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1
Based on the quantum mechanical representation |£) = exp {*5|f| + Eaf + .f*a27L - aira;r} |00) constructed by

Fan Hong-yi and with the help of the technique of integration within an ordered product of operators, we derive the

normally ordered expressions of the Shapiro-Wagner (SW) phase operators. They are in terms of the Bessel functions.

As their application we discuss the minimal uncertain relation regarding the two-mode phase and number-difference

operators.
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I. INTRODUCTION

How to define a correct quantum phase opera-
tor has been a great challenge to physicists for many

Based on
2]

years, but is still an enigma hitherto.
Dirac’s pioneer work,[!l Susskind and Glogower!?! pro-
posed the so-called SG quantum phase operators e'¥ =
(N4+1)~1/2G, e~ = at((N+1)~'/2, which have been
widely used in quantum optics, but they are nonuni-
tary. By using an alternative mathematical model,
Pegg and Barnett et all3 constructed a unitary phase
operator in finite but arbitrarily large state space.
Banl* also defined a phase operator for a two-mode
photon system in terms of the relative-number states.
One of the most attractive achievements in the field is
the concept of feasible phase measurement proposed
by Shapiro and Wagner (SW) in 1984,15] According
to the propositions Hradill®! put forward a two-mode
phase operator (called SW phase operator), i.e.,

— a, + a;’ —

exp(ip) = | ——=, exp(—ip) =
al+ + as

ai" + as
—, (1)
a1 + aq

where a; and as are annihilation operators of the two
modes, respectively. This phase operators are nonlin-
ear and can hardly be employed in practical use such
as calculating their expectation values in miscillaneous
states. Thus, deriving the normally ordered forms of

the SW phase operator is of key importance for their

|
[ e

™

applications. In this paper, we employ Fan’s |£) rep-
resentation to get the normally ordered expression of
SW phase operators in terms of the Bessel functions.
As an example of its application, we calculate the min-
imal uncertain relation of the SW phase and number-
difference operators. In the appendixes we give some

details of derivation.

II. NORMALLY ORDERED FORMS OF SW
OPERATORS

The common eigenvector |€) of a; +a;' and ai"+a2

is given byl”]
1 *
€) = exp | =5 [&” + £af +€7af —afag | [00), (2)

which obeys

(a1 +a3)€) = £[€), (af +az) =€) (3)

With the help of the normally ordered form of projec-

tion operator of the vacuum state
|00)(00| =: exp(—aia; — afay) :, (4)

where :: denotes normal ordering, and using the
technique of integration within an ordered product
(IWOP) of operators,®l one can prove that |¢) sat-

isfies the completeness relation

2
:/ TE - explfef? + &(af +a2)+ € (a1 +af) — (af +a)(an +ai)] =1, (5)
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and the orthonormal property

(€'le) = (¢ —¢). (6)
Letting ¢ = rel¥ and using Eq.(5), we have
d2¢ fay + a;'
ewlio) = [ [

2
= / %@ texp[= [ + £(af +a2) + € (a1 +af) — (af +a2)(ar + )]

e

a3

= 3=

texp[—€]? + EA+ AT — AT AL
27 . . .
Xp(*A—'—A)/ rdr/ dpe¥Pexp[—r? + r(Ae'? + ATel¥)]
0

2m oo
exp(—A+A)/ dyexp(ip + wz)/ rexp[—(r — w)?]dr :,
0 0

where we have defined A = af + ay and w = (Ae'? + ATel¥)/2. To proceed, we use the identity

/0°° rexp[—(r — w)?]dr = gexp(—

w?) + zﬁ(l + erfw), (7)

oo 2TL
here erfw = —————w”"*! is the Error function.l”) Th h
where erfw \/_exp Z Gntn w is the Error function. us we have
. 1 27 ) 1
exp(ip) = — xp(— A+A)/ dy exp(ip + w?) [Eexp(—wz) + #(1 + erfw)] :
0
1 27
=g-e xp(— A+A)[/ dy exp 1(p+\/—/ dpexp(ip + w?)w (l—i—erfw)}:
m 0
1 N 2m ) ) 27 ) )
= ﬁ exp(—ATA) {/O dyw exp(ip + w )+/0 dpexp(ip + w )werfw} :
1
= —— exp(—ATA/2)(AY + AT X)) :, (8)
where W )
X =: / exp[(A%e?? 4 AT2e29) /4] : = 7ly(ATA/2) :, (9)
0
e , . wAt
Y =: / e?Pexpl(A%e?? + A%te 2¥) /4] = N L(ATA/2):. (10)
0

