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Lie symmetry algebra of linear nonconservative dynamical systems is studied in this paper. By using 1-1 mapping,

the Lie point and Lie contact symmetry algebras are obtained from two independent solutions of the one-dimensional

linear equations of motion.
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1. Introduction

Research on Lie symmetry in differential equa-
tions and other relevant topics has now aroused great
interest not only for searching conserved quantities
but also for obtaining the number of symmetries of
systems. It is known that the Lie symmetry alge-
bra for one-dimensional harmonic oscillator has been

[1-18] Tt has shown there to

extensively discussed.
be an eight-parameter symmetry group. Schwarz!?!
extended this study to Lie contact symmetry and
pointed out there existed a much large group of
contact transformations leaving harmonic oscillator
Martini and Kersten?) studied

the complete Lie symmetry algebra of general lin-

equation invariant.

ear second-order ordinary differential equations by
using 1-1 mapping. Minorn Omotel?!] given an
infinite-dimensional symmetry algebra of the Davey—
Stewartson equations, showing that this is a gauge
generalization of the symmetry transformation for the
equation. Mahomed and Leach[?? discussed the Lie
symmetry with scalar second-order ordinary differen-
tial equations, and pointed out how second-ordinary
differential equations can be classified by investigat-
ing the realization of real low-dimensional Lie alge-
bra in terms of vector fields in two coordinates. Re-
cently, Kaushal and Mishral?® have generalized the
dynamical algebraic approach, which is known al-

ready, from one-dimensional time-dependent systems
to two-dimensional time-dependent systems.

In this paper we extend the study of Lie symmetry
algebra to linear nonconservative dynamical systems.
It is shown that this study can be further extended to
nonholonomic dynamical systems.

2. Lie symmetry algebra of non-

conservative dynamical sys-

tems

We can prove that the Lie symmetry algebra
of a nonconservative mechanical system can be de-
termined if two independent solutions are obtained.
A one-degree-of-freedom mechanical system with La-

grangian L(t, ¢, ¢), subjected to a non-potential gen-
eralized force Q’(t, ¢, ¢), has the equation of motion

o) (1)

Equation (1) may be rewritten as the following linear
second-order ordinary differential equation:

G+ ar(t)g + az(t)g = as(t). (2)

Correspondingly, its homogeneous general linear
second-order ordinary differential equation is

G+ ai(t)g+az(t)g =0, (3)
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which is described by Arnold.[?¥ There exists a 1-1
mapping which transforms a linear differential equa-
tion (3) into

YXX =0 (4)

i.e. by rectifying the solutions of Eq.(3).
The Lie point and Lie contact symmetry algebras
of Eq.(4) arel®]

Uy =y, Uy = X0y, Us = Yy, Uy = Yxy,
Us = XYx 0y, Us = YYx 0y,

Ur = X(Y — XYx)dy,

Us =Y (Y — XYx)oy, (5)

andl®!

U= YGY-XYx,Yx)+HY—-XYx,Yx))0y, (6)

where U; are group generators, G and H are arbi-
trary functions of their variables, and the notation

Oy = % is used.

Now, we start to discuss Eq.(2). There exists a 1-
1 mapping which transforms a linear differential equa-
tion (3) into

which is a differential equation defined on J?(X, P).
Let u1(t) and us(t) be two solutions of the homoge-
neous equation (3), and f(¢) be an extra solution of
We take two in-

dependent solutions of the non-homogeneous equation
(2) such that

the non-homogeneous equation (2).

