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The nonlinear Schrédinger equation(NLSE) in erbium-doped fiber(EDF) was obtained. The cross-phase modula-
tion (XPM) in the erbium-doped fiber amplifiers (EDFA) was studied based on this NLSE and the rate equations. A
more generalized form of the propagation equation in EDFA was obtained which included the phase shifts the EDFA
induced. An analytical expression was given to the XPM in the EDFA. It was found that the XPM in the EDFA

dose not change very much with the wavelength except at the neighboring wavelengths (around 1531 nm) where the

absorption and emission cross-sections of the erbium ions reach their maxima, and the XPMs have opposite signs on

the two sides around 1531 nm. Furthermore, it was found that the XPM increases with the increase of the length of

EDF.
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I. INTRODUCTION

Cross-phase modulation (XPM) has an important
impact on the performance of high-speed wavelength
division multiplexing (WDM) optical fiber communi-
cation system.!! It will cause crosstalk between simul-
taneously transmitted channels in WDM systems and
is believed to be one of the most significant factor
limiting the transmission capacity. XPM is usually
considered to originate from the Kerr effect in opti-
cal fibers, and the contribution of erbium-doped fiber
amplifiers (EDFA) is usually neglected. However, this
is incorrect for some cases.>3 Recent experimental
studies showed that the XPM in EDFA is likely to
cause significant impairments to the performance of
WDM systems.[2? The reason is that the XPM can
be converted into intensity modulation by the chro-
matic dispersion of the transmission optical fiber. The
crosstalk caused by EDFA has previously been focused
on the gain dynamics of the EDFA, and has been stud-
ied based on a EDFA model which consists of the rate
equations and the power propagation equations. The
phase effects in EDFA are neglected. Recently an ex-
tended EDFA model has been developed to study the
phase effects in EDFA[Y and the nonlinear dispersion
in EDFA is studied based on this model.’] In this

paper, we derive the nonlinear Schrodinger equation

(NLSE) in erbium-doped fiber (EDF) which includes
the refractive index of the host medium. Based on this
NLSE and the rate equations, we studied the XPM in
the EDFA in detail.

I. NONLINEAR SCHRODINGER EQUA-
TION IN ERBIUM-DOPED FIBER

In the slowly-varying-envelope approximation,
the Maxwell equation in optical fiber can be written
asl!

V2E(r,w) + e(W)k2E(r,w) = 0, (1)

where E(r,w) is the Fourier transform of the slowly
varying part of the electric field, ky = 2m/\g,e(w) is
the dielectric constant. In the case of erbium-doped
fiber, e(w) consists of two parts, one is the contri-
bution of the host medium Y, and the other is the
contribution of the erbium ions x,. So ¢(w) has the

following form:

e(w) =1+ xp + Xe» (2)
where
Xn = Xn +ixn and  x. = xo+Iixe (3)

are the complex atomic susceptibility. For the host
medium the real and imaginary parts of x, are re-

lated to the refractive index and absorption coefficient
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of the host medium by[e]

k "
ap = —Xb - (y)

ng +ma| B? = 144, ;
0

where ng is the linear refractive index, ns is the
nonlinear-index coefficient, and «aq is the absorption
coefficient. In the regime of far from saturation in
the EDFA, the real and imaginary parts of x, can be
expressed as a linear combination of the absorption
and emission cross sections multiplied by the dopant
(erbium ions) density in the lower and upper states

respectively, 7!

X(@) = =2 [Naoe(@) ~ Muou@)],  (5)
(@) =" | NoKKR(0. (o)
_ NIKKR(aa(w))} , (6)

where N7 and Ny are the lower and upper state popu-
lations, oe(w) and o0, (w) are the emission and absorp-
tion cross sections respectively; KKR is the Kramers-

Kronig transform. So Eq.(2) can be written as

e(w) = n2 + ny|EJ?

(7)

Equation(1) can be solved using the method of
separation of variables.l®] If we assume a solution of

the form

E(r,w —wo) = F(z, y)fl(z, w —wo)exp(jBoz), (8)

where A(z, w) is a slowly varying function of z and Sy
is the wavenumber. Equation(1) leads to the following
two equations for F(z,y) and fl(z,w) :

0’F  9°F

@‘f‘ailﬂ'i‘{(w)k%—ﬁz}f‘ﬁ:o’ 9)
0A /- -
2605 + (B° - 85) A=0. (10)

Wavenumber [ is determined by solving the
The di-
electric constant e(w) in Eq.(9) can be approximated

by

eigenvalue equation(9) for the fiber modes.

e(w) = (ng + An)? = n2 + 2noAn, (11)

where An is a small perturbation, from Egs.(7) and
(11) it is given by

UP)
2n,

An == \I2+J2 +5— (12)

ko

Now Eq.(9) can be solved by using the first-order
perturbation theory. It was first solved by replacing

e by n?, to obtain the modal distribution F(x,y) and
corresponding wavenumber ((w). For a single-mode
fiber, F(z,y) corresponds to the fundamental fiber
Then the effect of An is included in Eq.(9),
in the first-order perturbation theory, An dose not
affect the modal distribution F(z,y).

eigenvalue (3 is given by

B =B(w)+AB, (13)

mode.

