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Numerical study on tunneling splitting in biaxial spin systems is done by performing diagonalization of the Hamil-

ton operator. It is found that the calculated energy splitting agrees quantitatively with theoretical prediction of instanton

method. Our result shows that both the instanton method and the large spin limit work well for the total spin around

10. By including the fourth-order term in Hamiltonian, experimental observation can be re-covered quantitatively.
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I. INTRODUCTION

Tunnelling of magnetization in mescoscopic sys-
tems has become a very attractive field in recent
years.[!1=9 Biaxial spin model has been recently the
object of most intensive researches!®?~13! due to its
unique macroscopic quantum Coherence(MQC),[‘l*G]
as compared with the uniaxial spin model. MQC in
biaxial spin model with a field along the hard axis
was first elucidated by Garg,/% and lately by Kou et
al. in more detail.['%! Encouragingly, such a MQC phe-
nomenon is now seen in the biaxial magnetic cluster of
formula [FegO2(OH)12(tacn)g)®t (shortly Feg).[?! Re-
cently, quantum theory on tunneling splitting in this

(13] Another convenient way

model was also developed.
to study tunneling splitting is to perform diagonaliza-
tion of the Hamilton operator by numerical calcula-
tion, and some results can be found in both theoretical
and experimental work mentioned above.[6:9:10:12] Ny-
merical study is simple but by no means trivial, it can
help to provide some guidance for theoretical study.
For example, theoretical study on tunneling splitting
in biaxial spin model in high field range predicted
a new type of instanton with a new quantum inter-
ference phenomenon,!] this prediction can be easily
tested by numerical study, though experimental re-
sult is not yet available. As we know, however, a sys-
tematic numerical study on biaxial spin model with
a detailed comparison with theoretical work is still
lacking. In the present paper, we present a system-
atic numerical study on the biaxial spin model with
and without the fourth order terms.[®’ Numerical re-

sult is used to test theoretical prediction by instanton

method, 14717 as well as the S-dependent periodic-
ity predicted in a recent theory.!) The organization of
the paper is as follows: the model and explanation are
given in section II. Oscillation of the tunneling split-
ting with the transverse field is demonstrated in sec-
tion III for the model with and without fourth-order
terms. Analysis of numerical result and the main con-

clusion will be provided in section IV.

II. THE MODEL AND THE EXPLANATION

The main interest will be concentrated on the bi-

axial spin model with Hamiltonian

Hy=— DS} + E(S; — S;) — gush.S.
— gushr (S cos @ + Sy sin ), (1)

where h. is the field component along the easy axis,
ht is the transverse field applied in the XY plane at
an azimuth angle . Anisotropic constants are chosen

according to Ref.[9], such as

D =0.275K, E =0.0462K, g=2, (2)
h. is always set to be zero except for the case of “res-
onant tunnelling” (see below), while the fourth-order
term, namely!®!

Hy=C(St+5%), C=-295x10"°  (3)
will be included in some cases for comparison.

Denoting the eigenstate along the easy axis as

In),n = 0,4+1,4+2,---,+S, one can easily work out
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the matrix element

. . _F E D
(i[Holj) =5a15i,j+2 + 5a25i,j72 + 556351‘73‘
— a40; 541 — a50; 51 — gush.jdij, (4)

where

a1 =+/(S—)(S—j+1)(S—j—-1)(S+ij+2),
ay=+/(S+5)(S—j+1)(S+j—1)(S—j+2),(5)

ag =[(S =S +i+ 1)+ (S +)(S -7+ 1], (6)

where

and

.1 . .
ay = e_“"§gu3h\/(5 -3 +5+1),

i1 - -
as :e“f"ingh\/(S—l—])(S—j—kl), (7)
The matrix element of Hj is

(t|H1lg) = b10i jra + b2b; j_a, (8)

bi=CV(S—S+i+1D(S—j-D(S+5+2)(S—j-2)(S+5+3)(S—j-3)(S+j+4), (9

by=CV(S+7)(S—j+1)(S+i—1)(S—i+2)(S+j—2)(S—j+3)(S+j-3)(S—j+4).  (10)

