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In this paper, the general formulas and the recurrence formulas for radial matrix elements of N-dimensional
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I. INTRODUCTION

It is well known that the class of analytically sol-
uble systems in quantum mechanics is limited, N-
dimensional isotropic harmonic oscillator is one of the
exact soluble problems. In the previous works, energy
equation and radial wave functions of N-dimensional
isotropic harmonic oscillator were given.'=3! In par-
ticular, the normalized radial wave functions and the
general formulas and recurrence formulas for radial
matrix elements of 2-dimensional and 3-dimensional
isotropic harmonic oscillators have been obtained.[*~?]
On the basis of the previous works, in this paper,
we will give the general formulas and recurrence for-
mulas for radial matrix elements of N-dimensional
isotropic harmonic oscillator. The relevant results of
2-dimensional and 3-dimensional isotropic harmonic

[4—9]

oscillators in Refs. are contained in more general

conclusions of this paper as special cases.

I. THE GENERAL FORMULAS FOR RA-
DIAL MATRIX ELEMENTS

Letting
x(r)
¥(x) TRN-1)/2

Yin_odn_gdndo(ON—2,0N_3,---,01,00), (1)

and then separating variables of the Schrodinger equa-
tion for N-dimensional isotropic harmonic oscillator
(h =w =m =1) in an N-dimensional space, we can

get the radial equation of N-dimensional isotropic har-

monic oscillator(! =3I

d2Xn JN—

1
- {JN—Q(JN—2 + N -2)
,

) () -0

Solving the above equation gives the exact energy
equation and radial wave functions of N-dimensional

isotropic harmonic oscillator!!+?!

EnTJN72 :27’LT+|JN_2|+N/2, TLTZO,I,Q,"', (3)

IN_24+(N—1)/2_—1r2/2
X, Tny_y TN 2+( )/2g—%/

-F(—nT,JN,z—I—N/Q,rz), (4)

where Jy_o is the quantum number of Casimir oper-
ator of SOn group, n, is the radial quantum num-
ber, and F(—n,., Jy_a + N/2,72) is the confluent hy-
pergeometric function. Using the relation of con-
fluent hypergeometric function with generalized La-

guerre polynomials!*?]

F(—n,pu+1,2) = %Lﬁ(z), (5)
we can re-write the normalized radial wave functions
as

n,T'(Jy_2+ N/2)
"IN T(n, + Jn—o + N/2)
. TJN,2+(Nfl)/Zefrz/2LT{JTV,2+N/271(TQ)

XnpJn_2 =N,

)

(6)

*Project supported by the Natural Science Foundation of the Education Commission of Jiangsu Province, China (Grant

No:98KJD140003).



732 Chen Chang-yuan Vol. 9

where N, is the normalization constant of radial wave functions.

IN—2
The radial matrix elements of N-dimensional isotropic harmonic oscillators are

o0
Pl J! — P
< npdn_2|rP|n, Iy _o >—/XnTJN72r Xnr,_,dr
0

 Naan 2 Nergy , n\D(Iy_2+ N/2) n!T(Jy_, + N/2)
2 (n, + Jn—2 + N/2)D(nl. + Jjy_, + N/2)

r

. /(72)(JN72+JJ’V_2+N+p72)/2efr2 L/v-2+N/2-1 (T2)LJEV—2+N/2*1 (r2)dr2. ()
0

The integral formulas of containing generalized Laguerre polynomials are1!

O]‘LAQ-ZLg(z)ng@dz S oy (AT () (0, ©

= n—k n —k k
where Re(A) > —1, then the integral convergence is ensured. Substituting Eq.(8) into Eq.(7), we obtain

_1\n~tnl L
< Ty ol T DM Ny o Ny m DTy + N/2) m!T(Jy—p + N/2)

2 IF(n,.+JIn—2+N/2)T(n,. + Jy_, + N/2)
r JN,2+JJ'V72+N+p Z (J]'V72+p—JN,2)/2 (JN,2+p—JJIV72)/2
2 - n. —k n,.—k
.<(JN2—|—J]’V2+N+p—|—2k—2)/2> )
L .

The expression (9) is the general formulas for radial matrix elements of N-dimensional isotropic harmonic
oscillators. The application condition of the above expression is p > —N, since Re(A) > —1.
In formula (9), by letting n!. = n,, Jy_, = Jy_2, we can get the general formula for the radial average

value of N-dimensional isotropic harmonic oscillator, i.e.,

N, 2 ! _ 2 ~
< ndya|r?|neTx O AL [ n, 0 (Jn 2+N/2))} F<2JN 2+N+p>

2 C(n, + Jy_o + N/2 2
'Z<nf/_2k><ni)/_2k><(2JN2+N—|;€p+2k—2)/2>. (10)

k

Further letting p=0 in the above expression, it is considered that the summation of formula (10) on the right

hand side only has the term k = n,., and the result is

[NnrJN72]2 nr!F(JN72+N/2) ?
R Ay | T )

