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Non-conservative forces are exerted on a Lagrange system. Their effects on Lie symmetries, structure equation

and conserved quantities of the system are studied. It can be seen that some Lie symmetries disappear and some new

Lie symmetries emerge. Under certain conditions, some Lie symmetries will still remain present.
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I. INTRODUCTION

Monographs of the mathematical research on Lie
symmetries have already been published.!—3! Since
Lutzky and others introduced Lie symmetry method
into the study on mechanical systems in late 1970’s,
there have been considerable developments of Lie sym-
metry method in mechanical studies (see Refs.[4—
10]). Effects of non-conservative forces on Lie sym-
metries and conserved quantities of Lagrange systems
are studied in this paper. When non-conservative
forces are exerted on a Lagrange system, the deter-
mining equations of Lie symmetry, structure equation
and conserved quantities change. Some Lie symme-
tries disappear and some new Lie symmetries emerge;
under certain conditions, some Lie symmetries will
Conditions, under which both

a Lagrange system and the system on which non-

still remain present.

conservative forces are exerted have the same Lie sym-
metries, are given. The conditions under which both
systems have the same structure equation are given

too.

IO. DIFFERENTIAL EQUATIONS OF MO-
TION OF THE SYSTEM
The equations of motion of a Lagrange system can

be expressed as

dar oL
dt9¢, 9q,

(5:17"'7n)7 (1)

where L=T -V, T is the kinetic energy of the sys-
tem, V is the potential energy, ¢, are generalized

coordinates. Exerting non-conservative forces Q, =

Qs(taq)Q) on Eq(l), then

d 0L 0L
dt 9¢s  0gs

=Qs, (5:1,---,71). (2)

Here L in Eq.(2) is the same as that in Eq.(1). Sup-

pose that system (1) is not singular, i.e.

8%L
A = det — 0. 3
¢ <aqsaqk> 7 ®)

Then Eq.(1) can be expressed explicitly[*12]

. A .. 8B, 0B\ .
s — - ka 7l m -
s =— { [k, m;1]qrg +<3ql 8qk>Qk
8B, 90T, 0Ay .
et I 4
ot " Bq ot q’“}’ (4)

where Ay, is the algebraic complement of the element
(1,8) of A, [k, m;!] is the Christoffel symbol of second
kind of the coefficients of the quadratic form in the

kinetic energy,

1 8Akl 8Aml 8Akm>
k,m;l)l = < + - , 5
[ ] 2 <3qm g, 9q; (5)

Ay, are the coefficients of the quadratic form of the
velocity in the kinetic energy, B, are the coefficients of
the linear form of the velocity in the kinetic energy, Ty
are the terms without ¢, in the kinetic energy. Simi-

larly, Eq.(2) can also be expressed explicitly

; Als{ .. <33k 331) )
s = — [kym; drgm + | — — =—
Gs = [ ldrg oa o)
0B, T, 0AL .
el . 6
e + B4 e qk+Ql} (6)
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Equations (4) and (5) can be simply written as

ds:fs(t’q7(1)a (5217"'an)’ (7)

q's:gs(tyqvin) (5:17"'7”)7 (8)
Apparently, it follows that

Als
A

9s = fs + Ql (9)

II. INFINITESIMAL TRANSFORMATIONS
AND DETERMINING EQUATIONS OF
LIE SYMMETRY

Choosing the infinitesimal transformations of

time and coordinates as

t" =t+ At

q;(t") = qs(t) + Ags, (s=1,---,n), (10)

or their expanded forms

"=t + €£O(t, q, q)7

q:(t*):qs—l_sgo(taqaq)a (SZI,"~

,m), (11)
where ¢ is the infinitesimal parameter and &j,&, are
the generators of infinitesimal transformations. Then
we have the generator vector of infinitesimal transfor-

mations 5 9
X0 =g = +£6,—. 12
o 5t +£ 3q (12)

S
Its first extended form is

+ (fs - q's£0) 0

x@ = x(0) ]
94

(13)

According to the invariance of the ordinary differen-
tial equations under infinitesimal transformations in
Lie theory,[? the invariance of Egs.(7) and (8) under
infinitesimal transformations can be expressed respec-

tively as the following determining equations

€ —dsbo —2%0fs =XV (L) (s=1,---,n), (14)
€ — dsbo — 2609 = XW(gs) (s=1,---,n), (15)
If some infinitesimal generators &y, £, satisfy both
Eqgs.(14) and (15), they are corresponding to the Lie
symmetries of systems (1) and (2) respectively, i.e.,
when non-conservative forces are exerted on the sys-
tem, these Lie symmetries will still remain present. If
some infinitesimal generators o, £, satisfy Eq.(14) but
do not satisfy Eq. (15), they are corresponding to the
Lie symmetries of system (1), but not the symmetries
of system (2), i.e., these Lie symmetries will disap-

pear because of the non-conservative forces. If some

infinitesimal generators &o,&s satisfy Eq.(15) but do
not satisfy Eq.(14), they are corresponding to the Lie
symmetries of system (2), but not the symmetries of
system (1), i.e., these Lie symmetries emerge because
of the non-conservative forces.

