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A semiclassical method based on the closed-orbit theory is applied to analysing the dynamics of photodetached

electron of H™ in the parallel electric and magnetic fields.

By simply varying the magnetic field we reveal spatial

bifurcations of electron orbits at a fixed emission energy, which is referred to as the fold caustic in classical motion. The

quantum manifestations of these singularities display a series of intermittent divergences in electronic flux distributions.

We introduce semiclassical uniform approximation to repair the electron wavefunctions locally in a mixed phase space

and obtain reasonable results. The approximation provides a better treatment of the problem.
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1. Introduction

The closed-orbit theory has been a powerful
tool for investigating photo-absorption properties of
atoms, negative ions and molecules in externally
applied strong fields since it was proposed in the
1980s.[1=7 In 1989, it was extended to the non-closed
orbits to study the photo-detached electronic flux dis-
tribution of H™ in an electric field by Du.l®] The pre-
dictive ring pattern was recorded experimentally by
Blondel et al in 1996.°! Nowadays it is well known as
Photodetachment microscopy, and recently has been

[10,11] Because

extended to the molecular negative ions.
the electron flux crossing the detector plane is sensi-
tive to the photo energy and the binding energy of the
ion, its corresponding experimental instrument can be
used for the high-precision measurement of ionization
potentials and detachment photo energies and for the
determination of electron affinities; moreover, the co-
herence of the photoelectron bunch also can promote

the new interference studies.

Bifurcation always occurs when the parameters
of a system change and satisfy some specified con-

ditions. In this paper, we study the spatial bifur-

cations of the photo-detached electronic classical or-
bits of H™ in parallel electric and magnetic fields and
their quantum counterparts. There are two distin-
guishable kinds of bifurcations under such conditions:
one is the cusp-shape caustic point located on the field
axis, >3] and the other is fold caustic points emerging
far from the axis. The latter kind of properties have
never been achieved before. Because the bifurcation
may affect the distribution of electron flux remarkably,
the electronic flux amplitudes by the closed-orbit the-
ory will diverge and thus spoil the semiclassical spec-
trum. It is imperative to adopt the semiclassical uni-
form approximation, and therefore the wavefunction
is repaired locally by the Fourier transformation of a
mixed position-momentum representation.14:1%]

The rest of this paper is organized as follows. In
Section 2, we reveal the spatial bifurcation of the elec-
tron orbits by changing an external magnetic field. In
Section 3 the semiclassical uniform approximation is
introduced to overcome the divergence, and the prop-
agation wavefunctions in term of the mixed position-
momentum representation are obtained. The bifurca-
tion effect on electron flux distributions is discussed in
detail. Finally, the conclusions drawn from the present
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study are given in Section 4. Atomic units are used
throughout unless otherwise noted.

2. Bifurcation

The negative ion H™ comprises one active electron
and a hydrogen atom. The parallel electric and mag-
netic fields are aligned with the z-axis. The dynamics
of the photo-detached electron is governed solely by
the externally applied fields. The Hamiltonian of this
system can be written as

H == (p)+wip® +2) + Foz, (1)

N~

where w is the Larmor frequency, wy = Ho/2c. Fy
and H( are the electric and magnetic field strengths,
respectively. The z-component of the angular momen-
tum, a constant of the motion, is taken as zero for
convenience.

The classical motion of an electron can be sepa-
rated into two parts: the motion along the z-axis that
is uniform acceleration and the motion in the z — y
plane that is circular cyclotron motion. The electron
is emitted with speed k in the direction 6y, 0 < 0y < .
In cylindrical coordinates, we have

p = ksin by [sin(wit)| /w,

z= —t2F0/2 + kt cos 6,

pp = ksin by cos(wit),

p, = —Fyt + k cos . (2)

The cyclotron motion in the x — y plane has a period
of

te = /W (3)

The flying time for the electron to arrive at the desti-
nation (p, z < 0) is

te = (kcos by + \/k2 cos? 0y — 2Fyz)/ Fo. (4)

Its maximum and the minimum, at a fixed energy

(k)

tz = (\/ kQ —2F02+I€)/F0, (5)
tm = (\/ k2 — 2F02’ — k)/Fo, (6)

are relative to the orbits upward and downward, re-
spectively.