k
Garam)
ET(v+k+1)
(v =0,1) are the zero and the first kll’ldS of modified
Bessel functions. I'(v+k+1) = (v+k)! is the Gamma
function.[?! The detail of derivation of Egs.(9) and (10)

is given in the Appendixes.
used in Eq.(8):

Here I,(A*A/2) =: { (AT A/2) rm

Following relations are

/0 " dpexplip) = 0, (11)

2m
/ de exp(ip + w?)werfw = 0. (12)
0

The proof of Eq.(12) is given in Appendix C. There-

| fore, we can express the SW phase operators in a com-

pact form as

exg(\igo) :\/TT_F : Atexp(—ATA/2)
[lo(ATA/2) + Li(ATA/2)]:,  (13)

exp/(jicp) :% Aexp(—ATA/2)
[Mo(ATA/2) + T, (ATA/2)] -, (14)

Similarly, we can obtain

exp(Zip) = 3 {[AT A~ 1-(4%+ Dexp(~ AT 4))/4%) -

(15)
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exp(—2ip) =: %{[A+A —1—(AT?+1)
~exp(—ATA)JAT?} .. (16)

. MINIMAL UNCERTAINTY RELATION
OF PHASE AND NUMBER-DIFFER-
ENCE OPERATORS

Using Egs.(13) and (14), we can discuss the un-
certain relation of SW phase and number-difference
operators. Due to the fact that the exponential phase
operators exg(\igo) and exp/(tigo) are not Hermitian, it
is necessary to define the Hermitian phase operators

cosp and sin ¢ by

— —
—

1 ; .
cosp = 5[exp(1<p) + exp(—ip)],

_ 1 — —

sing = - [exp(ip) — exp(—ip)]. (17)
The number-difference operator!(!°! D is
D =atay — afas. (18)

Using the canonical commutation relation

N

[¢7D] =1, (19)

and the Baker-Hausdoff formula, we observe that

exg(\igo)bexp/(jigo) =D+ 1. (20)

So we have

and

A~

[cosp, D] = isin o, [cosp, D] = isin ¢, (22)

e

AﬁAcosw

from which follows the uncertainty relation:
. . 1 —
ADAcosp > §|<sm )|,

A~ 1
ADAsin ¢ > §|<06's\<p>\, (23)

where

(Acosp)? = ((co5p)?) — (o5 9)?,
(AP = (Tp)?) () (24)
Now we use Eqgs.(13)—(16), (23) and (24) to discuss the

uncertainty relation of cosp and D in two-mode co-

herent state |z1, z2). For the two-mode coherent state

|Z17'Z2>

ailz1, z2) = 2121, 22),

a2|21722> = 22\2’1,22% (25)
we can obtain
(sin ) = X1X4s (26)

and
ADAcosp = /x5 — X3x3, (27)

where we have set z; = r1e%1, 25 = ryel?2 and

Xl = 2(7“2 sin92 — T Singl)v
Xg =TT + 13 + 2rirg cos(6y + 62) + 1,
X3 = 2(7“2 sin 02 + 1 Sin 01)7

o= Vo () 1 () 1, ()], 29)

4 2 2 2
X5 = r% c0s 201 + 2riry cos(f1 — 02) + 7“% cos 205,

1
Xo = 5 + 106 = Dxa + (28 + xs)expxal /G-

The uncertainty relation of cosp, and D in Eq.(23)

can be shown clearly as in Figs.l and 2, namely

N 1, —
ADAcosp > §\<sin ®)]-

~ — 1, —
Fig.1. The values of ADAcos¢ (a) and 5|sin | (b) for r1=10, r2=10 and different 6; + 62. When

01+ 62 = (2n+ 1)m, D and cgs\go have their minimal uncertainty relation.
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Fig.2.

A - 1 —
The values of ADAcos¢ (a) and §|sing0| (b) for 61=2.2, 6,=2.2 and different 71, 7a.

