or ion ) thermal velocity.

Now we consider the cold ions with a streaming veloc-

ity that is important in sheath region. Replacing the

ion thermal velocity by ion sound velocity, we have

kvd ≪ ωpd ≪ kcis, so that we obtain

∂

∂x
(niui) = 0,

ui
∂ui

∂x
= − e

mi

∂φ

∂x
.

Under the boundary conditions φ = 0, ni = ni0 and

ui0 = cis ≡
√

Te/mi with cis being the ions sound ve-

locity. Here the Bohm criterion in the edge of sheath
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has been used. Then we have

ui = cis

√
1 − 2eφ/Te, ni =

ni0√
1 − 2eφ/Te

.

For one-dimensional low-frequency motions, we

have the following equations for the cold dust fluid:

∂nd

∂t
+

∂

∂x
(ndud) = 0,

∂ud

∂t
+ ud

∂ud

∂x
= −Qd

md

∂φ

∂x
,

where nd, ud and md refer to the dust grain density,

dust fluid velocity and dust grain mass, respectively.

Here the dust charge variable Qd = −eZd, where

Zd > 0 is the charge number of dust grains measured

in the unit of electron charge. The Poisson equation

is given as

∂2φ

∂x2
= 4πe(Zdnd + ne − ni),

where

ne = ne0exp(
eφ

Te
)

is the electron number density at temperature Te.

Now we normalize all the physical quantities

as follows. The densities are normalized by ne0,

Zd is normalized by Zd0. The space coordinates

x, time t, velocity and electrostatic potential φ

are normalized by the dust Debye length λDd =

(Te/4πZd0nd0e
2)1/2, the inverse of dust plasma fre-

quency ω−1
pd = (md/4πnd0Z

2
d0e

2)1/2, the dust-acoustic

speed Cd = (Zd0Te/md)
1/2, and Te/e, respectively.

Therefore, we obtain a set of dimensionless basic equa-

tions
∂nd

∂t
+

∂

∂x
(ndud) = 0, (2)

∂ud

∂t
+ ud

∂ud

∂x
= Zd

∂φ

∂x
, (3)

∂2φ

∂x2
=

1

P
(Zd0Zdnd + ne − ni), (4)

where P = Zd0nd0/ne0
[8] and the normalized electron,

ion number densities and ions velocity are

ne = exp(φ),

ni = (P + 1)/
√

1 − 2φ,

ui =

√
µdi

Zd0

√
1 − 2φ,

with µdi = md/mi. In the expression of normalized

ion number density we have used the quasineutral con-

dition Eq.(1).

In general, the dust charge variable Qd is deter-

mined by the charge current balance equation[18]:
(

∂

∂t
+ ud

∂

∂x

)
Qd = Ie + Ii.

The charge currents originate from the electrons and

ions reaching the grain surface. Assuming that the

streaming velocity of electrons is much smaller than its

thermal velocity, but the streaming velocity of ions is

much larger than its thermal velocity, and, according

to the well known orbit-motion-limited (OML) probe

model[19], we have the following expressions for the

electron and ion currents to the spherical dust grains

with radius r[13,20]

Ie = −eπr2(8Te/πme)
1/2neexp

(
eΦ

Te

)

and

Ii = eπr2niui

(
1 − 2eΦ

miu2
i

)
,

where Φ denotes the dust grain surface potential rela-

tive to the plasma potential φ. In general, Qd = CΦ,

i.e. Φ = −eZd/r since C ≈ r, so we obtain

Ie = Ie0exp

(
eφ

Te
− e2(Zd − Zd0)

rTe

)

and

Ii = Ii0
1 + 2e2Zd/rmiu

2
i

1 + 2e2Zd0/rmiu2
i0

,

where

Ie0 = −eπr2(8Te/πme)
1/2ne0exp

(
−e2Zd0

rTe

)

and

Ii0 = eπr2ni0ui0

(
1 +

2e2Zd0

rmiu2
i0

)
.

From the current balance equation at equilibrium, we

have

Ie0 + Ii0 = 0.

Its normalized expression is

exp(−z0) =

√
πme

8mi
(P + 1)(1 + 2z0), (5)

where z0 = e2Zd0/rTe. In some cases, for example,

in plasma etching or fusion devices where the electron

temperature is relatively high, z0 ≪ 1 is easily satis-

fied if the dusts have small size and small charge num-

ber(see Refs.[8,9]). It is, therefore, valuable to discuss

the possible existence of dust-acoustic shock waves in

the sheath region.

The normalized equation for the dust charging is
(

∂

∂t
+ ud

∂

∂x

)
Zd
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= |Ĩe0|
{
exp[φ − z0(Zd − 1)]

−1 + 2z0Zd/(1 − 2φ)

1 + 2z0

}
,

(6)

where the normalized current Ĩe0 is

Ĩe0 = Ie0/(eZd0ωpd).

