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The perturbation problem of symmetries for the holonomic variable mass systems under small excitation is dis-

cussed. The concept of high-order adiabatic invariant is presented, and the form of adiabatic invariants and the

conditions for their existence are given. Then the corresponding inverse problem is studied. Finally an example is

presented to illustrate these results.
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I. INTRODUCTION

More and more attention has been paid to the
research of symmetries and conserved quantities of
mechanical systems and many results have sprung up
during recent years. These results turn the knowl-
edge of people to the essence of mechanical system. 2
In 1917, Burgers first proposed adiabatic invariants
which pointed to a special kind of Hamilton system.!?]
The adiabatic invariants mean that they are almost
not changed when the parameter varies very slowly
and they play a very important role in the research on
quasi-integrability of a mechanical system. The rigor-
ous mathematical meaning of the adiabatic invariants
is a subtle work, so far, it has not been solved yet.[* In
fact, that the parameter varies very slowly, is equal to
the action of a small perturbation, so we would make
researches by the latter model in this paper.

Due to the development of the space and other
technologies, the study on the dynamics of variable
mass systems becomes more and more important. The
differential equations of motion,®~7 the Hamilton’s
principle, (78] the Noether’s theory,! the Lie symme-
tries and conserved quantities of the variable mass

[10] etc., have been obtained. But the prob-

systems,
lem of adiabatic invariants of the systems has not been
dealt with.

The study of adiabatic invariants has become a
popular subject in mechanics,[*!! atomic and molecu-
lar physics,!'>1% etc. In Refs.[14, 15] adiabatic invari-
ants of general mechanical system were studied and

some important results obtained. In this paper, we

discuss the adiabatic invariants of the holonomic vari-
able mass systems from the viewpoint of symmetries
and conserved quantities. Firstly, we propose the con-
cept of higher order adiabatic invariants. Then, we
prove the conditions for their existence and give their
forms. Finally we present the relationship between the
symmetries of the mechanical systems and the adia-

batic invariants.

I. EQUATIONS OF MOTION OF THE SYS-
TEMS

Let us consider a mechanical system of N par-
ticles. At time ¢, the mass of the i-th particle is
m;(i = 1,...,N); at time ¢t + dt, the mass of the cor-
puscle abandoned from (or merging into) the particle
is dm;. Let the position of the system be determined
by the n generalized coordinates gs(s = 1,...,n) and

let[5]
m; :mi(tvqaq)a (1)
the equations of motion can be written in the form![!

d oL oL
dt 84s  9qgs

=Qs+ P,

where L is Lagrangian of the system, @, are gener-
alized nonpotential forces, P, are generalized reverse

thrusts, and we havel®]

S oy Or 1. Om
PS:Z{(Ri+miri)'a—(15—§7’i'Tia—%
i=1
d 1_ . Bmz
+ E(g’“i i )}, (3)
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where r; and 7; are respectively the position vector

and the velocity vector of the i-th particle and

dm;

i — u;, 4
R, =" @

where w; is the corpuscle’s velocity relative to the i-th

particle.

. INFINITESIMAL TRANSFORMATIONS
AND CONSERVED QUANTITIES

Introducing the infinitesimal transformations

P =t+ AL g =g +Aq (s=1,..,n) (5)

or their expanded formulas

t" =t +em’(t,q,q), q;=qs+¢e&(t,q,q)

(s=1,..,n) (6)

and taking the generator vector of the infinitesimal

transformations

0 - 0
0) _ . 0% 0
XO =003 (7)

s=1

and its first extended generator

X0 =x® if‘)—qs

7]
o ®

we have:
Proposition 1. If there exists a gauge function

G° = G(t, q, q) satisfying the structure equation

L%+ XL +ZQS+P(£ —¢,m°)
s=1
+G° =0, (9)

then the holonomic variable mass system has the fol-

lowing conserved quantity:

I= LT+Z

—G,7°) + G° = const.  (10)

Proof
dr " oL
- I 0 L 0 _ “s 0 _ o
3 —Lm + L7 +s§:18qs(£s G’ — GsT)
- d oL
Z 0 0
+s:1(€ qS )dt 8q-s
—Li° - X(l)(L) - E (Qs +PS)(€S - quO)
s=1
= d 0L 0L
0
= E - = _Q,-P,) =
(fs qsT )(dt 8qS 3(13 Qs s) 0

IV. PERTURBATION TO THE SYMME-
TRIES AND ADIABATIC INVARIANTS
Firstly we give the concept of high-order adiabatic

invariants.