We analyse the number of the interfering orbits
that have swung n circles before arriving at destina-
tion in the given detector plane by simply varying the

applied magnetic field strength. The plane is fixed at
z = —5 x 107 a.u. The electron energy and the elec-
tric field are taken as 0.0la.u. and 1.94 x 108 a.u.,
respectively. If the magnetic field Hy is so small that
the electron cannot finish one circle at the moment
when it arrives at the observed point. The case is
just as the H™ in an external electric field.l®'4 For
any detector point only two interfering orbits are in-
volved. The magnetic field increases in such a way
that the electron completes a circular cyclotron, thus
two new trajectories turn to coalesce into a single so-
lution of Eq.(2). Therefore, there are four interfering
trajectories at the destination. With increasing Hy
successively, the electron will travel through two or
more circles. This situation implies that for the same
ending point the initial directions of the electron or-
bits may be different at the starting point. This is
illustrated in Fig.1. The circle number of the elec-
tron is marked in the right frame. We infer that as
the magnetic field increases, whenever the electron fin-
ishes one more circular cyclotron, the number of the
interfering trajectories that arrive at the destination

is enhanced by two.
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Fig.1. The variation of emitted angles g of electron tra-
jectories that have travelled through n circles with applied
magnetic field. The fixed energy is taken as F; = 0.01 a.u.
The circle number marks are listed in the right frame.

These behaviours are elucidated further in Fig.2.
From bottom to top, as applied magnetic field
strengths are gradually increased the number of the
boundary points pci(i = 1,2,3,...) increases. The
number of direction angles 6y change abruptly from
single to double there, which means that the num-
ber of orbits which can reach the destination changes
accordingly. The variation of the orbital number in-
dicates that bifurcation occurs. The pci; in Fig.2 is
the largest distance that the electron can reach. In

Fig.2(a), that two different emission angles of 6y cor-



2646 Gao Song et al

Vol. 16

respond to the same detector point implies that two
interfering trajectories can pass through the same des-
tination. In general, the bifurcation appears at the
fold caustic, which has complex behaviours and con-
structions. In the present case, this bifurcation takes
place at boundary positions between the classically al-
lowed region and classically forbidden region.

B/T
1.855
PC5 ___—pca~ _~PCi pca pc4 (h) 0.357
1.871 :
pC3 P pca  (g) 0350
P 3.065 pC2 () :

= e 0.213

= pPC2 3.654 PC3(e)
> L1 0.179

= o .5419 pC2 (d)
Y pC1 0.107

7.290 (c)

_— pC1 T — pC2

0.089

. 7.032 (b)
P2 — _Par 1) 059

pCl 12.43 (a)
. . =10.046

0 1 2 3

o

Fig.2. The variation of distance p with initial directions
0o at a fixed energy E; = 0.0la.u. for different magnetic
fields. The data in the right are the chosen magnetic field
strengths Ho. The value increases from bottom to top: (a)
0.046 T, (b) 0.059'T, (c) 0.089T, (d) 0.107T, (e) 0.179T,
(f) 0.213T, (g) 0.350 T, (h) 0.357 T. The black points, i.e.
the farthest points that the electron has reached, represent
the maxima of p (in units of 10%a.u.).