The main work of numerical calculation is the diag-
onalization of the (25 + 1) x (25+1) matrix of the
Hamilton operator, that is, to find out the (25+1)
eigenvalues. If there is no tunneling, eigenstates |n)
and | —n) should be exactly degenerate, while tunnel-
ing leads to energy splitting

AE, = [E(n) — E(-n)], (11)

which is called tunneling splitting. AEgs = E(S) —
E(—S) is called the tunneling splitting of the ground
state, while AE,(n < S) are called the tunneling
It should be noted
that such an energy splitting is really small, as com-
pared with the eigenvalues(AE/E ~ 10712 for ground

state), therefore calculation accuracy should be con-

splitting of the excited states.

trolled to ensure reliability of the output data. Be-
fore going to discuss the numerical result, we first
review some main conclusion of theoretical analysis.
The Hamiltonian of the biaxial model for theoretical

study is expressed asl6:10!

H =K 5%+ KZS§ — guph(S; cosp + Sy sinp),
K1 > Kz, (12)

comparing with Eq.(1), one can find

Ky D-E
Ki—=E+D. Ky=D—E, \=22_ .
1=8+ 0 ’ K, _D+FE

(13)

A notable subject in this system is MQC, which
comes from the interference of spin paths with differ-
ent windings.[*=69:19] When the field is applied along
the hard axis (i.e., h,=0 and » = 0), it is predicted

that the tunneling splitting of the ground state oscil-

lates with the transverse field such asl6:10]

hy
cos <S7r+ HW)
1++/(D+E)/(D-E)
1- \/(D—FE)/(D—E)

AFE x 2Qe %

?

Sc(hy = 0) = Slog ~ 2.4748,

(14)

where S. is the instanton action, @ is called the
prefactor!” and a detailed expression for S, and Q
can be found in Ref.[10]. AH is the oscillation peri-
odicity given byl6:10]

AH = KB g (1 - a2
guB

2k
= B\ 2E(E+ D) ~2557T.  (15)
guB

Since MQC effect is the unique characteristic of tun-
neling splitting, the re-production of the oscillation of
energy splitting with the transverse field will be taken
as a convincing guarantee for ensuring that the cal-
culated energy splitting does represent the tunneling
splitting. Equation(14) shows that zero-field splitting
for S=10 is AE(hy = 0) ~ 10719 which is about 2
order lower than experimental result.®) The predicted

periodicity is substantially lower than the experimen-
tal(i.e., 0.41T).1%

. ENERGY SPLITTING AS A FUNCTION
OF TRANSVERSE FIELD
We first present the calculated energy splitting for
ground state of S=10 and 10.5 in Fig.1, where theo-
retical prediction is also included for comparison. The
result shows that the calculated energy splitting coin-

cides with theoretical prediction quantitatively, and
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thus guarantees that the calculated energy splitting
indeed represents the tunneling splitting. In the case
of h, = 0, tunneling splitting depends on both the
magnitude and the azimuth angle(i.e., ¢) of the trans-
verse field, numerical result is shown in Fig.2 for S=10
and S=10.5. This result is in quantitative agreement
with theoretical prediction*8! and qualitatively agrees
with experimental observation.®! For S ranging from
1 to 13, the variation of the tunneling splitting with
the transverse field is qualitatively the same(the same
oscillation periodicity but the amount of splitting de-
creases exponentially with ground state energy, see be-
low). It is interesting to note that, not just the ground
state, the energy splitting of the excited states(say,
n==(S—-1),£(S —2),---,) shows the same oscilla-
tion behavior as the ground state. Some representa-
tive results for S=10 and 10.5 are shown in Figs.3 (a)
and 3(b). This result is easy to understand since the
energy splitting for all levels is controlled by the same
off-diagonal elements. To illustrate the dependence of
the energy splitting on the level-energy, we present a
semi-log plot of zero-field-energy-splitting versus level
energy in Fig.4. Our result shows that, for S ranging

from 8 to 14,

logAE, /\/E(n) ~ k+\/E(n) + const,

k € [-0.934,—1.34]. (16)

This implies that the energy splitting decreases expo-
nentially with the level energy.