Definition If I,(t,q, q, <) is a physical quantity
including e in which the highest power is z in a me-
chanical system, and its derivative with respect to
time ¢ is in direct proportion to ¢*t1!, then I, is called
a z-th order adiabatic invariant of the mechanical sys-
tem.

Suppose the holonomic variable mass system cor-
responding to Eq.(2) is perturbed by a small quantity

€W, then the equations of motion of the system be-

come

d oL oL

AOL 0L o v Py eW, (s=1,..n), (1
dt2q, ~ag, LTI (s m. (1)

due to the action of eW,, the primary symmetries and
conserved quantities of the system may vary. Sup-
pose the variation is a small perturbation based on
the symmetrical transformation of the system without
perturbation, and 7(t,q, ¢) and &5(t,q, q) express the
generators of time and space respectively after being

perturbed, then

T=rldert 4t b, € =€) he +eE +
(12)
and they satisfy
L+ XW(L) + D (Qu + Pu) (& — da7)
s=1
—{—EZW s —GsT)+ G =0, (13)
where
xW' = xO" 4 i(és )
po 9qs
7] - 0 N
- T& + ;gs 3qs + ;(fs - q.sT)a_q.sa
with G in Eq.(13) being a gauge function. Let
G=G"+eG' +2G* + -+ - (14)
X" = kGt ——. (15
S -tz 19

Substituting Eqgs.(12) and (14) into Eq.(13), we obtain

Lt + XxMW(L) + Z(QS + Py) (€8 — go7")

Y W =g )+ GF =
s=1
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When &k = 0, the condition W;=0 holds, and we

may prove that, for the differential equation (11) of

the mechanical system, the following quantity:

.9
Lk
™2 g,

is a z-th order adiabatic invariant of the mechanical

z

I, :Zak

k=0

s quk) + Gk (17)

ar, . . .. )
system, i.e., d_tz is in direct proportion to ¢*T1. In

fact
. ¢ ok
N :Z [LT + L+* +Z(‘3 (€8 — Gor* — g%
k=0 s=1
= d oL .
k . Y= k (1)
+Z£ “aips ~ L XU @)
- Z(Qs +PS)(€§ - q.sTk)
s=1
— ZWS( f—l _ quk—l)]
s=1

Expanding the above formula and making summation,

we have
dr -
zZ _ _z+1 z . z
= ;Ws(gs — Ga77). (18)

So we have

Proposition 2. For a holonomic variable mass
system perturbed by a small quantity eW,, if the gen-
erators 7°(t,q,q) and £¥(t,q,q) under infinitesimal
transformations satisfy Eq.(16), and G*(t, q,q) is the

gauge function, then

z n aL
_ k k E - _k
IZ—kZ:O€ Lt —f—;a—qs(fs—qy—

is a z-th order adiabatic invariant of the mechanical

)+ Gk

system.

V.INVERSE PROBLEM

Suppose that the system has a first order adia-

batic invariant as follows:

Il - )‘O(ta q, q) + EAl(ta qvq) (19)

Differentiating this with respect to ¢, we have
dl; 9o [\~ (0. | O )
T ot (gt g b
O | N (OM . O
a_ s a. Us . 20
+5[ ot +;(8qsq * 3q5q> (20)

Multiplying Eq.(11) by & —

tion for s, we have

gsT, and taking summa-

= d oL oL
D o(€=i7) (g e~ .~ @ FrmeWa) =0 (21)

From formula (3) we know that P; are linear with

respect to g in general case

n

Py =) Vilt,q, )i+ Vi(t.q,4),  (22)

r=1

where

~ 8mz 8'!'7;
Ver = —(u; +7;) - 5—
=1 { aq"’ (u + " )

i 94s
+1. . Pm, +8mi- or;
ST Tig e T :
2 94s0¢,  0qs ° gy
If 3
ﬂ:o (Z:l,.,N, s =1, 7n)7
94
we have
Vi = 0.

