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Based on the vectorial structure of electromagnetic beam and the method of stationary phase, the analytical

structure of Hermite Gaussian beam in far field is presented.

investigated in the far field.

The structural energy flux distributions are also

The structural pictures of some Hermite Gaussian beams are depicted in the far

field. As the structure of Hermite Gaussian beam is dominated by the transverse mode numbers and the initial

transverse Gaussian half width, it is more complex than that of Gaussian beam. The ratios of the structural energy

fluxes to the whole energy flux are independent of the transverse mode numbers and the initial transverse Gaussian

half width. The present research reveals the internal vectorial structure of Hermite Gaussian beam from other viewpoint.
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1. Introduction

The electromagnetic beam, which is described by
the solution of Maxwell’s equations, has an inter-
nal structure and is composed of the TE and TM
terms.[' =3 The TE term denotes the electric field
transverse to the propagation axis, and the TM term
represents the associated magnetic field transverse to
the propagation axis. The spatial azimuthal relation
between the TE and TM terms is varied upon prop-
agation. Only in the far field can the TE and TM
terms be orthogonal to each other. According to this
fact, the vectorial structure of non-paraxial linearly
polarized Gaussian beam has been presented, and the
influence of linearly polarized angle on vectorial struc-
ture has been also investigated.!* Combined with non-
paraxial vectorial moment theory of light beam prop-
agation, the relationship among the beam waists, the
divergence angles and the beam propagation factors
of non-paraxial linearly polarized Gaussian beam, its
TE and TM term have been studied.l®) Therefore,
the characteristics of vectorial structure and struc-
tural propagation of Gaussian beam have been well
revealed. However, the Gaussian beam only repre-
sents the structure of a fundamental mode of laser

cavity.[®/ One may be curious to know the vectorial
The beam of
high order mode with Cartesian symmetry is Hermite

structures of the high order modes.

Gaussian beam.!”) For simplicity, the polarization of
Hermite Gaussian beam considered here is parallel to
the z-axis. The properties of Hermite Gaussian beam
have been studied extensively.®=1% The purpose of
the present paper is just to exhibit the internal struc-
ture of Hermite Gaussian beam and investigate the
influence of the transverse mode numbers and the ini-

tial transverse Gaussian half width on the structure.

2. Analytical structure in the far
field

In the Cartesian coordinate system, the half space
z > 0 is filled with a homogeneous, isotropic, non-
conducting and transparent medium with electric per-
mittivity € and magnetic permeability pu. A Her-
mite Gaussian beam propagates toward the half space
z > 0, and the z-axis is taken as the propagation axis.
The initial transverse electric field of Hermite Gaus-
sian beam in the source plane z = 0 is described by
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where wy is the initial transverse Gaussian half width;
Hj is the jth order Hermite polynomial; m and n
are the transverse mode numbers in the x- and y- di-
rections, respectively; p = (2% + yz)l/z. The initial
longitudinal electric field can be given by the diver-
gence theorem of electric field. According to the full
vector angular spectrum representation of electromag-
netic field,'*12! the propagating electric field of Her-
mite Gaussian beam at a point with position vector
r = xt + yj + zk is given by

B - [ h / " Au(p.g,y)explikr - s)dpdg, (2a)

//
B AAE

x exp(ikr - s)dp dg, (2¢)

(P, q,7)exp(ikr - s)dpdgq, (2b)
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where vy = (1-p*>—¢?)V/?; s = pi+qj+k; k = 21/ is

the wave number; A = 27 /w(ue)'/?

is the light wave-
length in the medium; w is the circular frequency. The
dot denotes scalar product. According to the initial
boundary condition of the transverse electric field, the

angular spectrum is given by
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where f = 1/kwg. The whole vector angular spectrum
A(p,q,) is identical and expressed as
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By substituting Eq.(3) into Egs.(2), the propagat-
ing electric field of Hermite Gaussian beam, E(r) =
E,(r)i+E,(r)j+E.(r)k, can be obtained. By resolv-
ing Maxwell’s equations, the corresponding magnetic
field of Hermite Gaussian beam is found to be