The maximum pcy is much small in Fig.2(b) as
Note that for each
p below the peak pc2, no matter how small it is,

compared with that in Fig.2(a).

there exist four different values of 6y, therefore, there
can appear four orbits at each destination. Another
bifurcation point appears. In our system the new
bifurcation point comes into being when the mag-
netic field is 0.0475T, which is called H,. With
the increase of magnetic field the peaks pc; of curve
shift entirely rightward. This trend is evidently de-
scribed in Fig.2(c); the new curve peak ‘grows up’
but the primary one drops. When the magnetic field
equals 0.0893 T the most right peak in Fig.2(b) dis-
appears. This phenomenon is called antibifurcation,
and the associated magnetic field is defined as Hgy.
In Fig.2(d) the magnetic field is 0.107 T, another new
peak emerges. A similar interesting thing will happen
as the magnetic field increases continually: just like
the water waves in the sea, the original ripple fades
away while new waves emerge suddenly. The calcu-
lation indicates that when the magnetic field is just
beyond m times 0.0475T, two new trajectories are
brought in; whereas the original one will disappear as

the magnetic field is just greater than n times 0.0893 T
(both n and m are positive integers). For the bifurca-
tion of the electron trajectories, the rate of emergence
of new orbits is consequently higher than that of dis-
appearance of the old orbit due to Hy, < Hq. If the
magnetic field strength Hy satisfies condition: mHj, <
Hy < (m+1)Hy, and nHgq < Hy < (n+1)Hq, the num-
ber of the interfering electronic orbits is 2(m —n+ 1).

As the case described above, there exists a dis-
crete set of bifurcation positions pc;(i = 1,2,3,...)

that are determined by condition Ep(t(z, 0),0) = 0.
These bifurcation points are located at the intersec-
tions between the envelope of the electron orbits and
the given detector plane.

3. Semiclassical uniform approx-
imation and the electron flux

distribution

The number of orbits changes notably near the
bifurcation points: the orbits will turn back and dif-
ferent orbits cross each other. As a result they are
Thus, a
fold caustic point is formed. Because the difference be-

concentrated together into families at pc;.

tween neighbouring orbit actions is comparable with
h, the orbits cannot be treated as isolated. The closed-
orbital theory fails. As p is difficult to distinguish, p,
may be resolved well. The (p,, z) is the required mixed
set of variables instead of the ordinary (p., Z) or (p,,
p) set, thus the wavefunction is modified.

We imagine a sphere with a radius of 7¢(10ag <
ro < 100ag) enclosing a hydrogen atom. Inside the
sphere, Schrédinger equation gives an outgoing wave-
function

k eikr

Your(r) = —4iBy————
+0) O

cos 0. (7)

The normalization constant By equals 0.31552.
Using the Fourier transformation the W, is trans-
lated into the mixed phase space

Gout (pp, 2) = (2mi) /2 / Yout (p, 2) exp(—ipp,)dp.(8)

Define the phase ¢ = k-7 — pp,, then the sta-
0P
tionary phase points will be given by i 0 and
I
0%

9,2 # 0. The integral can be carried out by using
P
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the stationary phase approximation method, and the
repaired wavefunction becomes

Dout (pp,2) =U(k) \/%exp(ikz 20). 9)

Here U(k) = —4iBo/(k§+k2)2. As in the gen-
eral configuration space, the propagating wavefunc-
tion reads

pm Zwout ppv (pp7 )

X expi [Sl(pp,z) — guz} . (10)

Here the summation is performed over all trajectories
starting from a small sphere and ending at the des-
tination. A’ (pp, 2) is the corresponding amplitude in

mixed-phase space
. pi(t=0) [J(t=0,69
A'(p,,z) = - = —~, 11
a(p),, 2)

J(t,0") = F 0N

(12)

The classical action in the mixed phase space is de-

S(pp., 2 /pzdz /pdpp, (13)

the Maslov indices in the mixed phase space are just

fined as

as those in the ordinary space.
The locally formal asymptotic approximation to
the wavefunction is the inverse Fourier transform of

the wavefunction obtained by Eq.(10), thus we have

Ve(p / Zwouc (Do, 2

: (3 ™ 7
X expi [S (pp,2) — 57 —l—ppp} dp,. (14)

(ppv )

Equation (14) is evaluated once again via the station-
ary phase approximation. The electron flux distribu-
tion on detector plane can be calculated by!®!

d%o(p,z, ) 2m(Ey + E)
pdpdp c

7k, (15)

where

§ =5 eV — viVi). (16)

The results are depicted in Figs.3 and 4.