III. DUST-ACOUSTIC SHOCK WAVES

In order to study the dynamics of small-amplitude

dust-acoustic solitary waves in the presence of adia-

batic variation of dust charges, we derive the weak

shock wave Burgers’ equation from Eqs.(2)–(4) by the

reductive perturbation technique[21] and the stretched

coordinates ξ = ǫ(x − v0t), and τ = ǫ2t, where ǫ is a

small parameter and v0 is the solitary wave velocity

normalized by Cd. The variables nd, ud, φ and Zd are

then expanded as

nd = δd + ǫnd1 + ǫ2nd2 + · · ·

ud = ǫud1 + ǫ2ud2 + · · ·

φ = ǫφ1 + ǫ2φ2 + · · ·

Zd = 1 + ǫZd1 + ǫ2Zd2 + · · ·

where δd ≡ nd0/ne0 = P/Zd0. Substituting these ex-

pansions into Eqs.(2)–(4) and Eq.(6), and collecting

the terms in different powers of ǫ, in the lowest order,

we obtain

nd1 = − δd

v2
0

φ1, ud1 = −φ1

v0
, Zd1 = αφ1, (7)

where

v0 = 1/
√

α − 1

and

α =
1 − 2z0

z0(3 + 2z0)
.

The requirement of α > 1 gives a range of z0 as

z0 < 0.186. This means that the equilibrium dust

charge number is not so high and the electron tem-

perature (or/and dust size) should be relatively high

(or/and large). We can express the maximum dust

charge number as

Zd < Zd max ≈ 1.2 × 103[r(µm)][Te(eV)].

For instance, for typical experimental values Te ≈ 3

eV, we have Zd < 36000, 3600, 360 and 36 for

r ≈ 10µm, 1 µm, 0.1 µm and 0.01 µm respectively.

From Eq.(5) we can conclude that the limitation of

z0 < 0.186 is for P > 41. Indeed this condition P ≫ 1

is easily satisfied in some cases, as in the example de-

scribed in Ref.[8], it corresponds to some experimental

observations, especially the processes of dust agglom-

eration for small dust charge.

To the next higher order in ǫ, we have the follow-

ing set of equations,

∂nd1

∂τ
− v0

∂nd2

∂ξ
+

∂(nd1ud1)

∂ξ
+ δd

∂ud2

∂ξ
= 0,

∂ud1

∂τ
− v0

∂ud2

∂ξ
+ ud1

∂ud1

∂ξ
=

∂φ2

∂ξ
+ Zd1

∂φ1

∂ξ
,

Zd0(nd2 + Zd1nd1 + δdZd2)

+φ2 +
φ2

1

2
− (P + 1)

(
φ2 +

3φ2
1

2

)
= 0,

−v0
∂Zd1

∂ξ
=(φ2 − z0Zd2) +

1

2
(φ1 − z0Zd1)

2−

2z0

1 + 2z0
(2φ2 + 4φ2

1 + 2φ1Zd1 + Zd2).

Using Eq.(7) and eliminating all the second-order

terms, we get the standard Burgers’ equation

∂φ1

∂τ
+ aφ1

∂φ1

∂ξ
= b

∂2φ1

∂ξ2
, (8)

where

a =
v3
0

δd

{3

2
αδd +

1

Zd0
+ α

× 1 + 2z0

1 − 2z0

[4z0(α + 2)

1 + 2z0
− 1

2
(1 − αz0)

2
]}

,

b =
α2

2δd(α − 1)2
1 + 2z0

1 − 2z0
.

For z0 < 1/2, we have b > 0. Define the variable

η = ξ − vτ , then the stationary solution of Eq.(8) can

be written as

φ1 =
φb

1 + φa
1exp[η/w]

1 + exp[η/w]
,

where the shock wave speed v and width w are given

as

v =
a

2
(φa

1 + φb
1), w =

2b

a

1

φb
1 − φa

1

.

In obtaining the above solution we have used the fol-

lowing boundary conditions:

φ1 → φa
1 (φb

1) at η → +∞ ( −∞)

and
dφ1

dη
→ 0 at η → ±∞.

IV.RESULTS AND DISCUSSION

In order to see whether this form of shock waves

can be formed in the sheath region of a typical dusty

plasma, we need to further analyze the width scale
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of shock waves, which is limited not only by the con-

tinuity of dust fluid in which w ≫ r and w > ad

are required, but also by the sheath scale in which

the shock waves can be formed and fully developed.

