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This paper proposes a method to achieve projective synchronization of the fractional order chaotic Rossler system.

First, construct the fractional order Rossler system’s corresponding approximate integer order system, then a control

method based on a partially linear decomposition and negative feedback of state errors is utilized on the new integer

order system. Mathematic analyses prove the feasibility and the numerical simulations show the effectiveness of the

proposed method.
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1. Introduction

It is well known that the fractional calculus is

a classical mathematical notion, with a history as

long as calculus itself. But its applications to physics

and engineering are just a recent subject of interest.

As an important branch of the applications of frac-

tional calculus, the fractional order chaotic system

has attracted much attention. Many general integer

chaotic systems have proved that its corresponding

fractional order system can be found by numerical

experiment.[1−7] These studies told us how to repre-

sent a general integer order chaotic system by frac-

tional order system, and the characters of the new

fractional order system were also analysed.

Since Pecora and Carroll first studied the synchro-

nization of chaotic systems in 1990,[8,9] chaos synchro-

nization has become a subject of great interest.[10−14]

In 1999, Mainieri and Rehacek[15] observed a new

phenomenon in partially linear chaotic system, which

they called projective synchronization (PS), PS is

the dynamical behaviour in which the responses of

two identical systems synchronize up to a constant

scaling factor. This phenomenon was observed and

studied widely in the coupled integer-order chaotic

system.[16−20]

For the fractional order system, chaos synchro-

nization was studied[1−7] and the PS of the fractional

order Chen’s system was proved which can be ob-

tained by numerical experiment.[21] Unfortunately, to

our knowledge, almost all the current fractional order

systems were based on the numerical experiment; no

profound theoretical analysis was done for the control

mechanism of PS of fractional order chaotic systems.

In this paper, we present a nonlinear control ap-

proach to achieve PS of the coupled fractional order

chaotic Rossler system. First, we utilize an integer or-

der system instead of the fractional one approximately.

Then, the common method on the general integer or-

der system can be utilized. In other words, we study

the corresponding integer order system instead of the

fractional order system by the integer order system’s

method. The stability is proved mathematically and

numerical simulation is introduced to verify the result.

2. Construction of the coupled

fractional order Rossler system

2.1. Fractional derivatives and its ap-

proximation

There are several definitions of fractional deriva-

tives. In this paper, we use the best known Riemann–

Liouville definition in Ref.[22] to solve the fractional

derivatives, i.e.

dαf

dαt
=

1

Γ (n − α)

dn

dtn

∫ t

0

f(τ)

(t − τ )α+1−n
dτ, (1)

where Γ (g) is the gamma function and n−1 ≤ α < n.

Considering the initial conditions at t = 0, one
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then has the Laplace transform of Eq.(1),

L
{dαf(t)

dtα

}

= sαL{f(t)}. (2)

So, the fractional integral operator of order ‘α’

can be represented by the transfer function F (s) =

1/sα; a general method to solve the fractional differ-

ential is to approximate the fractional operators by us-

ing the standard integer order operators;[23] in Table

1 of Ref.[24], the authors introduced the approxima-

tions for 1/sα with α = 0.1 − 0.9 in steps of 0.1 with

errors of approximately 2dB; in this paper, α = 0.9

will be studied in the following. When α = 0.9,

1

s0.9
=

ds2 + es + f

s3 + gs2 + hs + i
, (3)

where d = 1.766, e = 38.27, f = 4.914, g = 36.15,

h = 7.789, i = 0.01.[24]

2.2. Two coupled fractional order

Rossler system

From the above, one can get the following

fractional-order Rossler system easily.

Consider a fractional order Rossler system men-

tioned in Ref.[5],

dαx

dtα
= −(y − z),

dαy

dtα
= x + ay,

dαz

dtα
= b + z(x − c), (4)

where a = 0.6, b = 0.2, c = 10 in our paper.

Then, the coupled fractional order Rossler system can

be constructed as

dαxm

dtα
= −(ym − z),

dαym

dtα
= xm + aym,

dαz

dtα
= b + z(xm − c),

dαxs

dtα
= −(ys − z),

dαys

dtα
= xs + ays, (5)

where m and s mean master system and slave system

respectively. When α = 0.9, doing the Laplace trans-

form of Eq.(5), one can obtain

Xm(s) = −
1

s0.9
L(ym − z),

Ym(s) =
1

s0.9
L(xm + aym),

Z(s) =
1

s0.9
L(b + z(xm − c)),

Xs(s) = −
1

s0.9
L(ys − z),

Ys(s) =
1

s0.9
L(xs + ays). (6)

