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This paper proposes a method to achieve projective synchronization of the fractional order chaotic Rossler system.

First, construct the fractional order Rossler system’s corresponding approximate integer order system, then a control

method based on a partially linear decomposition and negative feedback of state errors is utilized on the new integer

order system. Mathematic analyses prove the feasibility and the numerical simulations show the effectiveness of the

proposed method.
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1. Introduction

It is well known that the fractional calculus is
a classical mathematical notion, with a history as
long as calculus itself. But its applications to physics
and engineering are just a recent subject of interest.
As an important branch of the applications of frac-
tional calculus, the fractional order chaotic system
has attracted much attention. Many general integer
chaotic systems have proved that its corresponding
fractional order system can be found by numerical
experiment.['=7) These studies told us how to repre-
sent a general integer order chaotic system by frac-
tional order system, and the characters of the new
fractional order system were also analysed.

Since Pecora and Carroll first studied the synchro-
nization of chaotic systems in 1990,[9 chaos synchro-
nization has become a subject of great interest.[10—14
In 1999, Mainieri and Rehacek!'®! observed a new
phenomenon in partially linear chaotic system, which
they called projective synchronization (PS), PS is
the dynamical behaviour in which the responses of
two identical systems synchronize up to a constant
scaling factor. This phenomenon was observed and
studied widely in the coupled integer-order chaotic
system.[16—20]

For the fractional order system, chaos synchro-
nization was studied? =7 and the PS of the fractional
order Chen’s system was proved which can be ob-
tained by numerical experiment.?!) Unfortunately, to

our knowledge, almost all the current fractional order
systems were based on the numerical experiment; no
profound theoretical analysis was done for the control
mechanism of PS of fractional order chaotic systems.

In this paper, we present a nonlinear control ap-
proach to achieve PS of the coupled fractional order
chaotic Rossler system. First, we utilize an integer or-
der system instead of the fractional one approximately.
Then, the common method on the general integer or-
der system can be utilized. In other words, we study
the corresponding integer order system instead of the
fractional order system by the integer order system’s
method. The stability is proved mathematically and
numerical simulation is introduced to verify the result.

2. Construction of the coupled
fractional order Rossler system

2.1. Fractional derivatives and its ap-
proximation

There are several definitions of fractional deriva-
tives. In this paper, we use the best known Riemann—
Liouville definition in Ref.[22] to solve the fractional
derivatives, i.e.

L R S Ly L (C SR

d“t  TI'(n—a)dt® J, (t—71)otl-m

where I'(g) is the gamma function and n—1 < a < n.

Considering the initial conditions at ¢ = 0, one
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then has the Laplace transform of Eq.(1), d%zs —(ys — 2)
dge WA
d*r @) A%y,
L{SoP ) = "L}, ®) - -

So, the fractional integral operator of order ‘o’
can be represented by the transfer function F(s) =
1/s%; a general method to solve the fractional differ-
ential is to approximate the fractional operators by us-
ing the standard integer order operators;?% in Table
1 of Ref.[24], the authors introduced the approxima-
tions for 1/s* with o = 0.1 — 0.9 in steps of 0.1 with
errors of approximately 2dB; in this paper, a = 0.9
will be studied in the following. When o = 0.9,

1 ds®>+es+ f

- = 3
09 3+ gs2+hs+i’ )

where d = 1.766, e = 38.27, f = 4.914, g = 36.15,
h=17.789, i = 0.01.[24

2.2. Two coupled fractional order
Rossler system

From the above, one can get the following
fractional-order Rossler system easily.
Consider a fractional order Rossler system men-

tioned in Ref.[5],

d%z ( ) d%y n

die Y ) die =TT ay,

dOc

szb—i—z(x—c), (4)

where a = 0.6, b = 0.2, ¢ = 10 in our paper.
Then, the coupled fractional order Rossler system can
be constructed as

where m and s mean master system and slave system
respectively. When a = 0.9, doing the Laplace trans-
form of Eq.(5), one can obtain

