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Amplitude death in steadily forced chaotic systems∗
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Steady forcing can induce the amplitude death in chaotic systems, which generally exists in coupled dynamic

systems. Using the Lorenz system as a typical example, this paper investigates the dynamic behaviours of the chaotic

system with steady forcing numerically, and finds that amplitude death can occur as the strength of the steady forcing

goes beyond a critical constant.
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1. Introduction

Coupled dynamic systems can exhibit rich dy-

namic behaviours, and in recent years have been con-

siderably studied and applied in a variety of disci-

plines, such as in physics, chemistry, biology and

meteorology.[1−23] Coupled dynamic systems can dis-

play various complex phenomena: for example, syn-

chronization, frequency-locking, and amplitude death.

Moreover, the behaviours of coupled dynamic systems

not only depend on the coupling strength, but also on

the characteristics of the coupled systems.[24,25]

Amplitude death refers to the cease of oscilla-

tions under interactions, i.e. the coupled dynamic sys-

tems drive each other to fixed points, which are the

states of stable equilibrium.[12,24] This phenomenon

has been found in a variety of coupled oscillatory sys-

tems and successively observed in all kinds of exper-

iments. Matthews and Strogatz[2] analysed collec-

tive behaviours of limit-cycle oscillators, which exhib-

ited frequency locking, amplitude death, and incoher-

ence depending on the choice of coupling strength and

the spread of natural frequencies. Reddy et al
[4] in-

vestigated the dynamic behaviour of two time-delay-

coupled limit cycle oscillators and found that time de-

lay can lead to amplitude death of the oscillators even

if they have the same frequency. Such a time-delay-

induced amplitude death was later also experimentally

observed in two coupled limit-cycle oscillators.[25,26]

Furthermore, amplitude death has been founded in

coupled discrete-time dynamical systems.[27,28]

Differing from the coupled oscillators studied

above, this paper introduces a no-feedback mechanism

of action, i.e. investigates the dynamic behaviours of

chaotic systems under steady external forcing. The re-

sults show that amplitude death can occur when the

strength of the steady forcing goes beyond a critical

constant. Namely, the systems transit directly or indi-

rectly from chaos to fixed points, which is a quite gen-

eral behaviour in the steady forced chaotic systems.

The paper is organized as follows. Using the

Lorenz systems as the representative chaos model, we

present the numerical results in Section 2, and give

brief conclusions and remarks in Section 3.

2. Lorenz system with steady

forcing

The Lorenz system[29] is a well-known maximally

simplified climatic model, which has been widely stud-

ied in the past 40 years. In the present paper, we

consider the Lorenz system driven by a steady forc-

ing, and investigate the influences of the force on be-

haviours of the system, which can be denoted with the

following equations:

dx

dt
= −σx + σy,

dy

dt
= rx − y − xz,
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dz

dt
= xy − bz + A, (1)

where x, y and z are dimensionless variables, and

A is a variable for the steady forcing strength. We

study the ‘canonical’ case,[29] and take the values of

parameters as σ = 10 and b = 8/3, the Rayleigh

number r = 28. Obviously, the system is chaotic

in absence of forcing. It is easy to obtain the three

equilibrium points of the system E1 (0.0, 0.0, A/b),

E2(−
√

b(r − 1) − A, −

√

b(r − 1) − A, r − 1),

E3(
√

b(r − 1) − A,
√

b(r − 1) − A, r − 1), and they

are all unstable when we take A = 0.

Figure 1 shows the bifurcation diagrams of the

steadily forced Lorenz system for finite strength,

where the strength of steady forcing A is used as an

alterable bifurcation parameter. Variables x and z

present irregularly oscillatory behaviour for A < Ac,

where Ac is a critical constant, and Fig.1(c) is an

enlarged view of the variable x near the bifurcation

point Ac, which shows Ac ≈ 9.697. The system re-

mains chaotic in A ∈ [0, 9.697]. When the strength of

steady forcing goes beyond the critical constant Ac,

the motion of the driven system becomes stable fixed

point, namely amplitude death occurs. This transi-

tion is direct, which is very similar to the coupled

identical Lorenz oscillators.[10] Variable z is a constant

(z = r − 1) in A ∈ [9.697, 72]. Further increasing

the steady forcing strength, variable z linearly evolves

with the forcing strength for A > 72. In this case, z

takes value r − 1. Differing from variable z, x is pro-

portional to the external forcing strength, i.e. x mono-

tonically increases with the increase of the strength

about in the range A ∈ [9.697, 50.315], where x equals

to −

√

b(r − 1) − A. When the strength A increases

to 50.315, x abruptly jumps from −

√

b(r − 1) − A to
√

b(r − 1) − A, and then gradually decreases with the

increase of A in the range A ∈ [50.315, 72]. After A

above 72, the variable x reduces to zero, and hereafter

does not change with variable A. The bifurcation di-

agrams of variable y is very similar to that of variable

x, and the both completely coincide with each other

after A > Ac (figure is omitted).