Ny o [DUns + N/2)P

(2JN_2 + N +2n, — 2)/2>

Ny

< TLTJN72‘TL7«JN72 >=

=1. 11
2 T(n, + Jn_2 + N/2) (11)

|
Hence, the normalization constant for radial wave IN_o=J1 =1=0,1,2,--- and Jy_o = Jp = |m| =
functions of N-dimensional isotropic harmonic oscil- 0,1,2,-- -2 respectively. Hence formulas (9) and
lator is (12) reduce to the general formulas for radial matrix
o (Jy_2 + N/2 +n,) elements, and the normalization constants for radial
Nnp,jy > = n[[(Jn—2 + NJ2)]2° (12) wave functions of 3-dimensional and 2-dimensional

) . ) ) ) ) isotropic harmonic oscillators in Refs.[4-7], respec-

For 3-dimensional and 2-dimensional isotropic tivel

. i ively.
harmonic oscillators, the quantum numbers are
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. RECURRENCE FORMULA FOR RA- N-dimensional isotropic harmonic oscillator. In order
DIAL MATRIX ELEMENTS to simplify the calculation of radial matrix elements
and radial average values in the case of high power-

In the above section, we gave the general formulas  orders, the recurrence formulas for them are derived

for radial matrix elements and radial average values of  in this section .

For the state n,.Jn_2 and the state n..Jy_,, substituting Eq.(3) into Eq.(2), we have

d*x,, 1 N-1\/N-3
$+{(4m+2|JNg|+N) e [JNz(JN2+N2)+ <T> <T> } }xn,JN_z =0, (13)
A g 1 N-1\ /N-3

d;;“ +{(4n;+2|J;V2|+N) —r?— = [J;V2(J;V2+N—2)+ <T> <T> } }XH,TJ;H =0. (14)

oo

Multiply TPX"'TJEWZ and each terms of Eq.(13) together and then take integration / --dr. Obviously, the

0
three terms in the braces are matrix elements of P, rP*2 and rP~2, the first term is integrated twice by parts,

giving

T dxn IN—2 dX”’rJJ’V 2 T 1 dX";«JJ’V 2
—/rp - - dr—l—/pr”* Xy Jnoo 7 dr
0 0

dr dr dr
N -1 N -3
{Jowawar v =2+ (B2) (F52) | - vo- 0 <mewoaler =it s>
— (4n, +2|In_a| + N) < npJn_a|rP|nl.Jn_y > + < npJn_o|rP 20l Jn_y > . (15)

Multiply rPx,, ;._. and each terms of Eq.(14) together and then take integration / ---dr. Obviously, the three

0
terms in the braces are matrix elements of 7, »P*2 and rP~2, the first term is integrated once by parts, giving

o0 oo
n.JN_2
0

dr dr dr
0
N-1 N -3
= |:JJ/V2(JJIV2 =+ N — 2) + <T> (T) < nTJN72|Tp_2‘n:‘J]IV72 >
— (4n) 42|05 ol + N) < n.Jn o|rP|nlJn o > + < npJn _o|rP P2 |nlJn o > . (16)

Comparing Eqgs.(15) and (16), we have

_/ den’V‘JN 2 X"Ir‘lzlvfz d
dr dr
0
1 N-1\/N-3
25{ |:JN2(JN2 +N—-2)+Jy o(Jy_g+ N —-2)+2 (T) <T> } —-p(p— 1)}
< npdna|rP s Iy g > — (20, + 20 + [In 2| + [Ty o + N) < npdna|rPngJy o >
+ < npdn_a|rP T2 nl TNy >, (17)
Doy

prP—IXnT Tnes T*Zdr

\8

N|— o

{lUn—2(In-2+ N =2) = Jn 5(Jy o + N = 2)] = p(p — )} < nednafr? 7?0l Ty 5 >

— (2n, —2n + |In_2| = |In_3|) < npdn _o|rPnl.Jy 5 > . (18)



734 Chen Chang-yuan Vol. 9

dx,, g x

Multiply each term of Eq.(13) by rP*1 % and then take integration / -+ +dr. The first term is integrated

r
0

once by parts, the result is

¥ d ! ! 7 d2 ’ U
/p+1 XTLTJN—Z X gy 2 dr — /Tp+1 dX"T'JN—Z Xoy g, dr
0

dr dr dr dr?
N1 T Xy,
|t (52 (57°) | [ e S
0
< dX n J! 7 an/ J’
— (4n! +2|JNn 4| +N)/rP“XnTJNfz%dH/rp+3XnTJN72#N*2dr. (19)
0 0

dx,,
Multiply each terms of Eq.(14) by r?+! 7(:1‘]]\”2 and then take integration --dr. Each term in the braces
r