By using Eq.(18), and adding Egs.(20) and (21), we
have

Mo =[O\, O,
a—to + ; (a—qqu + a—qqu)
s=1
+3 —qsr)(——. — o Q= Py = W)
s=1
—€2ZW ), (23)

where the expressions of 7 and & are Egs.(12).
Firstly, we seek the generators 70 and £Y of the
infinitesimal transformations without perturbation.

Separating the terms not containing ¢ in Eq.(23), then
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separating the terms containing ¢, and taking their

coefficients as zeros, we have

N & < 9L > .
Lo S (S v )€ - @) =0, (24
a%‘ Sz:; 3%3%« ( ) ( )

Let 52

L
det sr) = det Vs’r — A= . 0’
) = et (Vi g ) #
from Eq.(24) we can obtain
. OA
0_ + . 0_ ~ 0
Es —QsT = Tz:;wsra—qra (25)

where

G)skwkr = 6sr .

Further let

Mo = Lo 40 va0.  (26)

Thus we can seek the generators 7° and £ of the
infinitesimal transformations from Egs.(25) and (26)
when the gauge function G is given.

Further,
Eq.(23), then separating the terms containing ¢, and

separating the terms containing ¢ in

taking their coefficients as zeros, we have

~ N\
5; - qul = Wsr =) 27
; 9%, (27)

s —dsT )+ G (28)

" HL
_ 1
A\ = L7 +s§::laq_s(

Thus we can seek the generators 7! and ¢! of the
infinitesimal transformations from Egs.(27) and (28)

when the gauge function G! is given.
VI. AN ILLUSTRATIVE EXAMPLE

Consider a variable mass particle whose mass is

—at

m = mge (mg = const,a = const,a > 0). (29)

Its Lagrangian is

L= Sm(O)(@ + &), (30)

the generalized nonpotential forces are

Q1= Q1(t,q1,41,42), Q2 = C2¢2 + C1q141, (31)

where C; and C5 are constants. The corpuscle’s ab-

solute velocity is zero, i.e.,

U=—9=—G%— 27, (32)

and the system is perturbed by the small quantities

as follows:

D, Dobt
Wy=—— b W= 2 (33
! 1+022) 2 1+ 622’ (33)

where Dy, D> and b are constants. Try to study the
adiabatic invariants of the system.

From Eqgs.(3), (4) and (32

) we know
P, =P, =0. (34)

Equations(11) give

. o D1€
(mg1) = @ Tr e - (35)
5
V= Codot Crgrs — 2250
(mdg2) 292 + C1q141 1102

Firstly, we seek the 0-th order adiabatic invariant,
i.e., the exact invariant. The structure equation (16)

gives

2

. oL
FLE i,

)+ G =0. (36)

+Z£° oL
+ZQS(§
s=1

Choosing the infinitesimal generators as

#0402

=0, &=0, &=1, (37)
then Eq.(36) becomes
Q2+ G =0, (38)
so we obtain
G’ = —Caq, —

1
icliﬁ- (39)

From proposition 1, we can obtain the 0-th order adi-
abatic invariant
I() = m(t)q

1
5 — Cagy — §C1qf = const. (40)

Secondly, we seek the first order adiabatic invari-

ant. The structure equation (16) gives

2
L+t +T—+Z£18L Zfl ' )g—j

2 2

s _q'sTl)+Z

s=1 s=1

Ws(fg + quo) +G1 =0.
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Choosing the infinitesimal generators as

=0, &=0, §L=1, (42)
then Eq.(41) becomes
Q2+ W2+ G' =0, (43)

so we obtain

1 D
G' = —Caq, — 5clq‘f + 27)2111(1 +6%2).  (44)

From proposition 2, we can obtain the first order adi-

abatic invariant

. 1 .
I =m(t)g, — Cagy — 501‘1% +e {m(t)‘h — Chqy

1 D
- 501qf + 2—;ln(1 + b2t2)} = const. (45)

Further we can obtain higher order adiabatic invari-

ants.
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