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Network motifs hold a very important status in genetic regulatory networks. This paper aims to analyse the

dynamical property of the network motifs in genetic regulatory networks. The main result we obtained is that the

dynamical property of a single motif is very simple with only an asymptotically stable equilibrium point, but the

combination of several motifs can make more complicated dynamical properties emerge such as limit cycles. The

above-mentioned result shows that network motif is a stable substructure in genetic regulatory networks while their

combinations make the genetic regulatory network more complicated.
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1. Introduction

Bio-molecular networks are often modular in na-
ture, with groups of individual nodes collaborating to
carry out some specific biological functions. This has
led researchers to investigate more closely the hierar-
chical structure of real biological interaction networks,
and to provide biological explanations for how the ob-
served structure of such networks has emerged. Re-
cently, a loose hierarchical structure for bio-molecular
networks has been proposed in Refs.[1,2]. The low-
est level in this hierarchy consists of individual nodes,
which are then organized into so-called network mo-
tifs, small patterns of interconnections occurring in
complex networks with numbers significantly higher
than those in randomized networks. These are in turn
grouped into larger modules of functionally related
nodes before the modules are finally connected them-
selves to form the overall network. Such network mo-
tifs have been found in networks of biochemistry, neu-

(] From then on,

robiology, ecology, and engineering.
many kinds of researches have been carried out which
become an important aspect of network research. Mo-
tifs shared by different networks are distinct from each
other; besides, they can define a broad class of net-
works, each with specific types of elementary struc-
tures. Motifs reflect the underlying processes that

generate each type of network in a degree.

Transcription networks are biochemical networks

responsible for regulating the expression of genes in

[4—6]
S.

cell These are directed graphs, in which the

nodes represent genes. KEdges are directed from a
gene that encodes for a transcription factor protein
to a gene transcriptionally regulated by that tran-

scription factor.
[7—11

Little is known about the design
I of transcriptional regulation networks

Recent ad-
12—14]

principles
that control gene expression in cells.

vances in data collection and analysis,! how-
ever, are generating unprecedented amounts of infor-
mation about gene regulation networks. To under-
stand these complex wiring diagrams,[7=11:15 we have
sought to break down such networks into basic build-
ing blocks,!*?! which are the ‘network motifs’ of tran-
scription regulation networks. Each network motif
has a specific function in determining gene expression,
such as generating temporal expression programs and
governing the responses to fluctuating external sig-
nals. The motif structure also allows an easily inter-
pretable view of the entire known transcriptional net-

work of the organism. Milo et all®!

analysed the two
best characterized transcriptional regulation networks
corresponding to organisms in different kingdoms: an
enkaryote (the yeast Saccharomyces cerevisiae)!'% and

[4-6]

a bacterium (Escherichia coli). The two transcrip-

tion networks show the same motifs: a three-node mo-
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tif termed ‘feed-forward loop’ and a four-node motif
termed ‘bi-fan’* (Fig.1).
1 1 2

20— 03 3 4
(a) the feed-forward loop (b) the bi-fan

Fig.1. The motifs of genetic regulatory networks.

The feed-forward loop and bi-fan motifs have been
found in transcriptional regulatory networks and neu-
ron networks, both of which involve some form of
information processing.[! Also, the motifs found in
the food-webs studied are distinct from those found
in transcriptional regulatory networks and the WWW
networks, while electronic circuits with distinct func-
tions tend to have different sets of motifs. These ob-
servations have led to the suggestion that there is a
connection between a network’s motif and its func-
tion, and hence, complex networks may be classified
into different functional families based on their typical
motifs. This shows that the two kinds of motifs play
special roles in genetic regulatory networks. Under-
standing these roles is an important subject for inter-
preting the behaviour of gene regulation. But there
has been little work carried out to analyse their func-
tions from dynamics. We think it is an important
aspect to reveal the behaviour of the motifs from the
dynamical viewpoint.

