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The abundant generalized dromion structures for the (2+41)-dimensional KdV equation are obtained using the

homogeneous balance method. We give not only the general curve soliton which is finite on a curved line and localized

apart from the curve, find but also the dromion solutions which can be driven by two perpendicular line soliton and by

two non-perpendicular line soliton and by one line soliton and one curve line soliton. Various types of multi-dromion

solutions can be constituted by selecting different arbitrary functions of y. The (1 + N) dromion obtained by Radha et

al.13l is only a very special case of our results.

PACC: 0340K; 0320; 0290

The study of the exponentially localized soli-
ton solutions, which was called dromions in (241)
dimensions, has attracted much attention of physi-
cists and mathematicians. For instance, for some
(2+1) dimensional integrable models such as the
Devey-Stewartson (DS) equation!!!, the Kadomtsev-
Petviashvilli (KP) equation[®, the Nizhnik-Novikov-
Veselov (NNV) equation®],

equation/® and the long dispersive wave equation!®,

the breaking soliton

the dromion-like structures are found by using dif-
ferent approaches. Generally, a dromion solution oc-
curs at the cross point of two nonparallel line soli-
tons. A line soliton is finite on a infinitely long straight
line while it exponentially decays in other directions.
For the DS equation and the NNV equations, the
dromion solution can be obtained from two perpendic-
ular line ghost solitons'3]; for the KP equation, the
dromion solution can be driven by non-perpendicular
line soliton!?!; for the breaking soliton equation and
the long dispersive wave equation, the dromion solu-
tion can be gotten from perpendicular line soliton and
line ghost soliton.[*®! In this paper, we would like to

study the dromion structures of more generalized form

for the (241) dimesional KdV equation

Uy + Uy = 3(u8;1uz)m , (1)
which reduces to the KdV equation if x = y. This non-
local equation has been studied first by Boiti et al.[®!
and the Cauchy problem has been linearized. Radha
and Lakshmanan®®! carried out its singularity struc-
ture analysis and constructed its bilinear form and
used it to generate multidromion solutions.

Now we use the homogeneous balance method[”)
to construct its dromion-like structures of more gener-
alized form. In order that nonlinear term and higher
order partial derivative term in Eq.(1) can be partially
balanced, we consider the following conjecture solution

form

u(z,y,t) = %%f[w(m,y,t)] = f”wmwy + f’wzy,
(2)
where prime means derivative with respect to w, f(w)
is a function of one argument w only, w(z,y,t) and
f(w) are differentiable functions. From Eq.(2) it is

easy to deduce that

u :f(S)w w wt + f”w tw + f”w wyt + f”wtwwy + f’wwyt ? (3)

—f(5w'w -|—4f wiw, +6f www +12f3)ww w,, -|—6f

_|_ 4f”w

®3)
zzy + 4f wzwywza:z

Wapx + 4f” Wy, :cxzy + 3f ’IU w + 6f”’UJ wzmy + f” y Warra + f,wzmmmy ’ (4)

3(ud, u,)e =6 1" fPwiw, + 3f fO (wiw,, + wiw,,w,)+ 6f”2(w3wmy + 2wlw,,w,)

+ 3f,f”(5wmwzzwzy + Wy W

2 2
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Substituting Eqgs.(3)—(5) into Eq.(1) and collect-

ing all homogeneous terms in partial derivatives of

(f(5) — 6f”f(3))w;1wy + ]0(4)(41115’c + 6w2wmwy) + f(g)(wmwywt + 12w, w,,w

+ 3wizwy) + f”(wztwy + wytww + wzywt + 4wzywzwz + 4wwwzzzy + 61wwmy + w,w

_ 3f'f(3)(wngy + wiwmwy) —3f" (4wiwmwy

w(z,y,t) we have

2

y wzm)

+ 2wiwmy) — 3f'f”(5wmwmwzy + ww, W

zxx Ty

Setting the coefficients of wjw, in Eq.(6) to zero

yields an ordinary differential equation for flw(z,y, )]

& —6f"f® <o, (7)

which indicates that the nonlinear term and the higher
order derivative term appearing in Eq.(1) have been

partially balanced. Solving Eq.(7), we have
f="2hw, (8)
which yields
f= W, O = 2,
Ff=f®, =2y
By using Egs.(7) and (9), Eq.(6) becomes

(9)

(3) 2
f (wxwywt - 3wmwmmwzy + wzwxzmwy + szwzzy)
n
+.f (wztwy+wzwyt+wwywt _2wa:ywzzz+wywzzwz

Setting the coefficients of f®), f” and f’ in

Eq.(10) to zero, we obtain a set of equations

wy (wzt +wzzzz) + Wy, (wyt + wma:zy) +wzy (wt + wma:z)

+ 3(wzwza:a:y - wa:ywxwa:) = 07 (11)
Obviously, taking
and
Eqs.(11)—(13) are satisfied automatically.  From

Eqgs.(14) and (15) we can get a special solution

N
w(z,y,t) =1+ Y explkz+aly) — k],  (16)
i=1

where k; are arbitrary real constants and a(y) is a

differentiable function of variable y.

