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Perturbation method for solving elastic three-dimensional (3D) problems for 3D icosahedral quasicrystals is pro-

posed. Considering an infinite 3D icosahedral quasicrystal weakened by a circular crack, we obtain the uniformly valid

asymptotic solutions up to O(R2) for the mode I loading, where R is the elastic constant of phonon-phason coupling.
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I. INTRODUCTION

A three-dimensional (3D) quasicrystal refers to
a 3D solid structure with quasiperiodic arrangement
in all the three directions, where phonon and phason
fields exist simultaneously. As far as elastic properties
are concerned, therefore, 3D quasicrystals are much
more complicated than 1D and 2D ones. Icosahedral
quasicrystals (IQs) in 3D were discovered earlier.!]
As in conventional crystals, many structural defects
have already been observed experimentally, and ex-
periments show that quasicrystals are quite brittle.[?
Based on Landau theory, quasicrystal elasticity the-

3=6] According to this theory,

ory was formulated.!
some elastic problems, mainly concerning dislocation
and crack, have been widely considered.l’=' As is
well known, elastic problems for quasicrystals are
much more complicated than classical ones. Many
techniques have been devised to study them and
among these methods decomposition procedure, com-
plex variable function method, Green function method
and integral transformation/®~!! have been particu-
larly successful. However, all these authors consider
only elastic two-dimensional (2D) problems, i.e., they
suppose the elastic fields induced in quasicrystals are
independent of the variable z. In other words, they
consider only the elastic plane or anti-plane problems
for quasicrystals. Here it should be stated that Yang
et al.['% studied dislocation problems for IQs under
the conditions that the elastic constant R of phonon-
phason coupling is zero apart from this common sup-
position. In addition, we and Fan!'? solved the 3D

elastic problem of cubic quasicrystal.

Although the methods mentioned above are pow-
erful tools for the study of 2D problems, they are not
easily applied to study elastic 3D problems for qua-
sicrystals. Moreover, elastic equations for 3D IQs are
so complex that it is almost impossible to obtain their
exact solutions. So perturbation method for studying
elastic 3D problems for IQs is proposed in this paper.
We consider the problem of a circular crack embedded
in an infinite 3D IQ. By regarding phason field as a
perturbation and extending the stress intensity factors
(SIFs) to quasicrystals, the mode I SIFs on the front
of the circular crack are obtained up to O(R?).

II. THE BASIC EQUATIONS

According to quasicrystal elasticity theory,]
stress-strain relations are (here listed only a part of
them)

0.2 = A0+ 2pue., — 2Rw,,
Osp = 2UE 1 + R(Wap — Wyy + Wen) = 04,y
Oy = 2UEy: + R(Woy — Way — Wys) = 0y,
H.. = R(epe + eyy — 26..) + (K1 + Ko)w.,
Hy. = R(ews — gyy) + Ko (Wer + wyy)
+ (K1 — Ko)wg.,
Hy, = —2Reyy + (K1 — Ko)wy, + Ko(wgy — Wys),
(1)

where
0 = e4n + Eyy + €22, 855 = (Oiu; + 0ju;) /2, wij = Ojw;

and the equilibrium equations in terms of displace-

ments, in the absence of body forces, are
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1V ug + (A + 1)0ze + R(07wg + 20,0,w, — 0wy + 20,0,wy — 20,0, w, + 20,0, w,) =0,

,quuy + (A + p)oye + R(—20,0,w, — 20,0, w, + Bzwy - 20,0, wy — ijy +20,0,w,) =0,

uV3u, + (A + p)d.e + R(0%w, — 8wa — 20, 0,w, + 2w, + ijz —20%w,) = 0,

K\ Vw, + K5(20,0,w, — 0*w, + 20,0, w, + 2w, — 85102)

+ R(azum - 3§ux + 20,0, uy — 20,0yuy — 20,0, u, + azuz — 35uz) =0, (2)
Klvzwy + K5(20,0,w, — 0,0,w, — 20,0,w, — (fwy)

+ R(20,0yuy — 20,0 u, + 8§uy — 8§uy —20,0,u, — 20,0 u,) =0,

(Ky — K3)Vw, + Ko(9%w, — 35103; — 20, 0,w, + 20%w,,)

+ R(20,0.uq + 20,0,uy + d2u., + Oiu, — 202u,) =0,

where the z-axis is assumed to be the fivefold sym-
metry axis, u;, w; phonon and phason displacements
in the physical and perpendicular spaces, respectively;
e = Oguy+0yuy+0.u;; A, u Lamé constants of phonon
field; K1, K5 the elastic constants of phason field; R
the elastic constant of phonon-phason coupling.
Egs.(2) are very complicated, and it is almost im-

possible to solve them exactly under definite bound-

paves the way for tackling the elastic 3D problems of
1Qs.