@) =w(t)+ f(t), and ga(t) =u2(t)+ f(t), (8)
satisfying

q1(0) =0, and g¢2(0) #0. (9)
We now define the mapping ¢ : {t,u} — {X, P} as

qi(t) q(t)

e _ 4 Pe
X o)’ and P @) (10)
since
dX  ¢i()g(t) — a(t)gs(t)
A g (1) b=o 70,
¢ is an invertible mapping, and
o~ H{(X, P)} = {(t,9)}
is defined as
t=[qn/q] " (X), and = Pgf(1). (11)

The prolongation mapping of ¢, leaving the contact

invariant,[%]

p'¢:{(t,q,4)} = {(X, P, Px)},
is defined as

X = a(?)

and

a0 - g(®) [4X] 7
Px = 2 (t)2 [ dt ] ' 12)

After somewhat tedious calculation, we have p2¢ :
J%(t,q) — J*(X,P) which is defined as expressions
(12) and

Pxx = q2(t)(¢} (H)q2(t) — 1 (t)g5(t)) "
x(G+ ai(t)q + az(t)g —as(t)), (13)

from which it is clearly seen that ¢ transforms solu-
tions of Eq.(2) into Eq.(7) in a 1-1 manner.

We now derive the general formula for the trans-
formation of vector fields. We consider only vertical
vector fields, i.e.

where the dots denote the prolongation terms, since
each vector field

V! = K(X, P, Px)dx + H(X, P, Px)dp
is equivalent to(27]
V2 = (H(X,P,Px)— PxK(X,P,Px))dp+---;

since the prolonged field can be obtained from F(X,
P, Px) by applying the total derivative operator Dx
to it, we suppress the prolongation in the sequel. The
mapping (¢~ 1), : T{(X, P)} — T{(t,q)} is defined as

(V) f(tq) = V(F(£,D) i
= F(X, P, Px)q(t)0f(t,q)/0q, (15)

from which we obtain a general formula

(0™"){F(X, P, Px)dp} = F(X, P, Px)q2(t)9,.
(16)
So, by using Eq.(16) infinitesimal symmetries of
Eq.(7) are transformed into symmetries of Eq.(2) in
a 1-1 manner.
Equation (16) is a general formula which is the
same as a homogeneous general linear second-order or-
dinary differential equation of the dynamical system

(3)-
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3. Illustrative examples

Example 1 Assume there exists a 6 inch long
spring whose end a 20 pound object is hung on. Sup-
pose the spring is subjected to an additional damping
force of fv pounds, in which v is instantaneous speed.

We discuss Lie symmetry algebra of the system
in the two cases of an additional damping force: (a)
without additional damping force, i.e. 5 =0, (b) with
to additional damping forces being 6 = 8, = 10, and
8 =12.5.

The motion of the object under the action of ad-

ditional damping force fv = (¢ is described by![28]

(a) If B8 = 0, motion equation of the object is
¢+ 64qg =0, (19)
which has two independent solutions as follows:
q1(t) =sin(8t), and qa(t) = cos(8t). (20)

The mapping p'é : J! (t,y) — J' (X,Y) is defined as

> > q
X =tan(8t Y =

an(8t), cos(8t)’
Yx = cos(8t) + 8¢gsin(8t), (21)

while 71 : {(X,Y)} — {(¢,y)} is given as

2 _ 1
3—(2)q_ —40q — (3¢ (17) t= gtan_lX, g=Y(1+X) V2 (22)
or 83 Applying formula (16) to Lie point and Lie contact
q+ ?Q + 64¢ = 0. (18)  symmetries of Eq.(4), i.e. Eqs.(5) and (6), yields
|
0 0
U, = cos(8t)a—q, Us = sin(St)a—q,
Us = 9 Uy = (Gcos®(8t) + 4 sin(th))g
3 = qaqv 4= q aqv
1
Us = (2qt sin(2t) + 8¢ sin?( )
0
Us = (g cos(8t) + 8¢* s1n(8t))8—
0
U; = sin(8t) (cos?St) — tan(8¢)(q cos(8t) + 8¢ sin(8t ))) 3
¢ ) )
Us = — (qqgsin(8t) + 8¢* tan(8t) sin(8 —
8 (cos(St) (qgsin(8t) 4 8¢~ tan(8t) sin( ))) 90’
q 0
Uy = G 8t)H — 23
"= con(®D (v,u) + cos(8t)H (v, u) g’ (23)
|
where which has two independent solutions as follows:
__a : .
v = cos(30) tan(8t) (g cos(8t) + 8¢ sin(8t)) 01 (1) = e=54% cos(4.81),
-2
q . sin”(8t)
= 9 sin(8t) — 8¢°2 Y
cos(8t) Gsin(8t) — 8¢ cos(8t) ’ and
u = ¢cos(8t) + 8¢sin(8t). (24) g (t) = =5 gin(4.81), (26)
(b) if 8 =8, Eq.(18) has the form
d2q dg by using expression (10), p'¢ : J' (t,y) — J'(X,Y) is
.0 + 12 8_ + 64 — 0 (25) deﬁned as