s

is integrated once by parts, and the result is

oo 2
p+1 anTJN72 d X IJJIV Zd
" dr dr2 "
0

N -1 N -3
_ [J;Hu;H N2 (T) (T) ]<p— 1) <y alrP 2l Tl >

7 d

N -1 N — Xnt g%,

st v =2+ (F52) (F2) | [ v =2+ (a4 205l + )
0

oo
dX'n.’ J!
) (p + 1) < nTJN*2‘Tp|n:'JZl\772 > +(4TL:, + 2|JJIV72| + N)/Tp+1anJN—2 e dr
0

dr
p+2), 1 7/ p+3 dX"’rlevfz
—(p+3)<n. Ny arP™nLdy_o>— [ r anJN—QTdT' (20)
0

Substituting Eq.(20) into (19) and then simplifying, we have

7 d an’ J!
- /(p+ 1)r? X”&"H 5
r r

0
N-1 N -3
- {JJ'V_Q(JJ'V_g +N-2)+ <T> (T) } (p—1) <npJy o|rP?InlJy_o >

i Xn’J’
+ [Ine2(INca+ N —=2) = I (I 5+ N —2)] / X dn s ——dr + (4n, + 2| Ty 5|+ N)
0

dr
Pl 7! / ! 7 p+1 dX I‘];\f 2
o+ 1) < ol T > 22, — 204 1Tk ol — Uncal) [ 1 et dr
0
—(p+3) < npJn_o|rPE|nl TN o > . (21)

The two-term integrals on the right hand side of the above expression may be replaced by the recurrence formula
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(18), and by simplifying, we have

o0
e
0

P dX"rJN—z dx”’r']zl\rfz
dr
dr dr

N-1 N -3

[LWALWQ+N—2y+%Jgﬁ,wa—m+2<—3—><———>hp—n

2

:{

2(p+1)
N [IN—a(IN—2a + N —=2) — Iy o(Jy_o + N —2)]°

2p(p+1)

} < e dN_a|rP 2l Iy >

2In—o(In—2+ N =2) = Ty Ty + N = 2)]2n — 20 + o] = [Ty_s))

+{

p(p+2)

+ (2 + 25 + [ In—a| + [Ty o] + N)} < npdn_o|rfing, Iy _y >

{Z(an —2n) + [In_2| — [IN_s])? ~p+3

(p+1)(p+2)

p+1

} < npdN_o|rP TNl Iy > . (22)

Comparing Eq.(17) with Eq.(22), we have the recurrence formulas for the radial matrix elements; i.e.,

{(an —2nl + |In_2| — [N s])? _pt 2
(p+1)(p+2) ptl

2
} < npJn_a|rPTE|nlJdN_y >

:{ [IN-2(IN—2+ N =2) = Jy »(Jy 5+ N =2)](2n, —2n;. + |In-2| — [Ty _,)

p(p+2)

— (2ny + 20 + |In—2| + [Ty | +N)} < npdn_o|rfing Iy o >

. {p {JN_2(JN_2 FN -2+ T (T g+ N —2) 42 <¥> <$>}

2(p+1)
[In oIy 2+ N —=2)—Jy o(Jy o+ N —2)]

p(p—1)

(23)

4 dp(p+1)

The above expression shows that if the values of
< npdnyoalrnldy o >, < npJn_a|r?nlJN\ _, > and
< npJy_2|r|nlJ}_, > are known, the matrix ele-
ments of any power-order may be calculated by using
formula (23) .

In formula (23), by letting n.. = n,,Jy 5 =
JN_2, we can get the recurrence formula for the radial

average value, i.e.,

(p+2) < npJn_o|rP 3 |n, In_s >

=(4n, +2|Inv_2|+ N)(p+ 1) < np.Jn_2|rP|n.Jn_2 >

_ pl(2In 2+ N —2)* - p?]
4

- < TLTJN_Q‘TP72|’I’LTJN_2 > .

(24)

For 3-dimensional and 2-dimensional isotropic
harmonic oscillators, the quantum numbers
JN,Q = J1 =1= 0,1,2,"' and JN72 = J() = |m| =

are

} < nTJN,2|rp_2|n'TJ]'V72 > .

0,1,2,---,IM% respectively. Hence the recurrence for-
mulas (23) and (24) reduce to the recurrence formulas
for radial matrix elements and the radial average value
of 3-dimensional and 2-dimensional isotropic harmonic
oscillators in Refs.[8,9].

IV. CONCLUSION

In this paper, the general formulas and the recur-
rence formulas for the radial matrix elements and the
radial average value of IN-dimensional isotropic har-
monic oscillator have been derived. Using these for-
mulas, we can calculate values of various power-order
of radial matrix elements and radial average values
for N-dimensional isotropic harmonic oscillator. The
relevant results of 2-dimensional and 3-dimensional
isotropic harmonic oscillators in Refs.[4-9] are con-
tained in the more general formulas derived in this

paper as special cases.
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