. PERTURBATION METHOD

Let us consider an infinite 3D IC weakened by a
circular crack with radius a in the plane z=0, with
uniform loads applied normal to the crack faces. For

convenience, rectangular and cylindrical polar coordi-

ary conditions. Therefore the perturbation method  nates will be used simultaneously in the sequel. Intro-

for solving Eqgs. (2) is proposed in this paper, Whicw ducing the following dimensionless quantities:

w, = w,/a,

K; =Ki/u,

U, = u,/a...,

Fij =

FZT/LI,, Uy :ua:/a---, Wy sz/a...,

A+p)/p=01-20)7",

T=uz/a..,

e=R/u, Gij = 035/ 1, ij /1,

[43

we can rewrite (2) as (omitting the sign “—” on each of the letters)

uV2u, 4+ (1 — 20)"to,e + e(0%w, + 20,0, w, — 851% + 20,0, w, — 20,0, w, + 20,0, w,) = 0,

quuy +(1- 21/)7183/6 + e(—20,0,w, — 20,0, w, + 8§wy +20,0,w, — 8§wy +20,0,w,) =0,

uV3u, + (1- 21/)_1(926 + 5(8311)36 — Biwm — 20, 0,w, + 82102 + 851112 — 283102) =0,

K\ V2w, + K3(20,0,w, — 0*w, + 20,0, w, + 2w, — 8511)2)

+ e(9%u, — 8§um + 20,0,uy — 20,0,uy — 20,0,u,y + 2u, — 8§uz) =0, (3)
K1V2wy + K5(20,0,w, — 20,0,w, — 20,0,w, — af'wy)

+ £(20,0 uy — 20,0 uy + 8§uy — 8;uy —20,0,u, — 20,0,u,) =0,

(K1 — K2)Vw, + Ko (92w, — BSwm — 20, 0,w, + 20%w,,)

+ (20,0, uy + 20,0 uy + 2u, + Biuz —20%u,) = 0.

Then the problem can be formulated as follows:find the solution to the set of differential equations (3) for a

half-space z > 0, subject to the mixed boundary conditions on the plane z=0:

c,,=—0, H,,=0, 0<r<l;
0w =0,9=0, H,.,=Hy,=Hy, =0,

Hij — 07

u, =0,

r > 0; (4)

w, =0,

oi; — 0, r? 4+ 22 — 0.

We look for the solution of the form

Uy = ugo) + sug) oy Uy = ug(,o) + sugl) + oy U, = u,(zo) + eugl) + (5)
Wy = wéo) + swg) + o, Wy = wz(,o) + sw?sl) +..., w,= wi‘” + sw,(zl) + ..,
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(0) (0)

where uz’, ...w;

satisfy the following equations:

VQUS) +(1- 2u)_18 e (

V2D + (1 —20) 719, —(-

VQ’U,S) +(1-2v)" 18 e ( 82 ( ) —
2

K V2w + K5(20,0, w( )_d

— (20,0,ulY — 29,0,ul”) + 92ul|
(Ky — KQ)V2 W) 4 Ky (82wl —
— (20,04 +20,0,ul”) + 02u” + 92u(”) — 20%u

It follows from (5), (4) and (1) (equating the coeffi-
cients of the like powers of €) that

A0 == dD=0 (i21),
HY =0, 0<r<1; uP=0 w®=0 r>1;
o) = Ui? =0, HY = Hé? =0 r>0; (7)

ag) -0, Hf;) — 0, r2 + 22 — oo.

Note that here the superscripts are in correspon-
dence to those in (5). The solution to the degener-
ate equation of (3) under the condition (7) for ul?,

(0) (0)

uy’ and wy ' can be found in classical elasticity the-

ory, for example Ref.[13], while it is obvious that

wg(co) = w?(jo) = wgo):O. If we are only interested
in stress intensity factors (SIFs)-the most important
physical quantity in fracture theory, care should be
taken with the property of uEf’), u(go) and ugo) le.,
uéo) = 0 and 89u£°) = 8gu§°) = 0. Thus the expres-
sion on the right-hand side of the first three equations
in (6) become zero and this is not true for the rest. It

is easy to see that the solution to the problem (6) and

(7) for i=1 is u(l) uél) = ugl) = 0, but wgl),wél)

and w,(zl) non-zero. To derive the expression for SIFs

) +28,0,w°

;)+23 8wt + 92wl —
=— (02ulY — 02ul") + 28,0.ul") — 28,0,ul”) — 28,0.ul") + 2u”
K1 V2wl + K5 (20,0,w) - 20,0 wg) — 20,0,w") —
— 0pul?) — 28,0.ul") — 20,0,u?)
82 ) _ 2azayw§}> +20%wM)

(1) (1)

satisfy the degenerate equations of (3), i.e., the equations when € = 0 in (3), while uy ’, ...w;

= 02w(® + 20,8,w — 20,8, w(® + 20,0.w),
20,8, — 20,0.w®) + P2w® — 28,8.w) — 2w + 20,0,w"),
20,0,w® + 2w + 82w — 202w ),
8§w£1))
_ 92u) (6)

P2wil)

o).

| in front of the crack, the first thing is to extend SIFs

in conventional crystals to quasicrystals. We define

KH = hm mazz(ra 0)7

Ki+ :Tl_lgl 2n(r — 1)H,(r,0). ®)
According to the analysis above, we have
—0 0<r<i;
72:(r,0) = | —(20/m)[~(r> = 1)/ (9)
tarcsinr 4+ 0(e?) r>1,
H..(r,0) = O(e).

The substitution of (9) into (8) yields

K} =20/y/7+0(?), Kit=O0(e).
No space is here available to compute the stress
and displacement fields.
IV. CONCLUTION

Perturbation method for solving elastic 3D prob-
lems for 3D IQs is developed. For a 3D IQ weakened
by a circular crack, the influence of phason field on
phonon field is only O(R?).
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