1
Xu(s) = —SOﬁL(ym - 2),

Yin(s) 5,3_'9L(xm + aym),
Z(s) = SOL_QL(I)—F z(zm — ),

Consider Eq.(3), define

Tm = T1im, ITm = L1m = T2m;

Ty = Tom = T3m, Ym = T4m,

Ym = T4m = Tsm, Ym = T5m = Tem,

zZ =T, Z=$7=$g, é:igzxg,

Ts = T1s, js = ils = T2s,

js - j':2s = TI3s, Ys = T4s,

ys - j74s = Tss, ys - i5s = T6s) (7)

and

Tm = COl(Ilma T2m; T3ms L4ms L5m xGm)v
z = col(xr, xs, Tg),

Ty = COl(IIS;xQS;I3S;I4S;I587xGS)- (8)

dez,, From Egs.(3), (5), (6), (7) and (8),one can get the
dte —(Ym = 2), time domain formula of Eq.(5),
d%ym
Qg Ym T Am, Ty = Az, + Bz, 2=Cz, &= Ax,+ Bz, (9)
d%z
T = b+ z(xm — ¢, where x,, € R6*!, 2z € R¥*! x, € R®*! and
|
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From the above, we know that Eq.(9) is approx-
imately equivalent to Eq.(5), Then, studying the PS
of Eq.(9) instead of that of Eq.(5), one can use the
integer order method to study the corresponding frac-
tional order system.

3. PS of two coupled fractional
order Rossler system

To make the two coupled system achieve PS, we
add control u(t) to the slave system of Eq.(9), then
one can obtain

Ty = Az, + Bz
2=Cxz

&s = Axs + Bz + u. (11)

Now, the problem becomes, what kind of u can
make system (11) achieve PS?

Theorem 1 If the control input in Eq.(11) takes
the form of

satisfies the condition

A-K <0, (14)
the PS can be achieved between the master and
the slave systems in the integer order coupled system
(5) and its corresponding fractional order coupled sys-
tem (8).
Proof Define the error vector of PS of Eq.(9) as

e =[xy, — xs. (15)
Construct the Lyapunov function v :%eTe, then
v=eTe=e" (B, —)
= el (BAx,, + 3Bz — Az, — Bz
+ (1-p8)Bz — K(Bxm — xs))
=eT(A—k)e. (16)

Consider Eq.(14); obviously, ¥ < 0. So, tl_ig)loe =0,
this means tllglo Ts = [xm, PS of Eq.(9) is achieved.
And because Eq.(9) is the approximation of the frac-
tional system (5), the PS will also be achieved in sys-
tem (5).

The proof is complete.

4. Numerical simulations

=(1-p)Bz — K(fxm—xs), (12)
where [ is the assigned scaling factor and
k1
K = (13)
kn
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The numerical simulation result (8 = 0.5). (a) Time evolution of the state zm, xs. (b) Time evolution of

the state ym, ys. (c) The projection of the master and slave system onto the z — y plane.
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Because A is a constant matrix, one can find a ma-
trix k& which satisfies Eq.(14) easily. In this paper, we
only show the 0.9 order system; the other fractional
order system can be obtained by the same method.
When 8 = 0.5, and § = —0.5, the simulation is shown

in Figs.1 and 2 respectively.

The simulation results above demonstrate that PS
can be achieved in the coupled fractional order chaotic
Rossler system by the method presented in this paper.
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Fig.2. The numerical simulation result (8 = —0.5). (a) Time evolution of the state zm, zs. (b) Time evolution of

the state ym, ys. (¢) The projection of the master and slave system onto the z — y plane.

5. Conclusions

This paper has proposed a method to achieve the
PS of fractional order chaotic Rossler system. Analyse
the fractional order system according to the common
method used in general integer order system by trans-
forming the fractional order system into integer order
system. First, construct the corresponding integer or-

der system of fractional order Rossler system, then a
control method based on a partial linear decomposi-
tion and negative feedback of state errors is utilized on
the new integer order system. Numerical simulations
show the effectiveness and feasibility of the proposed
approach. The method can also be used in other frac-
tional chaotic systems.
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