Vol 16 No 9, September 2007
1009-1963/2007/16(09) /2595-05

Chinese Physics

© 2007 Chin. Phys. Soc.
and IOP Publishing Ltd

Stochastic resonance in linear system driven by
multiplicative noise and additive quadratic noise*

Ning Li-Juan(‘FWE#8)", Xu Wei(ff ), and Yao Ming-Li(ZkB4L)

Department of Applied Mathematics, Northwestern Polytechnical University, Xi’an 710072, China

(Received 28 November 2006; revised manuscript received 19 January 2007)

In this paper the stochastic resonance (SR) is studied in an overdamped linear system driven by multiplicative

noise and additive quadratic noise. The exact expressions are obtained for the first two moments and the correlation

function by using linear response and the properties of the dichotomous noise. SR phenomenon exhibits in the linear
system. There are three different forms of SR: the bona fide SR, the conventional SR and SR in the broad sense.
Moreover, the effect of the asymmetry of the multiplicative noise on the signal-to-noise ratio (SNR) is different from

that of the additive noise and the effect of multiplicative noise and additive noise on SNR is different.

Keywords: stochastic resonance, signal-to-noise ratio, dichotomous noise, additive quadratic noise

PACC: 0540, 0250

1. Introduction

Since Benzi et al,l!! and Nicolis and Nicolis!? dis-
covered the phenomenon which they termed stochastic
resonance (SR), the phenomenon of SR has attracted
enormous interest due to both its potential technolog-
ical applications for optimizing the response to weak
external signals in nonlinear dynamical systems and
its connection with some biological mechanisms. A
large number of applications are shown in science and
technology, ranging from electronic circuits and lasers
to chemical systems and the connection with some sit-
uations of biological interest.[>~¢!

In the initial stage of investigation of SR, the
nonlinearity system, noise, and periodic signal were
thought of three essential ingredients for the onset of
SR. Although an external periodic force can be re-
placed by some internal source of a periodic nature,
nonlinearity seems to be the necessary ingredient for
SR. There were many theoretical developments of SR
in bistable systems.[7=17 In 1996, Berdichevsky and
Gitterman!'® found that SR can occur in the linear
system when the multiplicative noise is dichotomous,
then SR in linear system is studied in Ref.[19-22].

In this paper, we consider a linear system driven
by multiplicative noise and additive quadratic noise
and the exact expressions are obtained for the first
moments and the correlation function. We found three

different forms of SR: the bona fide SR, the conven-
tional SR and SR in the broad sense.

2. The SNR for a linear system

Consider an overdamped linear system described
by the stochastic differential equation

d

d—f = —(a+ &)z + Acos(02t) +n2(t), (1)
where A and {2 denote the amplitude and the fre-
quency, £(t) and n(t) are Gaussian noise with a van-
ishing mean and correlation functions described as

(§(t)€(s)) = grexp[-Alt — s]],
(n(t)n(s)) = ozexp[=Alt — s]],
(€@)n(s)) = ((t)&(s)) = 0. (2)

In the following, we consider nonsymmetric di-
chotomous noise (random telegraphic process), which
is allowed to take on the values A; and — By for £(t),
and A; and —Bs for n(t), where Ay, Ao, By, Bs > 0.
The rate for the transition from A; to —B; will be
denoted by oy and the reverse rate will be denoted by
«s. The rate for the transition from A, to —Bs will
be denoted by 31 and the reverse rate will be denoted
by B2. We consider the special form of exponentially
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correlated noise (2), which has one of the two values,
and its parameters are

§(t> G{Al,—Bl}, o1 :AlBl, /\:al—l—ag,
Ay = Ay — By, n(t) € {A2,—B2}, 02 = A2By,
A=p01+ P2, A2 = Az~ Bs. (3)

In order to find the first two moments, let us av-
erage Eq.(1) and that multiplied by 2z, which gives

dfz)

i = —a(z) — (£(t)x) + Acos(2t) + o2, (4)
d(z?)
0 dafe) - 2e(t)e?)

