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By means of the linear quantum transformation theory, we consisely derive the exact solution including energy

spectrum and wave function for multi-mode coupled non-identical harmonic oscillators.
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I. INTRODUCTION

It is well known that many physical problems
in various fields (for example, in quantum statistics,
atomic physics, and nuclear physics and quantum
chemistry.) are related to the coupled harmonic os-
cillators. So, it is important to study the exact so-
lution for such problems. However, it has been only
given the solution for coupled identical harmonic os-

1—5] In fact, we often need

cillators in previous work.
to copy with the following coupled non-identical oscil-

lator, whose Hamiltonian reads

where k;; = k;;, m; and w; stand for mass and fre-

quency respect;vely.

So far as we know, the above Hamiltonian has not
been discussed in detail. In this paper, with the help
of linear quantum transformation (LQT) theory, we
shall give all detailed solutions of the system, i.e., the
energy spectrum, the wave function, and the unitary
operator for diagonalizing the systme. One may see,
from the following derivation, the advantages and uni-

versality of the LQT theory.

I. QUANTUM TRANSFORMATION OF DI-
AGONALIZATION

For the sake of convenience, we first take the di-

mensionless transformation
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where operators Q\z and ﬁz satisfy the commutation

rules
[Qi, P;] =16, . (2)
Thus, Eq.(1) becomes
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To simplfy, we have let A = 1.
Now, consider the following quantum transforma-

tion
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@
where B is a real n x n orthogonal matrix, i.e., B =
B~1, while M € R"*™ and M should obey the follow-

ing symplistic relation!®”!
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In view of the symplistic relation, the commuta-
tion rules are preserved after transformation, i.e.,

[Aiaﬁ;] = [Q\z,ﬁj] = i5ij-
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Substituting Eq.(6) into Eq.(3), the Hamiltonian can
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where A’ = R1/2A0-1/2 = Al

It is known that, in general linear algebraic theory,

be written as

7 1 A Dl
i - @7

an arbitrary real symmetrical matrix can be certainly
diagonalized by a full-rank orthogonal matrix. There-
fore, we have

B7'A'B = A = diag(\, Ay, -+, )\,,) -

Thus we obtain the diagonalized Hamiltonian

1 (4 0\ ([

In the following discussion, we shall consider two cases.
One is that matrix A’ is the positive definite symmetri-
cal matrix, and the other is that it is the semi-positive
definite one.

In the first case, the matrix A’ has no zero char-

acter roots, so Eq.(8) can be written as

7= 33 VAAGE + P2V
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where
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If we use the following formula
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where N is the unitary matrix, we have

gfeet oo
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where aﬁ'

(12)

and a are quasi-particle creation and an-

nihilation operators, respectively; and they satisfy the
/+ /] _ (5

7 ) ]

If matrix A’ is a semi- p051tlve definite matrix, it

commutation rules: [a

has some zero character roots. Assuming there are K

zero roots among n roots A;, Eq.(8) can be written as
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Obviously, the second term on the right of Eq.(13)
stands for free motion. Therefore, the system has not
only a discrete energy spectrum, but also a continuous
energy spectrum.

Similarly, in the Fock space, Eq.(13) can be rewrit-

ten as
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. UNITARY OPERATOR FOR DIAGONA-
LIZATION

For the sake of convenience, we just consider the
system of which the Hamiltonian is positive definite,
i.e., matrix A’ is a positive definite matrix.

From Egs.(4) and (10

), we have

(Q\//’ﬁu) _ (@\ ﬁ)
~ ~ [ B 0
-@n(y L)

where B’ = 2-1/2BA/4,

tary operator generating the transformation, Eq.(15).

= (Q,P)MM’

(15)

Now, we calculate the uni-
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Evidently
o~ o~ ~ o~ ~ ~f B’ 0
(QH’PII):U1(Q7P)U:(Q,P)< _ )

From Eq.(16), we know

Ulq) = VdetB'|gB’), (17)

n

where |q) = [qy,q5, ", 4,) = H|ql> is the position
i=1

eigenstate in coordinate space. In fact, it is easy to

prove that Eq.(17) satisfies Eq.(16).
Proof:

U~'QU|q) = U~'QVdetB'|qB')
:U_qu'\/detB’|qB'>:qB'|q>:C§B'|q>,
U QU =QB'.
Similarly,
U'PU=PB.

Therefore, we have

U~(Q,P)U = (Q,P) o B ) (18)
The proof is completed.

Obviously, it is also necessary to prove that the

Ut =U"! = [detX]™'/2 : exp

IV. WAVE FUNCTION IN COORDINATE
REPRESENTATION

Now, let us calculate the wave function in the case
that the system’s Hamiltonian is positive. In this case,

from Eq.(11), we get

‘nlﬂn2a' o 7nn>I:

n 1/4 2
1 m,w,
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operator U is the unitary operator.
vt = [Vl el tang
—dett’ [ laB)(aBd"g = 1,

Uty = / Ut|g) (qlUdq

_ 1
" detB’

ut=u"".

/ 4B Y gB Mdhg =1,

From Eq.(11) and the following formula

(a*,3) = (@, P)N, (19)
we easily see that it is the same unitary operator U
that generates not only transformation Eq.(16), but

also the following transformation:

(@, @) =U (", @)U = (a*,&)T,  (20)
where

1 B El—l 1 B E!—l
- 5( + ) 5( - ) _<X y>
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2(B B'71) 2(B + B'1)

(21)
Now, from Refs.[9] and [10], we can immediately

get the explicit expression of unitary operator U:

—YXx-! X-1-1 o
X '-1 YvYX! a
From Eq.(17), we have
U7g) = ———[aB' ). (24)
vdetB’

Using the formula given above, we can easily get the

wave function in coordinate representation:
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