Consider Eq.(3), define

xm = x1m, ẋm = ẋ1m = x2m,

ẍm = ẋ2m = x3m, ym = x4m,

ẏm = ẋ4m = x5m, ÿm = ẋ5m = x6m,

z = x7, ż = ẋ7 = x8, z̈ = ẋ8 = x9,

xs = x1s, ẋs = ẋ1s = x2s,

ẍs = ẋ2s = x3s, ys = x4s,

ẏs = ẋ4s = x5s, ÿs = ẋ5s = x6s, (7)

and

xm = col(x1m, x2m, x3m, x4m, x5m, x6m),

z = col(x7, x8, x9),

xs = col(x1s, x2s, x3s, x4s, x5s, x6s). (8)

From Eqs.(3), (5), (6), (7) and (8),one can get the

time domain formula of Eq.(5),

ẋm = Axm + Bz, ż = Cz, ẋs = Axs + Bz, (9)

where xm ∈ R6×1, z ∈ R3×1, xs ∈ R6×1, and

A =



















0 1 0 0 0 0

0 0 1 0 0 0

−i −h −g −f −e −d

0 0 0 0 1 0

0 0 0 0 0 1

f e d af − i ae − h ad − g



















, B =



















0 0 0

0 0 0

−f −e −d

0 0 0

0 0 0

0 0 0



















,

C =





0 1 0

0 0 1

dx3m + ex2m + f(x1m − c) − i 2dx2m + ex1m − h − ce dx1m − cd − g



 . (10)
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From the above, we know that Eq.(9) is approx-

imately equivalent to Eq.(5), Then, studying the PS

of Eq.(9) instead of that of Eq.(5), one can use the

integer order method to study the corresponding frac-

tional order system.

3. PS of two coupled fractional

order Rossler system

To make the two coupled system achieve PS, we

add control u(t) to the slave system of Eq.(9), then

one can obtain

ẋm = Axm + Bz

ż = Cz

ẋs = Axs + Bz + u. (11)

Now, the problem becomes, what kind of u can

make system (11) achieve PS?

Theorem 1 If the control input in Eq.(11) takes

the form of

u =(1 − β)Bz − K(βxm−xs), (12)

where β is the assigned scaling factor and

K =







k1

. . .

kn






. (13)

satisfies the condition

A − K < 0 , (14)

the PS can be achieved between the master and

the slave systems in the integer order coupled system

(5) and its corresponding fractional order coupled sys-

tem (8).

Proof Define the error vector of PS of Eq.(9) as

e = βxm − xs. (15)

Construct the Lyapunov function v =1
2e

T
e, then

v̇ = e
T
ė = e

T(βẋm−ẋs)

= e
T(βAxm + βBz − Axs − Bz

+ (1 − β)Bz − K(βxm − xs))

= e
T(A − k)e. (16)

Consider Eq.(14); obviously, v̇ < 0. So, lim
t→∞

e = 0,

this means lim
t→∞

xs = βxm, PS of Eq.(9) is achieved.

And because Eq.(9) is the approximation of the frac-

tional system (5), the PS will also be achieved in sys-

tem (5).

The proof is complete.

4. Numerical simulations

Fig.1. The numerical simulation result (β = 0.5). (a) Time evolution of the state xm, xs. (b) Time evolution of

the state ym, ys. (c) The projection of the master and slave system onto the x − y plane.
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Because A is a constant matrix, one can find a ma-

trix k which satisfies Eq.(14) easily. In this paper, we

only show the 0.9 order system; the other fractional

order system can be obtained by the same method.

When β = 0.5, and β = −0.5, the simulation is shown

in Figs.1 and 2 respectively.

The simulation results above demonstrate that PS

can be achieved in the coupled fractional order chaotic

Rossler system by the method presented in this paper.

Fig.2. The numerical simulation result (β = −0.5). (a) Time evolution of the state xm, xs. (b) Time evolution of

the state ym, ys. (c) The projection of the master and slave system onto the x − y plane.

5. Conclusions

This paper has proposed a method to achieve the

PS of fractional order chaotic Rossler system. Analyse

the fractional order system according to the common

method used in general integer order system by trans-

forming the fractional order system into integer order

system. First, construct the corresponding integer or-

der system of fractional order Rossler system, then a

control method based on a partial linear decomposi-

tion and negative feedback of state errors is utilized on

the new integer order system. Numerical simulations

show the effectiveness and feasibility of the proposed

approach. The method can also be used in other frac-

tional chaotic systems.
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