However, the

where

ko/ An|F(z,y)>dzdy
AB = . (14)

//|F;cy|dmdy

So Eq.(10) can be written as

S i@ +As-a]A (15)

Expanding B(w) in a Taylor series about the carrier

frequency wy, i.e.,

B(w) =fo + (w — wo)B1 + %(w - w0)2ﬁ2

1
+g(w—wo)3ﬂ3+-~-, (16)
where
d"g
= _— = 1 2 ..., 1
ﬁn |:dwn:|wwg n ? ’3’ ( 7)

Substituting Eq.(16) in Eq.(15) and taking the inverse

Fourier transform by using

A(z,t) = 2L / A(z,w — wp)exp[—j(w — wp)t]dw,
™
* (18)
the result is
0A 0A 9?A
5 —Br—o 5 ﬂz 9 + JABA. (19)

By using Eqgs.(12) and (14), AS can be evaluated and
substituted in Eq.(19). The result is

0A 0A 024 oy
— T —A
9z + 61— ot + ,32 o8 +
jko
_ny\A| A+ o F GA, (20)

where ~ is the nonlinear coefficient and

Ik f |F(z,y)|?dzdy
I — doped r:zglon (21)
[ [ |F(z,y)2dady
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is the overlap integral. Equation (20) is the nonlin-
ear Schrodinger equation in erbium-doped fiber. It is

actually applicable to other doped optical fiber.
II. CROSS-PHASE MODULATION IN EDFA

For an EDFA, the length of EDF is not very long.
So the absorption coefficient aq, the second order dis-
persion (5 and the nonlinearity v of the host can be
neglected. Equation (20) becomes

8A BA ko

— A. 22
ﬂl 20 Xe ( )

By using the retarded time frame T = t — 31z and
substituting Egs.(5) and (6) in Eq.(22), one has

0A F
5, 3 [%V2Ue(w0) Nioa(wo)]A
+ %[NQKKR(O’e(wO))
— N\KKR(0(wo))]A. (23)

The first term on the right hand side of Eq.(23) is
the gain of the EDFA and the second term describes
the phase shift the EDFA induced. We can see that
the first term is identical with the power propagation
equation in the EDFA model.l”) Equation (23) is the
more generalized form of the propagation equation in
EDFA which has included the phase shifts the EDFA
induced. Equation (23) can be integrated along the
length of EDF, the result is

L
F
A(L) = exp{/ 5 Nyoe(wo) Nlaa(wo)}dz

0

L

F
+_]/5 NoKKR(0e(wp))
0

- NlKKR(aa(wO))} dz}, (24)

where L is the length of EDF.
By using Eq.(24) and the rate equation® of
EDFA

IkUak
Z hoy Mi(7:6:2)
_ijaek

Nt(T,(ZS,Z):Nl(T,¢,Z)+N2(T‘,¢,Z), (26)

where Ij, = |Ax|? is the light intensity, we can study
the behavior of the EDFA in great detail.
the gain properties of the EDFA have been studied

N2(T7 ¢7Z)
T

¢, 2) = ;» (25)

Because

extensively, we will study the phase shift the EDFA
will induce according to Egs.(24),(25) and (26).

From Eq.(24) we know that the phase shift the
EDFA induced is

L
_r
= ’“/ NQKKR (0er) — NiKKR(0az)|dz. (27)
0

It can be seen that the phase shift is intensity-
dependent, just like the XPM in optical fiber. So
it will induce a frequency chirp to the optical pulses
passing the EDFA.

P T
S (T) = — 8‘;“ —{{KKR o)
o
+ KKR aak)]/ - (28)
0

From Eq.(28) we can see that the time de-
pendent term is the same for every channel, this
means that the time variation of the frequency chirp
is the same for every channel, but the magnitude
of the frequency chirp is wavelength dependent for
each channel. Figure 1 shows the wavelength de-
pendence of KKR(oer) +KKR (o).
that except at the neighboring wavelengths (around

It can be seen

1531nm ) where o, and o,k reach their maxima,
KKR(0er)+KKR(0,.;) does not change very much
with the wavelength. This means that the frequency
chirp for every channel is not wavelength dependent,
so does the XPM for each channel. This result is con-
sistent with the experimental results.[23! But it can be
seen that the signs of the frequency chirp on the two
sides around 1531 nm are opposite, i.e., the frequency

chirp will have opposite effects on the two sides.
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Fig.1. The diagram of(KKR(oer)+KKR (o4 ))chang-
ing with wavelength.



756 Liu Ning et al.

Vol. 9

Phase/rad.

Length I/m

Fig.2(a). The diagram of the phase changing with
the length of EDF for a Gaussian pulse.
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Fig.2(b). The diagram of the temporal change of the
frequency chirp dw changing with the length of EDF

for a Gaussian pulse.

We calculated the phase and the frequency chirp
the EDFA induced to a Gaussian pulse for different
length of EDF, the result is shown in Fig.2, from which
it can be seen that with the increase of the length of
EDF the temporal variation of the frequency chirp will
increase. This means that XPM will increase with the
increase of the length of EDF. This is consistent with
the experimental results.[?] But this increase will stop
at the optimal length of the EDFA, because after this
length the EDFA begins to absorb the signals.

IV. CONCLUSION

The nonlinear Schrodinger equation in erbium-
doped fiber has been obtained which includes the gain
and phase shift the dopant induces. This NLSE is ac-
tually applicable to the optical fibers doped with other
elements. The XPM in the EDFA has benn studied
based on this NLSE and the rate equations. A more
generalized form of the propagation equation in EDFA
is obtained which includes the phase shifts the EDFA
induces. An analytical expression is given to the XPM
in the EDFA. It was found that the XPM in the EDFA
is not wavelength dependent except at the neighbor-
ing wavelengths (around 1531 nm) where o) and o,
reach their maxima, and the XPM has opposite sign
on the two sides around 1531 nm. Furthermore, it was
found that the XPM will increase with the increase of
the length of EDF.
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