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The spectrum of the micromaser injected with A-type three-level atoms is studied. The spectrum has a Lorentzian

lineshape and its central frequency has a shift. The effects of various parameters (for example, the atomic center-of-mass

velocity, the cavity-length, the one-photon detuning, the ratio of the atomic injection rate to the cavity decay rate and

the number of thermal photons) on the linewidth and the frequency shift are examined. The spectrum shows very

different features in different velocity regimes, i.e., in the fast-atom regime, in the intermediate-velocity-atom regime,

and in the slow-atom regime.
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I. INTRODUCTION

Micromaser plays an important role in the
study of cavity quantum electrodynamics.l! On the
other hand, with the development of laser cooling
techniques,[?! one has obtained very cold atoms (ultra-
cold atoms). Recently, Scully, Meyer and Walther!?!
suggested to use the ultracold atoms in micromaser
studies and proposed the concept of the mazer (Mi-
crowave Amplification via Z-motion-induced Emission
of Radiation).They and their coworkers have studied
many properties, for example, the emission probabil-
ity, the photon statistics and the spectrum, of the
mazer in a series of papers.[*~6 However, the two-
level atom model was assumed in their papers. More
recently, we have studied the emission probability!”
and the photon statistics® in the micromaser in-
jected with ultracold A-type three-level atoms. In the
present paper we study the spectrum of this system.

I. MASTER EQUATION

Suppose that the atom has a A-type three-level
configuration (Fig.1), moves along the z-direction,
and enters into a cavity which contains a single-mode
quantum radiation field. We suppose that, initially,
the atom is in the upper state |a) and with a center-
of-mass momentum k(h = 1) and the cavity field is
in a superposition state > Cy|n). In Ref.[8] we have
derived the following master equation for the reduced
density matrix of the cavity field

pnm =ApmPrm bn—l,m—lpn—l,m-i—l

+ Cn+1,m+1pn+1,m+17 (1)

where

Anm :ra[(RamR:,m + Ta,nT;.,m) —1]

- %(nb +1)(n+m) — %nb(n +m+2),(2a)

brm =ra[(Ron1 R g1 + Tons1 Ty mg1)
+ (Rc,nJrlRZ,m-i—l + Tc,n+1T;m+1)]

+ v/ (n+ 1)(m + 1), (2b)

Cnm = Y(np + 1)y/nm, (2¢)

in which r, is the atomic injection rate, v is the cav-
ity decay rate, ny is the number of photons in thermal

equilibrium, and

Ran(®) =55 | (204 5) pt®)

Romss(0) = D0 =y, 39
Tya () = ot () = 7 ()], ()
Rensa(B) = ) = g0, 3
T (k) = 200y o), (31)
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di(n) = givn+1, (4)
where A is the one-photon detuning between the cav-

ity field frequency and the atomic transition frequency,
91 (g2) is the coupling constant between the field and

b) (la) < le)- py (k)
and 7.5 (k) are the reflection and transmission coeffi-

the atomic transition |a) <

cients for the positive and negative components!™8],
respectively.

[b) le)

Fig.1. Schematic diagram of the A-type three-level
atom interacting with a single-mode radiation field.

The meanings of R’'s and T"s are as follows: When
an atom, initially in the state |a), enters into a cavity
containing n photons, it may be reflected or trans-
mitted while remaining in the state |a) with the am-
plitudes R, , and T, ,; it may also be reflected or
transmitted while making a transition to the state |x)
(r = b,c) and emitting one photon with the ampli-
tudes Ry n4+1 and Ty 41, respectively.

If the atom-field coupling inside the cavity along
the z-direction is a constant, then the reflection and
transmission coefficients p; (k) and 7.5 (k) can be cal-

culated analytically and have the following forms(”-8l

= = iATsin(KE) T, (5)
Trjf = [cos(Krjfl) — iEf Sin(K,jfl)]_la (6)
where
K= \/k2F (k&)
=2 (24 2), M

in which [ is the cavity-length and M is the atomic
mass. Note that in the case of k =k}, i.e., KT =0,
Egs.(5) and (6) with (7) and (8) are not valid for the
plus (+) components, in this case we find

—ik;tl n 2

W - 9
2 ikl " 2 kil )

Py =

Equation (1) is an important equation which can
be used to study many properties of the cavity field.
By using its diagonal elements we have studied the
photon statistics in Ref.[8]. In this paper we study
the spectrum of the field by using its off-diagonal ele-

ments.
m. SPECTRUM

The spectrum is governed by the decay of the ex-
pectation value of the electric field[!

< EO(t) >~< at(t)

>= Z V4 1pn nya(t).
" (10)

We see that the spectrum is different from the steady-
state photon statistics/® in two respects: (i) it involves
the off-diagonal elements py, ,,+1(t) of the reduced den-
sity matrix of the field, and (ii) it requires the full
time dependence rather than the steady-state values.
Equation (1) can be rewritten as

. k k k
PP ) = alP o) + 00 o0 el ol (1)

where yflk) (y = p,a, b, c) stands for y, ntx. Supposing
that

P () = exp[—plF ()] (0), (12)

then from Eq.(11) we get

—o () =a) + [pf (0)]

k k
x {explp® (8) — o, ()] p%) (0)
k
+exple () — o)y (D]elk) o)1 (0)}.
(13)
Now we assume that!®!
18 (1) — ") ()] << 1, (14)
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and
1
k k k
210071(0) + 131 0) =g [t S Pensm = 1) (2 1)
=[5 + ][ (0)]. (15) (23)

(k)

Equation (14) leads to exp[en  (t) (k)