S$=10,h, =0,9=0

Fig.1.

Oscillation of tunneling splitting with the

transverse field in the case of h,.=0 and ¢=0. Theo-
retical prediction of Ref.[10] is shown in solid line.
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Fig.2. The calculated ground state splitting AE,(n =
+5) as a function of transverse field for S=10 and S=10.5

(from top to bottom: ¢ = 90°, 20°, 10°, 0°).
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Fig.3.(a) Oscillation of tunneling splitting AE,(n =
S(bottom), S — 1, S — 2(top)) with the field along the
hard axis in semi-log plot (the result for S=10 can also
be found in Fig.4 in Ref.[12]).
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Fig.3.(b) Variation of the tunneling splitting of excited states
AFEn(n=S —1,S — 2 with the transverse field for S=10 and
10.5 (from top to bottom: ©=90°, 20°, 10°, 0°).
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Fig.4. Semi-log plot of AE,/y/E(n) vs 1/ E(n) for

integer S(from left to right, S=8,9,--,14).

When the field along easy axis is involved (i.e.,
h. # 0), the degenerate states under zero-h, condition
become non-degenerate, and thus one cannot observe
the oscillation of the energy splitting with the trans-
verse field. However, by tuning h, to some specified

values such as

h,=mAh, m=1,2,3,---,

Ah =[E(S — 1) — E(S)]/9us, (17)

the eigenstates | — S) and |S — m) become “degen-
erate”, and the oscillation of the energy splitting
[E(—S) — E(S — m)] with the transverse field is re-
sumed. Such a phenomenon is termed as “resonant
tunneling” in experiment.!®! Typical results for “res-
onant tunneling” of S=10 and 10.5 are shown in
Fig.5(a), where one can find the result agrees with the
experimental observation qualitatively.”) The varia-
tion of the “resonant tunneling” with the magnitude
and the angle of the transverse field is shown in
Fig.5(b), the behavior is found to be qualitatively the
same as the ground state splitting, but there are two
important differences. One is the amount of splitting.

The other is the different spin parity effect. It is found

that, the spin parity for even m is the same as the
ground state, while the spin parity for odd m is op-
posite to the ground state (say, m=1 for S=10 shows
spin parity as m=0 for $=10.5). Such a variation of
spin parity with S and m has been observed in ex-
periment and re-produced by numerical result includ-
ing the fourth-order terms.!! It should be noted that
such a tunneling is qualitatively different from tunnel-
ing between two degenerate ground states, and thus is
beyond the power of instanton method. U, to now, a

convineing theoretical explanation is still lacking.
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Fig.5. Illustration of resonant tunneling between |n = S) and
[n=S-1,5-2,---,) for S=10 and 10.5. One can see differ-
ent spin parity by comparing with Fig.3. (a) Semi-Log plot for
»=0; (b) Variation of resonant tunneling with the transverse
field (from top to bottom: ¢=90°, 20°, 10°, 0°).
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Fig.6. The calculated ground state splitting AE(n =
+S) including C’(Si + Sf) as a function of trans-
verse field for S=10 and S=10.5 (from top to bottom:
©=90°, 20°, 10°, 0°).
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Fig.7. Oscillation of tunneling splitting for S=10

with and without the fourth-order term (solid line:
AFE,(n = S) including C(Si + S4_), broken line:
100X AE, (n = S) without C(Si +54)).