Figure 3 plots the electronic flux distributions in
That the inter-
fering electronic orbits are not isolated brings about

the vicinity of a fold caustic point.

The
heavy line describes the repaired result and the light

the intermittent divergences in flux amplitude.

line represents the primitive-semiclassical flux distri-
bution. It is evident that the singularity has been
removed by the uniform approximation. Except those
obtained in the region close to the caustic point, the
results obtained from the two methods are almost the

same.

0.3 T T

0.24 i

Flux/a.u.

0.14 i

0 T T
3.48 3.50 3.52

p/10%a.u.
Fig.3. A comparison between the electronic flux distribu-
tions calculated from the uniform approximation and the
semiclassical theory in the vicinity of the caustic point.
Hp is 0.059T. The light line represents the primitive-
semiclassical flux distribution and the heavy line refers
to the repaired result.

Figure 4 expresses the bifurcation effects of elec-
tronic orbits on the flux distribution at a fixed energy
E = 0.0la.u.,
tion has been used.

the semiclassical uniform approxima-
In Fig.4(a) the magnetic field
strength is smaller than Hy. For each of the val-
ues of destination p, there exist only two trajectories,
and the average of flux decreases smoothly with dis-
tance. As the magnetic field increases, the electron
orbits are ‘compressed’ to the z-axis. The maximum
of distance pc1 shifts toward the z-axis. This result is
shown in Fig.4(b), where the magnetic field is 0.059 T.
This figure shows two fold caustics appearing, where
new orbits are brought out. So the distributions take
on a shape of plateaus at first glance. The electron
flux amplitude drops obviously once shifting across the
boundary points. Comparing Fig.4(b) with Fig.4(c),
the maximum of distance pc; shifts toward the z-axis
and pco shifts the opposite direction. Until the Hy
equals Hy, pc1 reaches the z-axis. The electron flux
distribution in Fig.4(d) is just as what is shown in

Fig.4(a), rarely the maximum of p is smaller.
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Fig.4. The electron flux distribution at an energy E = 0.0l a.u.

as a function of p. The intermittent

divergence corresponding to the fold caustic point is removed by using the uniform approximation method.

The interfering patterns are sensitive to the applied magnetic field.

Increasing the applied magnetic field successively,
a new significant plateau will arise and shift away from
the z-axis whenever the magnetic field equals mHy,
and an old plateau will be eliminated as Hy equals
nH, d-
electron flux distribution can be controlled by adjust-

It is clearly seen that the ring pattern of the

ing the magnetic field strength.

4. Conclusions

We have analysed the bifurcations of photo-
detached electron orbits of H™ in collinear electric and
magnetic fields. These singular points refer to the fold
caustics and have a great effect on electron flux distri-
bution. The bifurcation phenomena can be verified by
changing some dynamic parameters of the system. We
have explained in detail that the ring pattern inter-
ferogram and the strength plateau distributions can
be controlled by varying the magnetic field. Alter-

natively, if we change the electric field, or energy of
the ejected electron, a similar thing will happen. For
example, if the electric field or the energy of ejected
electron increases, the time for the electron to arrive
The elec-
tron will travel fewer circles when it reaches the given

at the destination plane ¢y will decrease.

plane. The plateaus in flux distribution will decrease
accordingly.

The photo-detached electronic flux distribution is
sensitive to the change of the parameters of the sys-
tem, though the interference patterns tend to be very
small. Therefore this method can be used for the high-
precision measurement of some microcosmic observ-
ables.
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