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In this paper, generalized synchronization of two different chaotic dynamical systems is investigated. An active

control is adopted to construct a response system which synchronizes with a given drive system for a function relation.

Based on rigorous analysis, the error system is asymptotically stable at the equilibrium. Numerical simulations illustrate

the effectiveness of the proposed theory.
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1. Introduction

Synchronization in chaotic systems has been ex-
tensively investigated both theoretically and exper-
imentally since 1990.1) Many control methods!*—®
have been developed to achieve chaos synchronization.
Originally, chaos synchronization refers to complete
synchronization (CS), where two chaotic systems pos-
sess the same state trajectories for ¢ — oo. How-
ever, CS is a rather restrictive concept and it is of-
ten difficult to achieve CS except under ideal condi-
tions. Recently, a generalization of synchronization,
called generalized synchronization (GS) was proposed,
where two systems are said to synchronize if there is
a functional relation between the states of both sys-
tems. This kind of synchronization in a generalized
sense leads to richer behaviour than CS. Although Ko-
carev and Parlitz[®l have developed a general theorem
on the necessary and sufficient conditions of the pres-
ence of functional relation between the states of drive
and response systems, it is still a hard task to know
how they are related to each other even if we know
the existence of functional relation. To the best of
our knowledge, there are few theoretical results for
detecting the presence of this kind of functional rela-
tion though numerous examples and different control
methods for GS have been introduced in Refs.[9,10].

In this paper, we study GS between two different
chaotic systems and design the appropriate controller
to implement GS with the given drive chaotic system

via the active control.

The rest of this paper is organized as follows. In
Section 2, the definition of GS between two dynami-
cal systems is restated. An approach for constructing
a response system via an active control to synchro-
nize with the drive system is proposed in Section 3.
Finally, numerical simulations are given to verify the
effectiveness of the method.

2. Definition of GS

In general, a standard definition of GS is as fol-
lows: given a drive system z = (21, 72,...,2,)T € R"
,ym)T € R™,
two dynamical systems x and y exhibit GS if there

and a response system y = (y1,¥2, .- -

exists a function ¢ such that y = p(z).

Definition 1 Given two dynamical systems

z = f(x,1)
Y= h(xvyvt)

« drive system,

< response system, (1)

the two systems in Eq.(1) are said to be in a state
of GS if there exists a differentiable transformation
¢ : R™ — R™, a manifold M = {(z,y)|ly = ¢(z)},
and a set B = B, x B, C R" x R™ with M C B such
that all trajectories of Eq.(1) with initial conditions in
basin B approach M as time goes to infinity, i.e.

Jm fly — o) = 0. (2)
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Remark 1 One can predict the state of one of
the systems through the function ¢(x) provided that
the state of the other system is known.

The purpose of this paper is to construct a re-
sponse system in the systems (1) to satisfy Eq.(2) by
using active control method. Hence we rewrite the
response system of Eq.(1) in the form

g = h(z,y,t) = g(y) +uly, x), (3)

where u(y,z) = u(ui,uz,...,u,)t € R™ is a con-

troller to be designed later.

3. Simulation results

In this section we give some simulation results to

realize GS by using the active control method.

3.1.GS between Lorenz system and
Rossler hyperchaotic system

Take the well-known Lorenz system

il = 0'(&[:2 — ,Tl),
T = YT1 — T123 — T2,

T3 = r179 — {3, (4)
as the drive system and Rossler hyperchaotic system

Y1 = by2 + cy1 + ua (1),
Yo = 3+ yays + ua(t),
Us = —y2 — ya +us(t),
Ya=y1 + Y3 + aya + ua(t), (5)

as the response system. Our goal is to design the ap-
propriate active controllers u;(t), ¢ = 1,2,3,4 such
that the trajectory of the salve system (5) asymptot-
ically approaches the master system (4) for a given
functional relation and finally implements GS, in the
sense that tli)rgo lly — ¢(z)]| = 0. Define the error dif-
ferences as

€1 =Y1 —¥1, €2=Y2— P2,

€3 =Y3 —¥3, €4 =1Ys— P4. (6)

For simplicity, consider a special GS-linear GS in

which p(x) = (w9,11 — 223,371 — 29,323)".

Using
the notation (6), we obtain the error dynamical sys-

tem
¢=y—¢=7—Do()f(z), (7)

where Dp(z) is the Jacobian matrix of the map ¢(x),

1.e.
dpi(z)  Opi(x) Opi(x) Opi(w)
oxy Oxo 0x3 Oy
dDpa(x)  Opa(x)  Op2(x) Op2(x)
Dcp(x) o (91:1 (91:2 6$3 (91:4
dpz(x)  Ops(x) Ops(x) Jps(x)
Oz Oxs Ox3 Oy
Opa(x)  Opa(x) Opa(x) Opa(x)

oxy Oxo Ox3 Oy

In the following, an active control, proposed by

(7]