From the dynamical behaviour viewpoint,[!7—22]
however, how to appropriately represent real ge-
netic regulatory systems mathematically in terms of
gene function, expression mechanisms, and signal-
transduction pathways remains unclear. Mathemat-
ical models are useful for discovering higher order
structure of an organism and for gaining deep insights
into both static and dynamic behaviours of gene net-
works by extracting functional information from ob-
servation data. There are two basic models for genetic

networks:23:24] 1)

the Boolean or logical model and
2) the differential equation or dynamic system model.
With the Boolean model, the activity of each gene is
expressed in one of only two states, ON or OFF, and
the state of a gene is determined by a Boolean function
of the states of the other related genes. In contrast,
the differential equation or dynamic system model de-
scribes the concentrations of gene products, such as

mRNAs and proteins, as continuous values, which are

more accurate and can provide detailed information
of the nonlinear dynamical behaviour exhibited by bi-
ological systems. There also exist hybrid models that
combine discrete and continuous system models and
illustrate both switch-like and smooth variations of
genetic networks.[2%-26]

This paper intends to provide the differential
equation models for the motifs of genetic regulatory
networks, then analyses their local stability and bifur-
cation and gives the numerical simulation. By theo-
retical analysis, we show that the dynamics of a sin-
gle motif is very simple with only an asymptotically
stable equilibrium point. This verifies the fact that
a motif is a stable substructure in genetic regulatory
networks and occurs more often. Considering that the
whole gene regulatory network can express more com-
plicated dynamical properties such as limit cycles, we
guess that the combinations of motifs may cause more
complicated properties to emerge, which is also vali-
dated in this paper.

2. Differential models and dy-
namical analysis of network
motifs

In the first place, we will introduce the delay dif-
ferential equation (DDE) model for genetic regulatory
networks by exploiting the structure of the genome-
proteome network and by representing mRNAs and
proteins with different variables proposed by Chen as

follows:[27]
m(t) = —Kpm(t) + c(p(t, 1)), (1)
B(t) = —Kpp(t) + d(m(t, 7)), (2)
where
m = (my, ma, ..., m,) € R"
and
P = (p15p25 v ap'n,) S Rn

represent the concentrations of mRNAs and proteins,
respectively. K, = diag(kmi,...,kmn) € R™"
and K, = diag(kp1,...,kpn) € R™™ are positive
real diagonal matrices that represent the degradation
rates of mRNAs and proteins, respectively.
(Tm1, - - ., Tpn) € R™ are
positive real vectors indicating the delays of mRNAs

Tm =

- Tmn) € R™ and 7, = (71, - -

and proteins respectively, and we have m(t,7,,) =
(mi(t—Tm1), ..., mn(t — Tmn)) and p(t, 7) = (p1(t —
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Tp1)s-- - Pn(t = Tpn)). c(p) = (c1(p),-- ., cn(p)) € R"
and d(m) = (d1(m1),...,dp(my,)) € R™ are generally
nonlinear. Note that d; is defined not as d;(m) but
as d;(m;), in contrast to ¢;(p). Generally, in genetic
regulatory networks, (c¢(x),d(x)) can be expressed
with a sigmoid function, tanh(z;/€) or z¥/(z¥ + ¢€) or
a/(z¥ + €), where € and a are positive numbers and k
is the Hill coefficient, denoting the degree of coopera-
tivity.

Based on the model of Chen, we propose the dif-
ferential equation model for network motifs in genetic
regulatory networks. In order to simplify our model,
we ignore the time delays.

First, we consider the single motifs of ‘feed-
forward loop’ and ‘bi-fan’ separately. Without losing
generality, suppose that all the control signs are neg-
ative. Mathematically, dynamics can be described by
the following equations for the tree-node motif and the
four-node motif respectively:

my = —my + g,

p1 = —Bp1 + Bm,

. o
mg = —mg + g + o,

P2 = —[p2 + Bma,

. « o
m3=—m3+m+m+a07

Ps = —[Bps + Bms; (3)
m; = —m; + o,

pi = —Bpi + Bm;, i=1,2,

. a a
mjz—mj—l—m‘f'm-i-ao,

Dj = —51)3‘ + 5mj, j =34, (4)

where n is the Hill coefficient. All parameters and
variables are positive real numbers.

Conclusion 1 The equilibrium points of Egs.(3)
and (4) are both globally asymptotically stable, no
matter what values the parameters take.

Proof Take Eq.(3) as an example.

It is easy to validate that Eq.(3) has a unique

globally asymptotically stable equilibrium point

P = (m17m27m37p17p27p3)

Q Q
= (%ﬂoﬂo-’*m,%‘i‘m,
2 2
Qo+ gt 1+a3)'

We can obtain the same conclusion for Eq.(4).

Remark This result also comes into existence in
the situations where exist positive regulations and all
kinds of parameter values in the motifs.