de? dt
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6.4t - 6.4t
- _ qe _ (g + 6.4)e%* cos(4.8t)
X =tan(4.8¢ P=—FF— d Px =
an(4.81), cos(d.8t)’ e IX 18

where y; = dy/dt, and ¢~ 1 : {(X,Y)} — {(t,y)} is defined as

+ g5 sin(4.8t), (27)

1 o
f= gt X, and Gg=q@P=c 3™ X(14X)P. (28)

The Lie point and Lie contact symmetry algebras of Eq.(25) with 3 = 8 are computed from expressions (5),
(6), (16) and (27) as follows:

3} 0 0
U = e %4 cos(4.81) Uy = e %% tan(4.8t)sin(4.8t) =, Us = qtan(4.8t)

9q’ dq’ g’
(G +6.4)cos®(4.8t) 1 . 0
Uy, = — 9.6t) | —
: ( -« +asin0.60)) 7
]+ 6.4) sin(9.6¢ 9]
Us = sin(4.8t) ((q + Q).Zm( ) 4 qsin2(4.8t)> B
j + 6.4)e8-4t 4.8t 0
Uﬁ _ ((qq + )18 COS( ) + q2e6.4t Sln(48t)) 8_q,
gsin(4.8t) (¢ + 6.4) cos 9.6t .9 0
=|—F—+ —tan(4.8t) | ———— 4.8t —
Ur ( cos(4.8t) an(4.8¢) 9.6 asin’(4.81) aq’
2,6.4¢ - 6.4t
q’e (G+6.4)ge® " cos(4.8t) 5 gut . 0
=|—F—= - 4.8t : 4.8t —
Us (cos(4.8t) tan(4.8t) ( 18 + ¢“e> " sin(4.8t) g’
q —6.4 9
=|———= 4.8t)H — 2
Us (cos(4.8t) Glo.u) +e cos(4.81) (U7U)> 9q’ 29
in which G and H are arbitrary functions of v and u, namely
G (4 + 6.4)e54 sin(4.8t) L gebdt sin?(4.8t)
 cos(4.8t) 4.8 7 cos(4.8t) )’
- 6.4t
u= (g +6.4)e>™ cos(4.81) + qe®* sin(4.8t).
4.8
|
If 8 = 10, Eq.(18) becomes X =t, P=ge" and Px=(¢+4q)e". (32)
G +16¢ + 64¢ = 0. (30)  While 61 {(X,Y)} — {(t,y)} is given by

Equati 30) has two ind dent solutions: _
quation (30) has two independent solutions F— X, and §=Pe—iX.

q1 = tei4ta and q2 = ei4ta (31)
The Lie point and Lie contact symmetry algebras of

by using expression (10), p'¢ : J' (t,y) — J'(X,Y)is  Eq.(30) with 8 = 10 are computed from expressions

defined as (5), (6), (16) and (30) as follows:
|
0 0 0 0 0
— e ¥ L =1 -4t = qg— = (g 4q)— =t(q 4q) =
Ux € aqv Us € aq ) U3 q aq ) Us (q + q) aq ) U5 (q + Q) 8q ’

) 0 ) 0
Us = ge*' (¢ + 4q)a—q, Ur = (tg — t*(yq + 4Q))a—q,

Us = (%™ — t(dq + 4q2>e4t>§q, and Uy = (qG(v,u) + o H(v, u))(%, (33)
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in which G and H are arbitrary functions of v and w,
namely

v =qe' —t(¢+4q)e’, and wu = (§+4q)e.