Bai and Lonngren,'”) is adopted to design the con-

trollers. Define the active controller as
u(t) = v(t) + Dp(z) f (2), (3)
where v(t) = (vy(t),va(t), v3(t),v4(t))T. Hence
é1 = ce1 + bea + b(x1 — 2x3) + cxa + v1(t),
é2 = 3 + yays + va2(?),
€3 = —ezx —eq — 1 — x3 +03(),
€4 = e1 + es + aeq + 3x1 + 3axs + v4(t). (9)

We re-define the control functions to eliminate all
items which cannot be shown in the form of e, ez, e3
and ey as follows:

vy = —=b(x1 — 2x3) — cxa + w1 (),

v = =3 — yay3 + wa(t),

vz = o1 + 3 + w3 (t),

vy = —3x1 — 3axs + wy(t). (10)
Substituting Eq.(10) in Eq.(9) we get

él =ce1 + b62 + wl(t),

é2 = ’wg(t),
é3 = —eg —e4 + ’wg(t),
é4 = €1 +eg+ae4+w4(t). (11)

The error system (11) to be controlled is a linear sys-
tem with a control input wy (), wa(t), ws(t) and wy(t)
as functions of e1, es, es and eys. As long as these
feedbacks stabilize the system, ej, e, es and ey will
converge to zero as time tends to infinity. This implies
that systems (4) and (5) are synchronized in a gener-

alized differentiable transformation y = ¢(x). Using
the active control method,[”) we choose

w1 (t) €1

wa (t) _ A €9 :

w3 (t) €3

wy (t) €4
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where A is a constant matrix. There are many possi-
ble choices for the elements of the matrix A provided
that all eigenvalues of A have a negative real part. As
a result, the system (11) will be stable. For simplicity,

we choose
—1—¢ —-b 0 0
0 -1 0 0
A= , (12)
0 1 -1 1
-1 0 -1 —-a-1

so the eigenvalues of the system (11) are found to be
—1, —1 and —1.

3.2. Numerical results

We select the parameters of Lorenz system as
o =10, v = 28, £ = 8/3 and the parameters of
Rossler hyperchaotic system as a = 0.25, b = —0.5,
¢ = 0.05, so that both systems exhibit chaotic be-
haviour without the controller. The initial values of
the drive and response systems are arbitrarily given
by (—5.5, 2.8, 3.0) and (10.0, 7.9, —10.0, —6.0) re-
spectively. The simulation results of the two systems
are shown in Fig.1, where the control is activated after
t = 2. As shown in Fig.1, after t = 2, the controller is
then activated and we find that the signals (Fig.1) de-
cay to zero after the transient time ¢ = 13 as expected,
which implies that the GS can be realized.
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Fig.1. Difference signals: e, ez, ez and eq for Lorenz
system and Rossler hyperchaotic system with the active
controller activated when t = 2.
3.3.GS between Lorenz system and
Chen system

In 2002, Lii et all'” presented a new unified
chaotic system which can bridge the gap between the

Lorenz and the Chen systems.['?] As another example,

we consider the so-called unified chaotic system,™!]
which is described by

71 = (25a +10)(y2 — y1) + u1,

Yy = (28 — 35a)y1 —Y1Yy3 + (29a — 1)y2 + U2,

. a+8

Y3 = y1y2 — Y3 + us, (13)

3

where a is a parameter. When 0 < a < 0.8, the system
(13) belongs to the generalized Lorenz system; when
0.8 < a < 1.0, the system (13) is the generalized Chen
system;!*2] if ¢ = 0.8, system (13) is the generalized

Lii one.[13]
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Fig.2. Synchronization error: e, ez and e3 for Lorenz
system and unified chaotic system with the active con-
troller activated when ¢t = 2, a = 0.95.
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Fig.3. Synchronization error: e, ez and e3 for Lorenz
system and unified chaotic system with the active con-
troller activated when ¢t = 2, a = 0.8.
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In order to get GS, the drive system (4) and re-
sponse systems (13) are considered respectively. Now
we give some numerical examples to illustrate our re-
sults. We choose a = 0.95 (which corresponds to the
generalized Chen system) and @ = 0.8 (which corre-
sponds to the generalized Lii one) respectively. The
initial values for the response system (13) are arbitrar-
ily chosen by (1.0, 0.9, —1.0). The simulation results
are shown in Figs.2 and 3 respectively, where the con-
trol is activated after ¢t = 2. As shown in Figs.2 and
3, the error vector e(t) becomes zero as time tends to
infinity. So the GS is realized.

4. Conclusion

In this paper, GS between two non-identical
chaotic systems has been achieved. The central point
of this paper is to construct a response system to syn-
chronize with the drive system for a given functional
relation by using active control. From the simulations,
we can draw a conclusion that GS is achieved pro-
vided that the error system is asymptotically stable
at the equilibrium e = 0, irrespective of whether they
have multiple merged basins of attraction or not. The
proposed scheme is efficient in achieving GS in our
example and can be applied to other chaotic systems.
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