= )

x Az(p,q,v)exp(ikr - s)dpdgq. (5)

In the paraxial case, 7 in the exponent can be ex-
panded as follows:

2, 2
P tq

y=1- — (6)
Therefore, Eq.(2a) reduces to a conventional Her-

mite Gaussian beam[3]

V2
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an(

X exp{—
—i(m + n)arctan ! (zi) +ikz], (7)

where z, = kw3/2 is the confocal parameter. As both
the non-paraxial and paraxial cases are under our con-
sideration, the electromagnetic fields of Hermite Gaus-
sian beam should be expressed in the integral form.
Note that the electromagnetic field of Hermite
Gaussian beam is obtained by Fourier transform. In

the frequency domain, two unit vectors e; and e can
be defined as follows:[1 3!

_ q . P :
€1= (pz_,_q2)1/2Z (p2+q2)1/2'77
er= Py . ay (p2 + q2)1/2k. (8)

W+ )" * W+ 777
Thus, the three unit vectors s, e; and e form a mu-
tually perpendicular right-handed system

sXe —ey e Xe =38, eyXs=ej. (9)
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In this system, the vector angular spectrum A(p, q,7)
can be decomposed into two terms

A(pa q, FY) = [A(pv q, ’}/)'61]61+[A(p, q, 7)'62]62- (10)

Accordingly, the propagating electric field of Hermite
Gaussian beam can be decomposed into the TE and
TM terms

E(r) = Ete(r) + Erm(r), (11)
with
Erg(r / / A(p,q,7)-eilerexp(ikr-s)dpdq
/ / qf; igw(qi—m’)
x exp(ikr - s)dpdag, (12)
Ery(r / / A(p,q,7)-es]esexp(ikr-s)dpdq

2 2
/ / pA p,q 7)(pz+qj p°+q k)
¥
x exp(ikr - s)dpdq. (13)

As the divergence condition of the electric field should
be satisfied and the polarized direction of each plane
wave component must be perpendicular to its own
wave vector, the decomposition of electric field into
the TE and TM terms is unique. Similarly, the prop-
agating magnetic field of Hermite Gaussian beam can
also be expressed as a sum of the corresponding TE
and TM terms

H(’P) = HTE(’I") -‘rHTM(’P), (14)
with
q4A:(p, 7)
Hos{r \[/ /oo Y0+ )

. . +
X (pz+qg - Z%k)

2

2rYZ
ETE("“) _ ( )m+n+3 Y

x exp(ikr - s)dpdg, (15)
PA(p, 4, 7) .
H / / qt —pj
TM \/7 o V(P?+4?) ( )

x exp(ikr - s)dpdg. (16)

The time-dependent factor exp(—iwt) has been omit-
ted in the representations of the electromagnetic fields.
Here, the TE and TM terms denote that the z-
components of the electric and the magnetic fields are
both equal to zero. We can conclude that the electric
field of Hermite Gaussian beam can be decomposed
into E,, Fy and E, in the spatial domain, while the
decomposition of the electric field into the TE and TM
terms is carried out in the frequency domain.

When z is larger than several times the light wave-
length, the evanescent plane waves have almost fallen
off. As z is large enough in the far field, the evanes-
cent plane waves have completely disappeared. Thus,
the integrals in Eqgs.(12), (13), (15) and (16) should
be restricted to a range of 0 < p? 4+ ¢> < 1. How-
ever, the method of stationary phase is used to ob-
tain the analytical propagating electromagnetic fields
of TE and TM terms in the far field. Therefore, the
limits of integral are still taken as negative infinity and
positive infinity. In the far field regime, the condition
kr = k(22 4y%+2%)"/? — oo is satisfied. If the electric
field is expressed in the vector angular representations
as

r) = /_O:o /_O:o A(p,q,v)exp(ikr - s)dpdgq, (17)

the electric field in the far field can be given in the
analytical form by using the method of stationary
phasel14:15]