If 8 =12.5, Eq.(18) leads to
G+ 20g + 64q = 0, (34)

which has two independent solutions in the following
forms:

g =c¢ ¥ and ¢ =e 10, (35)

By using expression (9) p'¢ : JL(t,y) — J(X,Y) is
defined as

v o 12t 5 _ . 16t
X=e" P=ye™,

and Py = (y; + 16y)e'®"
(36)
while ¢~ : {(X,Y)} — {(t,y)} is given by

1
t:iimx,amiq:e%mXP:X‘ﬂz

The Lie point and Lie contact symmetry algebras of
Eq.(25), with 8 = 8 are computed from expressions
(5), (6), (16) and (34) as follows:

0 0

U — eflﬁt_, U — ef4t_,
1 aq 2 6q
0

Us I3 U4_(q+16q)6_q’

. 0 .
Us = eut(q + 16(])8—(]7 Us = qewt(q + 16q)—,
0
U _612t q eth q+16q —,
= (g 24+ 160) 2
0
Us = ge'% (g — e'*"(¢ + 16q)) -,
dq
0
Uy = (¢G(v,u) + e 16tH(v, u))a—, (37)
q
where
v = qelﬁt _ eth(q' + 16q>el6t,
and u = (g + 16¢)e'®". (38)

Uy = (cost + e’ — 1)(,%7

0
Uy = (sint +e' — 1)

Example 2 Consider a dynamical system with
Lagrangian L = ¢2/2— %q2, subjected to a nonconser-
vative force Q' = 2e!— 1, its non-homogeneous second-
order ordinary differential equation is

G+q=2e"—1, (39)

with a corresponding homogeneous second-order ordi-
nary differential equation being

G+q=0,
which has the following two solutions:
ui(t) =sint, and wuq(t) = cost. (40)
Moreover, Eq.(39) has an extra solution
ft)=e" —1, (41)

then we take two independent solutions as

qi(t) =sint +e' — 1,
and qo(t) = cost +e' —1, (42)
which satisfy
y1(0) =0, and y=2(0)#O0.

By using expression (10) p'¢ : J! (t,y) — JL(X,Y) is
defined as

X:sint—l-et—l’ P q ,
cost+etf —1 cost+et —1
= j(cost + et — 1) — g(e" —sint

and Py — G(cost+e ) —q(e* —sin )7 (43)

(cost +ef —1)2

while ¢! : {(X,Y)} — {(t,y)} is given by expression
(43). Applying Eq.(15) to the Lie point and Lie con-
tact symmetries of Eq.(2), i.e. Egs.(5) and (6), yields

0

a_qa :qa_qa

g(cost + et —1) —g(et —sint) 0

—, U;=(sint+e' —1)

V7,
dq

Us= (cost+et —1) oq’
~ (sint +e' —1)(g(cost 4 €' — 1) — q(e' —sint)) O
5 (cost + et —1)2 aq’
qg(cost +et —1) — ¢*(ef —sint) 0
U6 = )
(cost + et —1)2 0q
9] . 9]
Us = quv—, U= (yG(v,u)+ (cost+e' —1)H(v,u))=—

oy’

5o ()
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where
q sint +ef — 1 g(cost + et — 1) — g(e* —sint)
V= _
cost+et—1 cost+et—1 (cost +et —1)2 ’ (45)
g(cost + et — 1) — g(et —sint)
u= :

(cost + et —1)2

4. Conclusions

The present investigation is a generalization of the

results for second-order ordinary differential equations

to linear nonconservative dynamical systems. By us-

ing 1-1 mapping, which transforms differential equa-

tions into Pxx = 0, we can construct the Lie contact

symmetry algebra for two and more dimensional non-

conservative dynamical systems. It should be pointed

out that the present research can be generalized to

nonholonomic dynamical systems.
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