Substituting solution (16) into Eq.(2) the general-

ized dromion-like solutions of Eq.(2) are easily gotten

N
Zkia'(y) expé;
u(xvyvt) =-2 =

N 2’
<1 + Zexp §1>

(17)

where

§=kiz—aly) - k?t- (18)

To understand the meaning of solutions (17), we
can find some special cases from solution (17) with
(18) for Eq.(1). For instance:

To obtain “single” soliton solution, we select N =

1 in solutions (17) so that we have

_ ko' (y)exp &,
R (Fe <IN

1

——ghawmea?(36). 9

obviously, when a(y) = ly, solution (19) is the bell-like

soliton solution.

If o'(y) is fixed as a single soliton which is
parallel to z aixs, then solution (19) indicates the

original straight line soliton and curved line soliton

1
sech? <5§1> disappear which become ghosts and only

a single peak which is localized in all directions (named
dromion) survives. And the dromion is located at the
intersection of the lines soliton and the curve soliton.
Considering a(y) is an arbitrary function of y, so the
single dromion still possesses rich structures. Here are

three simple examples:
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1 y
uy (z,y,t) = kysech™(y — y, )sech? [5 <k1m — k3t — / sech™(y' — yo)dy'>]

= k, h, (y)sech? B(klx — kit — hl(y))} ,

1 Y
Uy (,y,t) = kysech™(cosh(y — y,) — 1)sech® [2 <k1m — k3t — / sech” (cosh(y" — yq) — 1)dy'>]

= k, ho(y)sech® B(klx — k3t~ h2(y))} ,

1 1 v 1
=k —— sech®|=(kyz —kt— | ————dy
a9 1) My —wP 1 {2< S / (v —yp)*" +1 yﬂ

= kyhy (y)sech B(klx e h3(y))] .

The first type of dromion solution, u,(z,y,t), de-
cays exponentially in all directions. The second type
of dromion solution, u,(z,y,t), decays tremendously
The

third type of dromion solution, u,(z,y,t), decays much

quicker than the first one in the y direction.

slower than the first one in y direction. These results
have been obtained using a different method in Ref.[8].
If o/ (y) is selected as N parallel line solitions (par-

allel to z axis), them we get an N-dromion bound state

N 1 y N
u= <Z fj(y)> SeCh2§ <k1$—ki’t—/ Z fj(y')dy'),
Jj=1 71=1
(23)
driven by N line ghost solitons and one curved
In Eq.(23), f;(y) can be se-
lected quite freely, say hq(y), ho(y), hs(y) shown in
Eqs.(20)—(22). Because all N parallel line solitons

are static in y direction, the N dromions can only

line ghost soliton.

move with the same speed in the z direction as the
curved line ghost soliton does and they cannot pass

through each other. In other words, the behavior of

N =5,

into Eq.(17) leads to the RL’s (2,1) dromion.[]

(20)
(21)
(22)
these dromions looks like a bound state.
We put N = 2 in solutions (17) to give
kiexp& + kyexpé
uy (,y,t) = =2/ (y) = 2 (24)

(1+exp& +exp&,)?’

This type of multi-dromion solution possesses much
more aboundant structure than the case of N = 1.

If we take some further restrictions on Eq.(17), we
would get the dromion solutions studied by Radha and

Laskshmanan.[?] For example, taking

N=3, &=xi=kz—kit, &=xy=ly,

. (25)
§3=x1+x3=kiz—kit+1ly

in Eq.(17), the RL’s (1,1) dromion solution!® follows

immediately

kily eXP(Xl + Xz)

U= —

u=—2 . (26
[T oxp s +exp 1 + exp0s TP )
Similarly, inserting the special form
& =x1 =kz— k‘;’t, L =x2=kLy, &=x3=ky— kit,
(27)
G=x1tx2= klx_ki)t—'_lly’ &=Xot+ X3 :kzx_kgt+lly
kil exp(x; + Xa) + kaly exp(xa + x3) (28)

[1+ exp x; + exp Xy + exp(xy + X2) + exp(xy + x3)]12

In summary, we have given many types of new
dromion solutions for the (2+1) dimensional KdV

equation (1) by making use of the homogeneous bal-

ance method. The method described here, which is
different from the bilinear method, Backlund transfor-

mations and the inverse scattering method, is concise
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and direct.
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