+ 2A cos(02t)(x) + 2(n?(t)x). (5)

Equation (4) contains the new correlator (£(¢)x). Us-
ing the Shapiro—Loginov formula for differentiation of
exponentially correlated random functions,?%! we ob-

0D _ () “gwn. ©)
Multiplying Eq.(1) by £(t), averaging and using
Eq.(6), we have

d(g(t)z)
dt

tain

= —(a+N{Et)z) — (EV)z).  (7)

Equation (7) contains the higher-order correlator
(€2(t)x). Using the property (3) of dichotomous noise,
we can denote the higher-order correlator (¢2(t)x) by

(€ (t)x) = o1(z) + A1 ((t)z). (8)

Inserting Eq.(8) into Eq.(7) we transform the lat-
ter equation together with Eq.(4) into the closed sys-
tem of two equations for two unknown functions (x)
and (£(¢)x). We obtain the asymptotic value at t — oo
of the first moment, which is

_ Afl cos(§2t) + fasin(£2t)

<‘T> +f47 (9)
I3
where
fi :a\92+(a+/11 +)\)blb27 (10)
fo= (2% + (a+ A + N2 +01), (11)
fa = (2% +b7)(2% + 3), (12)
f4:—2(a+/11—|—)\), (13)
b1ba
A+ A A+ A41)2

bio=a+ei2=a+ +2 'y ( +4 ) +01.(14)

We can obtain four differential equations about
(@?), (€(t)a?), (n(t)z) and (E(t)n(t)z) in a similar

manner. Solving the differential equations and omit-
ting the tedious solution of these equations, we have
the stationary ¢ — oo value of the second moment

2\ o243
(@ >St_{(a+)\)(a+/11+2)\)—01

x 2(a+ A1 + N2 + (a + A1) + 204]

2
+ ﬁ[fl(ZCL—F 2/11 + /\) — 20’1(92 — blbg)]
3
20’10’2
oo fal2a+240 +0) + }}
x [a(2a + 241 + \) — 20¢] 71 (15)

In order to get the stationary correlation function
(x(t + 7)z(t)), we solve Eq.(1) and obtain

x(t+7) = x(t)g(r)exp(—ar)

+ A/OT exp(—av)g(v) cos[2(t + 7 — v)]dv

+ /0 exp(—av)h(v)dwv, (16)
where

o) =( expl- [ stuptu) )

h(t —v) = <772(v)exp(— /vtg(u)du». (17)

We expand ¢(v) and h(v) into exponential in se-

ries and calculate, then we get!*4]

g(v) =

€1

€ —E&
E—— xp(—€2v)

€2
€1+ €2

h(t —v) = oag(t — v). (18)

exp(—€1v),

Multiplying Eq.(16) by z(t) and averaging, we ob-
tain the asymptotic value of the correlation function

(x(t+7)a(t)) = (z*)stg(7)exp(~a7)
(r)A

€1 —¢&2

+ (z) /OT exp(—av)h(v)dv, (19)

+

[f5sin(£2t) + fo cos(£2t)]

where
€2b1 Sin(QT) —629f7
f5 = b2 2
1+
Elﬁfg —Elbg Sin(QT)
20
* b3 + 22 ’ (20)
f EQQSin(QT) +82b1f7
6= —

bi 4 22
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€1ba fs + Elﬁsin(QT)
b3 + 22 ’

f7.8 = cos(27) — exp(—by 27). (22)

(21)

Averaging Eq.(19) over the period of the external
signal 27 /{2, we get
(@(t + m)a(t))se = (2%)sug(T)exp(—ar)
A fife+ fofs

€1 — €2 2f3

+ fa /OT exp(—av)h(v)dv.  (23)

Translate Eq.(23) into the power spectrum S(w) by

Fourier transform

+oo
S(w) = / (x(t + 7)a(t))exp(—iwr)dT

— 00

= Sod(w) 4+ S1(w) + Sa(w)d(w — 2), (24)