B(r) = — iz (x Y

— A=, = E)exp(llm“) (18)

T r.r

Therefore, the analytical electromagnetic field of TE
term in the far field is found to be

TQPQGXP( 4f2 2 —|—1k7“) m(\/—%ﬂ)Hn(\/iLfT)(y"'_xﬂ)v (19)

Hrg(r) = (_j)m+"+3\/§igijexp( 4fp22 5+ 1kr) (\/;fr)Hn(\/;fr)(Izz +yzj — p’k).  (20)

Similarly, the analytical electromagnetic field of TM term in the far field is given by

2
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Apparently, the electromagnetic fields of TE and TM % H721 ( Y ) (ygz_z i xg)' (26)
terms are orthogonal to each other in the far field. V2fr r

As the range of wg is not limited, the analytical TE

and TM terms of Hermite Gaussian beam are appli- The crossed terms are equal to zero because the TE

cable not only to the paraxial case, but also to the and TM terms are orthogonal to each other.

non-paraxial case. If m = n = 0, the Hermite Gaussian beam re-
duces to a Gaussian beam. In this case, the formu-

lae are the same as those in Ref.[4] with a linearly

3. Energy flux distributions in polarized angle o = 0°. The structural energy flux
the far field distributions of different Hermite Gaussian beams in

a reference plane z = 500\ are depicted in Figs.1-3.

According to the above analytical electromagnetic wy is set to be 5, which corresponds to the parax-
representations of TE and TM terms, their energy  ia] case. As the medium is homogeneous, €/p is set
flux distributions in the far field can be investigated. o bhe 1. In Figs.1-4, subfigures (a) and (b) represent
The energy flux distribution in the plane z = constant  t}¢ energy flux distributions of the TE term and TM
is described by the z-component of the time-average  teorm respectively, and subfigure (c) refers to the sum
Poynting vector of energy flux distributions (a) and (b), i.e. the energy
) flux distribution of the whole beam. In Fig.1 m =1

(52) = Re[E(r) x H™(r)]:, (23)  ndn=0. In Fig2 m =n = 1. In Fig.3 m = 2 and

n = 0. As shown in Fig.1, the beam spot of TE term

where Re means taking the real part of an expression, . ] i
and the asterisk denotes complex conjugation. There- 15 composed of four lobes. Moreover, the orientation
of the two lobes is at 45° with respect to the z-axis,
and that of the other two lobes, at 135° with respect

to the z-axis. The beam spot of TM term is comprised

fore, the energy flux distributions of TE and TM terms
in the far field plane z = constant are respectively

given by
of two lobes and located at the z-axis. The energy flux
(S )rm = \/?z??;zf p(— p’ ) intensity of TM term is larger than that of TE term.
worep 2f2r? The beam spot of TEM;g mode is composed of two
o H2 ( x )H2( Y ), (24) lobes and located at the z-axis. When m = n.: 1,
"\V2fr/ N2 fr the beam spots of TE and TM terms each consist of
= 222, 2 four lobes. Moreover, the energy flux intensity of TE
(Sz)tm = \/EWGXP(_W) term is identical to that of TM term. However, the

- y spatial orientation of TE term is different from that
X H,Qn( )H,Ql( ) (25)  of TM term. The TE term is nearer to the y-axis
V2fr V2fr . .
than to the z-axis, and the TM term is nearer to the
The energy flux distribution of Hermite Gaussian  z-axis than to the y-axis. When the energy fluxes of

beam yields TE and TM terms are superposed, the distance from
the whole beam to the z-axis is identical to that from

(52) = Re[(Ere + Erwm) X (Htg + Hiy)l- the whole beam to the y-axis. As to TEMyy mode,

= Re(Erg x Hig + Ery x Hiy the TE term is composed of four side lobes and one

central lobe. The energy fluxes of side lobes are very

+ Erv X Hyp + Ere X Hyy)- small. The shape of central lobe is similar to 8-figure.
= Re(Erg x Hig + Eryv X Hiy) Three lobes constitute a TM term. The central lobe of
TM term is similar to “c0” in shape. The energy flux