Fig.1. Bifurcation diagrams for the steadily forced Lorenz system: (a) and (c) for variable x, (b) for variable z,

and the strength of steady forcing A is used as a bifurcation parameter.
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Therefore, increasing the forcing strength, the

forced Lorenz system is driven directly from chaotic

state to fixed points, namely the steady forcing in-

duces amplitude death of the system. Various states

for different forcing strength are observed. The sys-

tem is chaotic when A < Ac, and the forcing strength

continuously increases after A > Ac, the system even-

tually is driven to different fixed points, i.e. the equi-

librium points of the forced system.

Fig.2. The spectrum of Lyapunov exponents (a) and (b), and circle, rhombus and square correspond to λ1, λ2,

and λ3 respectively. The trajectories of the oscillator (1) in phase space (left panel) and with time (right panel) (c)

and (d) at A = 9.6974, (e) and (f) at A = 50.315, respectively. The insets in (d) and (f) enlarge the corresponding

marked boxes.

The transitions, i.e. the forced Lorenz system is

driven from chaotic state to fixed points, are well con-

firmed by the spectrum of the Lyapunov components

shown in Figs.2(a) and 2(b). We can find in Fig.2(a)

that the largest nontrivial Lyapunov component λ1

of the forced system abruptly becomes negative when

the strength of steady forcing goes beyond the critical

constant Ac, which indicates the state transition of

the forced system from chaotic dynamics to determin-

istic motion. The second Lyapunov component λ2 has

also a change in slope at A = Ac, and afterwards the

curves of λ1 and λ2 almost completely coincide with
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each other in the amplitude death range, i.e. λ1 ≈ λ2.

There is also an abrupt change in the slope of the min-

imum Lyapunov exponent λ3 at point Ac, as can be

seen in Fig.2(b).

In order to gain a detailed account for the state of

the forced Lorenz system, the phase diagrams in phase

space and time series of x are shown from Fig.2(c) to

2(f). It can be seen from the figures that the transient

trajectories of the forced system eventually spiral into

fixed points, i.e. amplitude death occurs. Further-

more, when the strength of the steady forcing changes,

the fixed points which are stabilized by the external

steady forcing are also different. However, the fixed

point is one of the equilibrium points of the forced

system for a given parameter A. It is easy to find that

the fixed points are E2 and E3 for the given strength

A = 9.697 and A = 50.315 respectively. The forced

system presents the periodic motion with a very small

amplitude at A = 9.697, but in the latter case the

oscillator stays at quenched state.

Figure 3 describes the relation between critical

amplitude Ac of steady forcing and Rayleigh number

r. It is easy to observe that the critical amplitude Ac

of the force is proportional to r. The region marked

C corresponds to chaotic states while the fixed points

are shown in the region marked AD, wherein the sys-

tems with different constant forcing strength will be

driven to different fixed points.

Fig.3. The critical amplitudes of the steady forcing vs

Rayleigh number r.

It is known from the above analyses on bifur-

cation diagrams, Lyapunov spectrum, and transient

trajectories in the phase space as well as trajectories

with time of the forced Lorenz systems that amplitude

death phenomenon can occur in the steadily forced

chaotic systems. The point, whereat the Lyapunov

spectrum abruptly changes, coincides with the bifur-

cation point of the system. When amplitude death

occurs, the largest Lyapunov exponent of the forced

system is negative, and almost completely equal to the

second Lyapunov exponent, i.e. λ1 ≈ λ2.

The numerical tests indicate that if the steady

forcing term is applied to the first variable or the sec-

ond variable in Eq.(1), the similar results can be ob-

tained, and in both cases the steady forcing can induce

amplitude death. It is easy to find that this behaviour

is a general phenomenon, but the manner of the tran-

sition from chaotic state to fixed points may be differ-

ent. For example, we have applied the steady forcing

to the third variable of the Rössler system, and found

that the transition is indirect, namely the steady forc-

ing eventually induced amplitude death via a limit

cycle, which is very similar to the coupled Rössler

system.[10] It surprises us that no matter how strong

the strength was, amplitude death did not occur in

the forced Rössler system when the forced term was

applied to other variables.

3. Conclusions

In summary, we used the Lorenz system as a rep-

resentative model, and have numerically investigated

the dynamical behaviours of the forced system. Then

we discovered that the steady forcing can induce am-

plitude death in the forced Lorenz system, i.e. the

chaotic motion of the system is eventually replaced by

fixed points, which are all the equilibrium points of the

forced chaotic system. Further increasing the strength

of the steady forcing, the different equilibrium points

of the forced system will be stabilized successively.

We have shown that the largest Lyapunov expo-

nent almost equals to the second one when amplitude

death occurs, which is the same to the coupled Lorenz

system.[10] Furthermore, the bifurcation diagram and

Lyapunov spectrum can be well used to detect the

occurrence of amplitude death of the forced system.

The critical amplitude of the steady forcing for ampli-

tude death linearly increases along with the increase

of Rayleigh number r.
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