R f0+oo Sa(w)é(w — )dw

and
27 f402
Sp = — =192 g, 25
0 (51—82)b1b2( 1b1 — e2b9) (25)
2(x?) g 2 faoo
S = bali — byl o —1
1(w) 51_52(21 12)+€1_52(2 1)
A2 bilouq balyus
— 2
+ f3(e1 —e2) [b% + w? b%—l—w?}’ (26)
mA?
So(w) = —————(ualy — uils), 27
2(w) 2f3(51_62)( 2l1 —uilz) (27)

lio=(bi2—a)/(b3,+w?), wui2= fow+ fibis,(28)

where S is power spectrum at zero frequency, Sy (w)
and Sy(w) are the output power spectrum of noise
and signal, respectively. Then, the signal-to-noise ra-
tio (SNR) is

7TA2(’U,211 — ullg)

3. Discussion and conclusions

According to Eq.(29), we will discuss the depen-
dence of the SNR upon frequency, amplitude and dif-
ferent parameters of noise.

The curve of the SNR versus the external fre-
quency w for different values of the amplitude A is
given in Fig.1. As shown in the figure, there is a single-
peak in the curve of SNR with increasing w and the SR
phenomenon appears, which is a bona fide resonance
phenomenon. The SNR increases with increasing A.

3.2
,,,,,,, N — A=18
- A=20
2871/ S~ . A=22
24 [,
& b
2.0
16 f

Fig.1. SNR as a function of the frequency w for a =1,
A=1,01 =02 =1, A1 = A3 = 1 with varied A.

4<x2>stf3(b2l1 — bllg) + 40’2f4(12 — ll) + 2A2(

(29)

bllg’u,l _ b211u2 )
b +w? b3+ w?

In Fig.2, the SNR is shown as a function of the
external frequency w for different values of the asym-
metry of the multiplicative noise A;. As shown in
Fig.2, the SNR increases with increasing w, then de-
creases with increasing w. The curve of SNR appears
a single-peak. SR exists for this case and it is a bona
fide SR. At the same time, the SNR increases with
increasing the asymmetry of the multiplicative noise

Ay.

0.6 T
— A1 =0
05 L --- A1 =03 |
-- A1 =0.5
04 F
& W e
03 | \\\\ S S
0.2t
0.1 !
0 1 2 3 4 5 6
w
Fig.2. SNR as a function of the frequency w for a =1,

A=1,01 =02 =1, A= Ay = 1 with varied A;.



2598

Ning Li-Juan et al

Vol. 16

In Fig.3, we plot the curve of SNR R as a func-
tion of the external frequency w for different values of
the asymmetry of the additive noise As. As shown in
the figure, the SNR also behaves non-monotonically as
the frequency w varies. The SNR decreases as increas-
ing the asymmetry of the additive noise A5, whereas
the SNR increases as increasing the asymmetry of the
In this
case, the bona fide SR appears as shown Figs.1 and 2.

multiplicative noise A;, as shown in Fig.2.

2.6 —
— A =0
cee Ay =02
2.2 b 2
18 |
[aef
14 |
10 |
0 1 2 3 4

Fig.3. SNR as a function of the frequency w for a =1,
A=1,01 =02 =1, A1 = A =1 with varied As.

Figure 4 is a plot of SNR as a function of the mul-
tiplicative noise intensity oy for different values of the
asymmetry of the multiplicative noise A;. The SNR
decreases with increasing oy first, then increases with
increasing o1, and then decreases with increasing o
again. The curve of SNR exhibits a maximum and a
minimum. The conventional SR appears in the case
and the position of the peak shifts to the right with
the increasing A .

Fig.4. SNR as a function of the multiplicative noise in-
tensity o1 fora=1, A=1, w=02=1, Ag = A =1 with
varied Aq.

The curve of SNR R as a function of the corre-
lation time 7 = A~! for different values of the multi-

plicative noise intensity o7 is shown in Fig.5. There
is a resonant peak appearing in the curve. If the non-
monotonic behaviour of the SNR as a function of some
characteristics of the noise is considered as the SR in
a broad sense, then SR in a broad sense occurs for
the case. The SNR is a non-monotonic function of the
multiplicative noise intensity o1, as shown in Fig.4.
The maximum of the peak moves to the right with
increasing o7.