When

ry — 0,72 = 0, D and cg-s\cp have their minimal uncertainty relation..

In Figs.1(a) and 1(b) we plot the ADAcGs and
5\(5@)\ for r1 = 10,75 = 10 and different values of
01 and 0. When 6y + 65 = (2n+1)7 (n=0,1,2,...),
we have ADAGGSp — §|<s1/r—1\<p>|, for other values of

A 1, — o
01 + 62, ADAcosp > §|<sm ©)|. It is indicated that

ADAcGsp > %|<51/r-1\ga>|, which is in agreement with
the first term in Eq.(23). The figure further indicate
when 01 +62 = (2n+1)r (n=0,1,2,..
have their minimal uncertainty relation. In Figs.2(a)
and 2(b) we plot the ADAcosp and §\<sﬁ-1\cp>| for
01=2.2, 65=2.2 and different values of r; and rs.
When 6; + 05 # (2n + 1), if and only if r; — 0 and

s D and cosp

. . 1 —
ro — 0, we have ADAcosp — §|<sm )| = 0, and for
Ao 1, —
other values of ry and rs, ADAcosp > 5\(smg0>|,

namely ADAcosp > —|<s§1\cp>|, which also agrees

with the first term in Eq.(23).

when 71 = 0,75 = 0, D and cos ¢ have minimal uncer-

The figures indicate

tainty relation. In a word, from Figs.1 and 2 we obtain
that when r; — 0 or 7o — 0 (for arbitrary 6y and 65),
or 01+ 0 = 2n+ )m
and cos ¢ have their minimal uncertainty, which has

(for arbitrary 7y and ry), D

not been pointed out in the literature we knew before.
Similarly, we can discuss the uncertainty relation of D

and sﬂl\ap and can obtain similar result.

In summary, in this paper we have introduced
the normally ordered form of SW phase operators in
terms of Bessel functions. A suitable form is helpful
for the investigation of the phase properties of two-

mode quantum systems.
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APPENDIX A

In this appendix we prove Eq.(9). Set z = %%,

then 2ie??dy = dz, so we have

A%, AT? .
7 \2ip —2igp
;¢ e >

L[ g3 Gy jay

nlzntl

(A1)

At z =0, only when 2m =n, X # 0. So we have

1 o O (A2 /4)™(2m)!(AF2 /4™
X =o2mig ) (2m)!(2m)!

2 m

ATA

APPENDIX B

In this appendix we prove Eq.(10).

27 2 +2
y — / d(pe2up exp <_e21<p + _e—21‘P>
o 4 4

1 A? AT?

= — dz (—z + —zl>
2= 4 4

L) eyt
o ‘ |_ - 0 ’I”L'Zn

1 Cm A2/4m 2m(A+2/4)
= — dz

1 |z]=1 nz;) nlzm

(B.1)
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At z=0, only when 2m =n — 1,Y # 0. So we have
Z Cony1(A%/4)™ (2m)!(AF2 /4)m
(2m)!(2m + 1)!

A2/4) (2m)!(A*T2/4)m
I(2m + 1)!m!(m + 1)!

Y

27r1—
2i

n=0

_ Z 2m+1

(1‘12/4)’“(14“/4)erl
m!(m + 1)!

n=0

o [
4 = mi(m+1)!
_ﬁ,%% <A+A> g 4 (AQA))

AT (ATA
=1T— .
AT\ 2

m

(B.2)

APPENDIX C

In this appendix we prove Eq.(12).

WE/ dy exp(ip + w?)werfw

0

2 ) e 2nw2n+1
N )nz:: (n+ 1)

Aeltp+A+ 714p)2n+2
Z 22n+2 n + 1)”

2w
= / dyp exp(ip + w?)w
0

2T
dipel?
=7
AZ + A+ )2n+2

1 dz
\/— 2=1 i Z22n+2 ’I’L—|—1)”22"+2

n=

(C.1)

At 2=0, only when 2m = 2n+1 and m, n are integers,
we have W # 0. Because 2m = 2n + 1 is inconsistent
with m and n being integers. We can immediately
obtain

27
W= / dy exp(ip + w?)werfw = 0. (C.2)
0

Similarly Eq.(11) can also be proved easily.
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