Conditions under which systems (1) and (2) have
the same Lie symmetries are given by the following
theorem.

Theorem 1 If some infinitesimal generators
o, &, are corresponding to the Lie symmetries of sys-
tem (1) and both the generalized forces Q4 and the

infinitesimal generators &g, £, satisfy

7250AAlsQl:X(1) <AAISQ1> (s=1,---,n), (16)

then these Lie symmetries will still remain present
when non-conservative forces are exerted on the sys-
tem.

Proof. Substituting Eq.(9) into Eq.(14) and tak-
ing note of the relation (16), we obtain Eq.(15).

IV.STRUCTURE EQUATION AND CON-
SERVED QUANTITIES

Lie symmetries do not always generate conserved
quantities. The following Theorem 2 gives the con-
dition under which Lie symmetries will generate con-
served quantities.

Theorem 20!

tors &, & satisfying Eq.(14), if there is a gauge func-

For those infinitesimal genera-

tion G = G(t,q, q) satisfying the following structure

equation
Léo+ XW(L)+ G =0, (17)
then system (1) has the conserved quantities as follows
0L )
I= L&+ 94 (&s — ¢s&0) + G = const. (18)

Theorem 30

tors &, & satisfying Eq.(15), if there is a gauge func-

For those infinitesimal genera-

tion G = G(t,q, q) satisfying the following structure

equation
LéO + X(l)(L) + Qs(gs - 4550) + G = 07 (19)

then system (2) has the conserved quantity whose
form is the same as Eq.(18).

Theorem 4 For those infinitesimal generators
o,&s satisfying Eq.(14), if a gauge function G =
G(t,q, q) satisfies the structure equation Eq.(17), and
both the generalized forces @), and the infinitesimal

generators &g, &, satisfy

Qs(gs - q.sg()) = 07 (20)
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then systems (2) and (1) have the same structure

equation, as well as the same conserved quantities.
V.ILLUSTRATED EXAMPLES

Example 1 Suppose there is a Lagrange system

with two degrees of freedom

1,. . 1,
L=§@%w@—§ﬁ- (21)

Non-conservative forces exerted on the system are

Q1=—-q¢1, Q2= —qo. (22)

The determining equations of original system are
&1 — d1do — 26001 = &1,
& — d2bo = 0. (23)

The determining equations when the generalized

forces (22) are exerted on the system, are
& — di€o — 260(—q1 — d1) = & — (&1 — d1&o),
& — dabo — 260(—42) = — (&2 — 4260)- (24)
Equation (16) become
—260(—d41) = — (&1 — d1éo)
— 260(—d2) = — (& — d26o) (25)

which have solutions

So=1, & =& =0, (26)
62 = 17 60 - 51 =Y, (27)
&L=1 &=&6L= (28)

Meanwhile, Eqgs.(26) and (27) are also the solutions
of the determining equations (23) and they are corre-
sponding to the Lie symmetries of system (21). Ac-
cording to Theorem 1, they are also corresponding to
the Lie symmetries of the system expressed by Egs.
(21) and (22). But, Eq.(28) is not the solution of
Eqs.(23) and (24). Though both systems have the
same Lie symmetries (26) and (27), they have differ-
ent structure equations. For system (21), the struc-
ture equations corresponding to generators (26) and
(27) are all

G =0. (29)

For the system expressed by Eqgs.(21) and (22), the

structure equation (19) becomes respectively
2 2 N
¢+ +G=0. (30)

—Go+ G =0. (31)

From Eqs.(26) and (29) we obtain the conserved quan-
tity of system (21)
oL
IL=L- 8—45% = const. (32)
From Egs.(27) and (29) we obtain another conserved
quantity of system (21)

oL
Iy = — = t. 33
2= 5 cons (33)
From Eq.(27) and (31) we obtain the conserved quan-
tity of the system expressed by Egs.(21) and (22)

oL
I3 = — = t. 34
5= 94 =+ g2 = cons (34)
There are no corresponding conserved quantities of the
system expressed by Egs.(21) and (22) to generators
(26).
Example 2 The generalized forces in Example

1 are changed into

Q1= —G2, Q2=4q1. (35)

Others keep unchanged. Now, the determining equa-

tions (24) become

&1 — di€o — 260(—q1 — 42) = &1 — (&2 — dado),
€2 — 420 — 260(d1) = &1 — duéo. (36)

And Eq.(16) become

—260(—d2) = — (& — d2£0),
— 2601 = &1 — diéo. (37)

Equation.(37) still has solutions (26) and (27). Ac-
cording to Theorem 1, they are also corresponding to
the symmetries of the system expressed by Eqs.(21)
and (35). For generators (26) and the generalized
forces (35), Eq.(20) holds apparently. According to
Theorem 4, both systems have the same structure
equation, as well as the conserved quantity (32). For

the generators (27), the structure equation (19) gives
g1 +G=0, (38)
then
G = —q1- (39)
And the conserved quantity (18) gives

oL
[ =— — = t. 40
96, q1 = cons (40)

It is different from formula (33).
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