- @n:l:l(t)] ~1
and Eq.(15) corresponds to the detailed balance condi-
tion cflkllpfﬁzl(()) = bg,k)pslk) (0) in Ref.[9]. Under these
two conditions, Eq.(13) can be reduced to

, 1
G 1) ~ G (16)

and its solution is

1
W) = 3uib, a7)
where
S = —(@P B ). )

2

Substituting Eq.(17) with & = 1 into Eq.(12), and in
turn, into Eq.(10), we get

> 1
<at(t)>=) Vntlep [‘W“] P (0)
n=0

zexp{—%<u1)>t}zmp (0),

(19)

where

<) 5= 5 P, 20
n=0

in which P, is the steady-state photon number distri-
bution, which has been found in Ref.[8]. It has the
following form

Py=P [ Xm, (21)

where P, is the normalized constant

Py =

00 n —1
1+> ] Xm] , (22)

n=1m=1

and

in which Ney = r, /7 is the number of atoms injected
into the cavity during the cavity lifetime (or simply,
the normalized injection rate) and

Pems(n) :|Rb,n+l(k)|2 + |Tb,n+1(k)|2
+ |Rc,n+1 (k)|2 + |Tc,n+l(k)|2 (24)

is the emission probability.[”]

(1)

In general, < pp’ > is a complex number, i.e.
(1) S Re < N(l)

< > +ilm < ,u(l) >. Substituting
this into Eq.(19) and making Fourier transform we get
the spectrum

Flw—we) x /dtexp{—i(w —we)th <at(t) >
x /dtexp{—i(w — we)t}

1
xexp{— B <u(1) >t}

« faroaf { o (o

1

;Re < i) > }t} (25)

where w, is the cavity frequency. Equation(25) leads
to a Lorentzian hneshape w1th a linewidth Re< u(l)

) > /2) That is, the central
) > /2) from the cav-
In order to examine the properties

centered at (w,—Im < s
frequency has a shift (—Im < u
ity frequency we.
of < ug) > in more detail, we have done numeri-
cal calculations and drawn Figs.2—4. In the numerical
calculations we have introduced n = g2/g1(n = 0 cor-
responds to the two-level case) and k = /2Mg;; &
has the dimension of a momentum (note i = 1) and
describes the coupling strength between the field and
the atom. We have also introduced the dimensionless
momentum r = k/k, the dimensionless cavity-length
L = kl, and the dimensionless one-photon detuning.
In these figures we plot the variation of the dimension-
less linewidth D = Re < MS) > /v and the dimen-

SN /2~ ver-

sionless frequency-shift S = —Im < py,
sus the dimensionless cavity-length L with r, Ny, np, 6
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and 7 as parameters. For comparison we have also 307
plotted the variation of the mean number of photons 4
<n >= Y nP, versus L. Now we discuss these A B
. . S
figures in some detail. v
Figure 2 is for the case of fast atoms (r >> 1) with 107
r = 100. The minima in < n > correspond to the trap-
ping states. For the trapping states, the linewidth D 0
is significantly broadened. There is a small frequency- 151
shift toward the blue side (S has positive value). As
a whole, the frequency-shift increases as L increases, 10-
but there are some minima for the trapping states. a
5.
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5 ] Fig.3. The same as Fig.2 but for the intermediate-
velocity-atom case with » = 1.
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L Figure 4 is for the case of slow atoms (r << 1)
with 7 = 0.01. The mean number of < n > photons
Fig.2. The variation of the mean number of pho-

tons < n >, the dimensionless linewidth D, and the
dimensionless frequency-shift S versus the dimension-
less cavity-length L for the fast-atom case with r=100,
=0, 1 = 1, Nex=50, and n; = 10~4.

Figure 3 is for the case of intermediate-velocity
atoms (r ~ 1) with » = 1. With the increase of L,
we find that < n > first oscillates, then approaches
a nearly constant value. D increases as L increases.
There is a frequency shift toward the red side (S has
negative values) and the frequency-shift increases (|S]|
increases) as L increases.

shows some sharp peaks and the maximum values at
the peaks are about 1. This means that the cavity
contains, at most, only one photon. For most values
of the cavity-length L, we have < n >~ 0. Corre-
sponding to the peaks, the linewidth has large values
and the frequency-shift changes its sign suddenly.

In order to compare with the two-level-atom case,
we have done numerical calculations with 7 changing
from 0 to 1, and found some similarities and differ-
ences between the three-level-atom case (n # 0) and
the two-level- atom case (n = 0). The curves look

similar in these two cases, this is because here we
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Fig.4. The same as Fig.2 but for the slow-atom case
with » = 0.01.

consider only the situation in which the two lower
atom levels are degenerate and the field has only one
mode. The differences occur mainly in the oscillation
“frequency”. The oscillations of < n >, D, and S be-
come faster with increasing 7. The reason for this is
that there are two transition passages (Ja) < |b) and
|a) < |c)) in the three-level-atom case, this makes the
exchange of energy between the field and the atom be-
come faster. We expect that more differences appear
when we consider the case in which the two lower atom
levels are not degenerate and the field has two modes.
This problem will be studied in the future.

IVv. SUMMARY

In summary, the spectrum of the micromaser in-
jected with A-type three-level atoms has been studied.
We find that the spectrum has a Lorentzian lineshape
and its central frequency has a shift. The linewidth
and the frequency shift depend on various parameters,
for example, the atomic center-of-mass velocity, the
cavity-length, the one-photon detuning, the normal-
ized atomic injection rate and the number of thermal
photons. The effects of these parameters have been
examined. We find that the spectrum shows very
different features in the three different regimes, i.e.
the fast-atom regime, the intermediate-velocity-atom
regime, and the slow-atom regime.
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