= (S:)1e + (S:)1M of TE term is smaller than that of TM term. If wqg
€ 222 0> ) T is smaller than or of the order of the wavelength, the

- \/;ﬂp? xp(— 2f2r2 )Hm ( \/ifr) spot shapes of TE and TM terms will vary though the
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m and n are kept unchanged as shown in Fig.4 where
wy is equal to 0.2, which represents the non-paraxial
case, m = 2, and n = 0. Apparently, Fig.4 is different
from Fig.3. In the non-paraxial case, the structure of
Hermite Gaussian beam is dominated mainly by the
Gaussian function, and the effect of Hermite polyno-
mial is trivial.
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Fig.2. The energy flux distribution in the plane z = 500.
wo = 5\, and m = n = 1. (a) The TE term. (b) the TM
term, (c) the whole beam.

Relative energy flux/(10~2

Though the structures of Hermite Gaussian
beams are different, depending on the values of m,

n and wg, the ratios of the energy fluxes of TE and
Fig.1. The energy flux distribution in the plane z = 500\.
wo = bX, m = 1, and n = 0. (a) The TE term, (b) the L
TM term, (c) the whole beam. of the transverse mode numbers and the initial trans-

TM terms to the whole energy flux are independent
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verse Gaussian half width as shown below:

T - (S)re  y?2?
1 — - )
(S2) p? (22 + x?)
2.2
7, = S e (27)

(S:) PP +a?)
Figure 5 depicts the variations of 77 and 7% in a ref-
erence plane z = 500\. The number in Figs.5(a) and
5(b) are the values of T7 and T5 respectively. The sum
of T7 and T5 is just equal to unity.
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Fig.3. The energy flux distribution in the plane z = 500.
wo = 0.2\, m = 2, and n = 0. (a) The TE term, (b) the
TM term, (c) the whole beam.
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Fig.4. The energy flux distribution in the plane z = 500.
wo = 0.2\, m = 2, and n = 0. (a) The TE term, (b) the
TM term, (c) the whole beam.

A comparison shows that the structure of Hermite
Gaussian beam is more complex than that of Gaussian
beam. The transverse mode numbers can influence the
spot shapes, spatial orientations and energy fluxes of
TE and TM terms. The initial transverse Gaussian
half width can also affect the spot shapes of TE and
TM terms.
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Fig.5. The ratios of the structural energy fluxes to the whole energy flux in a reference plane z = 500\. The

number in (a) and (b) are values of T1 and T» respectively.

4. Conclusion

Based on the vectorial structure of electromag-
netic beam and the method of stationary phase, the
analytical structure of Hermite Gaussian beam in far
field is presented. According to the analytical electro-
magnetic representations of TE and TM terms, the
energy flux distributions of TE and TM terms in the
far field are investigated. The formulae obtained are
applicable not only to the paraxial case, but also to
the non-paraxial case. The structural pictures of some
Hermite Gaussian beams in the far field are depicted.
The structure of paraxial Hermite Gaussian beam is
dominated primarily by the transverse mode numbers,
while that of non-paraxial Hermite Gaussian beam

is dominated mainly by the initial transverse Gaus-
sian half width. The ratios of the structural energy
fluxes to the whole energy flux are independent of the
transverse mode numbers and the initial transverse
Gaussian half width. The decomposition of Hermite
Gaussian beam starts from the frame of frequency do-
main. Therefore, the present research reveals the in-
ternal vectorial structure of Hermite Gaussian beam
from other viewpoint. The results obtained here can
be regarded as the supplement to the Hermite Gaus-
sian, which is described by an approximate solution of
the Helmholtz equation. Also, the results are helpful
to the investigation of the propagation of elegant Her-
mite Gaussian beam and Hermite-Laguerre-Gaussian

beam.[16—18]
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