The latter condition requires w ≤ λDe. Here r is

the dust grain radius, ad ≡ (3/4πnd)
1/3 the average

distance between dust grains, and λDe the electron

Debye length which is usually the typical distance

of sheath region. In general, the condition w > r,

ad is easily satisfied for w ∼ O( λDe). For exam-

ple, when ne0 ∼ 1010cm−3, nd0 ∼ 108 − 109cm−3,

Te ≈ 3eV and the wide range of dust grain radius

r ∼ 0.1 − 10µm, i.e. ∼ 10−5 − 10−3cm, then we

have ad ≈ [nd(cm
−3)]−1/3cm ∼ 10−3cm and w ∼

λDe ≈
√

Te(eV)/ne(cm−3) × 103cm∼ 10−2cm, obvi-

ously w ≫ r and w > ad is satisfied. Note that the

example given above make the condition of P ≫ 1

self-consistently satisfied.

It is well known that due to the different mobili-

ties of electrons and ions, in typical cases the sheath

wall has a negative potential with respect to the

plasma. Therefore, in the sheath region, i.e. x > 0,

we have φa
1 < φb

1 ≈ 0, which immediately implies that

the sheath shock waves can exist for a > 0. Indeed

for typical dusty parameters (e.g. in Fig.1) a > 0 is

usually satisfied.

The normalized electron Debye length is λe =

λDe/λDd =
√

P , therefore, the difference between two

limits of plasma potential should satisfy the following

condition for a fully developed shock wave

∆φ ≡ φb
1 − φa

1 ≈ −φa
1 >

2b

a
√

P
.

We have plotted ∆φ vs z0 for a set of rTe in Fig.1. We

can see clearly that the maximum value of ∆φ is in

the order of O(10−1) to O(1), obviously two or three

orders of magnitude larger than the corresponding po-

tential jump in the case of plasma region far from the

sheath.[14] Without loss of generality, in Fig.1, we have

chosen the minimum z0 corresponding to dust charge

number Zd0 = 10. We can also see that the maxi-

mum potential jump occurs in the larger dust charge

system for small dust grains and low electron temper-

ature; however, it moves to the smaller dust charge

system for larger dust grains and high electron tem-

perature. In our model the ion streaming velocity ui

is important and connected with plasma potential by

ui = cis

√
1 − 2φ, where cis is ion sound speed; there-

fore, we can give the expression of φa
1 near the wall

as φa
1 = (1 − M2

max)/2, where Mmax = ui max/cis > 1

is the maximum Mach number of ion velocity near

the wall. The dependence of sheath shock wave width

on the ion streaming velocity can be formulated as

w = 4b/a(M2
max − 1). It is obvious that the narrower

the shock wave width, the higher the ion streaming

velocity near the wall.

Fig.1. The minimum potential jump ∆φ vs the nor-

malized dust charge number z0 = Zd0e2/rTe for a set of

dust grains r and electrons temperature Te. The prod-

uct of r(µm) Te (eV) are 0.3 (solid line), 3.0 (dashed

line), 30.0 (dotted line) and 300.0 (dot-dashed line)

It is noticed that, as pointed out recently by Tsy-

tovich and deAngelis[22], the discreteness of the dust

component may create fluctuations in all the compo-

nents of the dusty plasma (including electrons and

ions), the behavior in the framework of kinetic theory

of dusty plasmas may be substantially different from

that in the framework of fluid theory where dusty plas-

mas are considered as a multi-component plasma sys-

tem, as used in the present work. Indeed, the induced

effective dust charges will be different from the equi-

librium dust charge, the currents can also have fluctu-

ations beyond the description by OML theory, and the

screening is not Debye-like due to the plasma particle

absorption on the dust grains, ion trapping around

the grain and the nonlinearities in screening. How-

ever, these effects cannot be serious and are negligible

if the characteristic frequency of the system motion is

much less than the charging frequency, i.e. ω ≪ νch,

and, if the dust-wave resonance condition is avoided,

i.e. ω ≪ kud or ω ≫ kud. Fortunately, for most

parameters regime of z0 in this study, the above two

conditions are both met. Therefore, the fluid dynam-

ics description for dust is valid. It is worth pointing

out that the theory presented in this paper would be

failure for very small z0. It is not surprising, because

the dust grain charge decreases with decreasing z0, so

that the dust charge fluctuation would be in the order
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of equilibrium charge, and the phase velocity of dust-

acoustic wave is also approaching the average velocity

of dust motion. All this makes the dust-wave reso-

nance occur easier.

In this paper we start from the cold dust fluid

equation and dust charge fluctuation, and use the

reductive perturbation technique to study the weak

shock waves in the sheath region of a dusty plasma

with a finite ion streaming velocity. We have obtained

the Burgers’ equation and weak shock solutions which

have larger potential jump. The shock wave problem

in the sheath region is very important in plasma pro-

cessing as well as fusion devices where the dusts are

unavoidable.

———————————————————————————
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