Although theoretical

fourth-order term (3) is still unavailable,

analysis including the
numeri-
cal calculation with the fourth-order term is easy to
do. The variation of the tunneling splitting includ-
ing C(S1 + S%) as a function of transverse field is
shown in Fig.6. Our result shows that the global vari-
ation looks like the case without fourth-order term(c.f.
Fig.2), however, including of C(S} 4+ S%) improves
the calculated result, being closer to the experimen-
tal results. It is found that the amount of splitting
increases about 2 orders higher and the oscillation pe-
riodicity increases to 0.4T, which is close to exper-

imental observation(0.41T). To make it more clear,

we present the variation of tunneling splitting with
and without C(S% + 5) as a function of transverse
field(h, = 0, ¢ = 0) in Fig.7, where the splitting with-
out C(S% + S%) has been multiplied by 100 in order
to match the scale. Another improvement is the sup-
pression of the quick-increasing splitting in high field

regions. ]

IV.CONCLUSION AND DISCUSSION

The first conclusion of our numerical result is that
the instanton method works very well, and the dis-
crepancy between theoretical prediction and experi-
mental observation comes from the fourth-order term,
namely, one needs to include C(S% + S%) in Hamil-
tonian to re-cover experimental observation quantita-
tively. The core of the instanton method is the cal-
culation of the instanton action, which is the main
contribution to tunneling splitting.'%'*=17l Up to
now, the instanton action has been calculated with
or without mapping technique and slightly different S-
dependence were found.?:¢:1% The mapping technique

predicts the zero-field instanton action as/'®!

S T Tl L T VP A+ E)/(D - E)
= VST e ) D= B)

~ 2.474,/5(S + 1), (18)

while the case without mapping techniquel®®! pre-
dicted a zero-field instanton action given by Eq.(14).
To verify the S-dependence of zero-field instanton ac-
tion, a semi-log plot of zero-field splitting for integer
S(ranging from 3 to 12) versus S is shown in Fig.8.
It is found that the curve can be best fitted by either
Y = -2.35+1.18133 or Y = —2.994,/S(S + 1)+2.94.
By ignoring the S-dependence of the prefactor(which

is of order logS),[10717] numerical result seems to sug-
gest that Eq. (14) is better.
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Fig.8. Semi-log plot for zero-field splitting versus S.
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Fig.10. Tunneling splitting in high field range of
S=10 in semi-log plot. (a) global behavior; (b) de-
tails for the field closed to hs.

Up to now, theoretical analysis is based on the
large spin limit, made by either using the classical en-
ergy to replace the “quantum energy”,[®17! or by the
mapping technique.['?) Such a theoretical analysis is
not a perfect one since it gives incorrect prediction for
S=1/2. Recently theoretical analysis by employing
the quantum energy without large spin limit is devel-

oped and an S-dependent periodicity is found!!®!

5—1/2
= _ZAH.
S

Here AH is given by Eq.(15). Numerical result for the

S-dependence of the oscillation periodicity is shown

AH, = (19)

in Fig.9. Surprisingly the oscillation periodicity keeps
fixed for S ranging from 1 to 14 but drops to zero for
S=1/2 as it should be. This result shows that the

large spin limit works well for S around 10.

5=3.0
2r h/T

I

0.2 0.4 06 0.8 1.0

In(AE,)
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~6F \

Fig.11. Tunneling splitting in high field range of S=3

in semi-log plot.

Recently, theoretical study on tunneling splitting
in high field range predicted™] a new quantum inter-
ference phenomenon associated with it: at a certain

field,

hy = (1 - A)l/zhm he = ZS(D + E)/(QMB)»

the dependence of tunneling splitting switches from
oscillation to a “monotonic growth”. This prediction
can be tested by numerical calculation. It is found
that, for S > 6.5, there is no “monotonic growth”, in-
stead we find a sharp increase of energy splitting fol-
lowed by a level off. Typical result for S=10 is shown
in Fig.10. For S <6, we find “monotonic growth” be-
ginning at the field very close to hg, but the range
of the field for “monotonic growth” is much narrower
than the predicted(i.e., ha < h < h) before the sharp
increase appears. Typical result is shown in Fig.11 for
S=3. Further study is needed for the explanation of
this high-field behavior.
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