0.8 F

0.6 +

& 04t

0.2

Fig.5. SNR as a function of the correlation time 7 = A~1
fora =01, w =02 =1, A = A; = Ay = 1 with varied

1.

In Fig.6, we plot the curve of SNR R as a function
of the correlation time 7 = A~! for different values of
the additive noise intensity o2. As shown in Fig.6, the
SNR is a non-monotonic function of the correlation
time 7 and SR in a broad sense occurs. The maximum
of the peak decreases with increasing os. By compar-
ing Fig.5 with Fig.6, we can see that the effects of
the additive noise intensity oo on the SNR is differ-
ent from that of the multiplicative noise intensity o1,
since the latter maximum of the peak increases with
increasing o7y.

0.3

0.2t

0.1

Fig.6. SNR as a function of the correlation time 7 = A~1
fora =01, w =01 =1, A = A; = Ay = 1 with varied

o2.
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In conclusion, the bona fide SR, the conventional

SR and SR in the broad sense all appeared in the lin-

ear system driven by multiplicative noise and additive

quadratic noise. The effect of the asymmetry of the

multiplicative noise on the SNR is different from that

of the additive noise and the effect of multiplicative

noise and additive noise on SNR is different.

References

[1]

2]
[3]

[4]
[5]

[6]
7]
(8]

[9]

Benzi R, Sutera A and Vulpiani A 1981 J. Phys. A 14
L453

Nicolis C and Nicolis G 1981 Tellus 33 225

Mantegna R N and Spagnolo B 1994 Phys. Rev. E 49
R1792

Simon A and Libchaber A 1992 Phys. Rev. Lett. 68 3375
Jannelli J M, Yariv A, Chen T R and Zhuang Y H 1994
Appl. Phys. Lett. 65 1983

Douglas J K, Wilkens L, Pantazelou E and Moss F 1993
Nature (London) 365 337

McNamara B, Wiesenfeld K and Roy R 1988 Phys. Rev.
Lett. 60 2626

McNamara B and Wiesenfeld K 1989 Phys. Rev. A 39
4854

Hu G, Nicolis G and Nicolis C 1990 Phys. Rev. A 42 2030
Zhou T, Moss F and Jung P 1990 Phys. Rev. A 42 3161
Jia Y, Zheng X P, Hu X M and Li J R 2001 Phys. Rev. E
63 031107

Wio H S and Bouzat A R 1999 Braz. J. Phys. 29 136

(13]
[14]

(15]
[16]

[17]
[18]
[19]
[20]
[21]
[22]

(23]
[24]

Xu W, Jin Y F, Li W and Ma S J 2005 Chin. Phys. 14
1077

Kang Y M, Xu J X and Xie Y 2003 Acta Phys. Sin. 52
2712 (in Chinese)

Xie C W and Mei K C 2003 Chin. Phys. 12 1208

Luo X Q and Zhu S Q 2002 Acta Phys. Sin. 51 977 (in
Chinese)

Zhang L 'Y, Cao L and Wu D J 2003 Acta Phys. Sin. 52
1174 ( in Chinese)

Berdichevsky V and Gitterman M 1996 Europhys. Lett.
36 161

Luczka J, Hanggi and Gadomski A 1995 Phys. Rev. E 51
2933

Jin’Y F, Xu W, Li W and Xu M 2005 Acta Phys. Sin. 54
96 (in Chinese)

Guo F, Zhou Y R, Jiang S Q and Gu T X 2006 Chin.
Phys. 15 947

Calisto H, Mora F and Tirapegui E 2006 Phys. Rev. E 74
022102

Shapiro V E and Loginov V M 1978 Physica A 91 563
Kubo R 1986 Nonequilibrium Statistical Mechanics Part
2 (Berlin: Springer)