The key of the theorem’s proof is to use the un-
coupling property of the dynamical system. The first
two equations in Eq.(3) are uncoupled with the last
four equations, so the subsystem of the first two equa-
tions has a unique globally asymptotically stable equi-
librium point P; = (m1,p1) = (ap,ap). Substitut-
ing the value into the middle two equations in Eq.(3)
which are uncoupled with the last two equations in
Eq.(3), we have the corresponding globally asymptot-
ically stable equilibrium point

Py = (m2,p2) = (00 + 7=, a0 + ——— )

= (ma, =« , .

: 2Pz T+ T 1xap
Similarly, we can have the globally asymptotically sta-
ble equilibrium point of the subsystem of the last two
equations

2 2« )

Py = (ms,p5) = ( :
3 = (m3,p3) 040+1+a8 a0+1—|—a3

Finally, we gain the unique globally asymptotically
stable equilibrium point

P = (my,mg,m3,p1,p2,p3)

o o
= (040,0407a0+ 1+a6,7a0+ [Tay’
2c 2c
@+ 1+o¢8’a0+ l—l—ag)'

Due to this property, we can give an important
lemma for genetic regulatory network without feed-
back loops. Reference [28] gives the detailed defini-
tions of feedback loops and their types (positive feed-
back loops and negative feedback loops).

Lemma 1 If a genetic regulatory network with
finite nodes does not contain the substructure of feed-
back loops, then its dynamical equation has an asymp-
totically stable equilibrium point.

Proof Suppose G = {V, E} is a genetic regula-
tory network without feedback loops, where V' and E
are the sets of nodes and edges of G respectively. Let
N be the number of nodes N = |V].

According to the graph theory, if a directed net-
work with finite nodes, without any subgraph of loop,
then there is at least one node without inputs. So
there is at least one node without inputs in G. Based
on the analysis of the proof of Conclusion 1, the effects
of these nodes are equivalent to constants. Namely, we
can replace the variables of the nodes without inputs
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with constants which are coordinates of their asymp-
totically stable equilibrium points. Thus the dynami-
cal system is simplified, which is equivalent to remov-
ing the nodes without inputs and their outputs. The
remaining subnetwork is still a directed network with-
out feedback loops. So there is still at least one node
without inputs.

Repeating this process, we will have the least net-
work of one isolated node after finite steps. The dy-
namics of the whole network G is equivalent to that
of the isolated node. Naturally, the dynamical equa-
tion of the remaining node also has an asymptotically
stable equilibrium point.

From this lemma, we have the following conclu-
sion.

Conclusion 2 The dynamics of the subnetwork
made up of motifs and containing no loop has a glob-
ally asymptotically stable equilibrium point.

Proof It is a direct corollary of Lemma 1.

Based on Conclusion 1, as long as there is no feed-
back loops in a subnetwork made up of motifs, the
dynamics of the subnetwork has a stable equilibrium
point without any other complex properties. So we

2 3
5
(a) (b)

only need to consider the dynamics of the combina-
tions of motifs that contain at least one feedback loop.
It is easy to see that any of the combinations of two
motifs (the three-node one or the four-node one) does
not contain feedback loops no matter how they com-
bine. Only the combination of three or more motifs
probably contains feedback loops.

In this paper, we will take the simple combina-
tions of tree motifs which contain feedback loops as
examples and analyse their dynamics in detail. The
other combinations of more than tree motifs can be
analysed similarly. Figure 2 gives the possible com-
binations of three motifs. Actually, the methods of
analysing all of the dynamics in Fig.2 are similar. For
a monotone dynamical system, if all of the feedback
loops are positive, there will be no limit cycle.[??! For
such a system, there are only stable equilibria. If there
is one negative feedback loop, the dynamics becomes
very complicated, which may be e.g. stable equilibria,
stable periodic solution or chaos, depending on the
conditions.!?”! Thus we have the following conclusion
for the subnetworks made up of motifs and containing
only positive feedback loops:

/_\//Y\

(©) (d)

Fig.2. Three motifs’ combinations with feedback loop.

Conclusion 3 The dynamics of the subnetwork,
which is made up of motifs and containing only posi-
tive feedback loops, has stable equilibrium points. But
the equilibrium points are not necessarily unique.

According to this conclusion we only need to con-
sider the situations when the subnetwork made up of
motifs has a negative feedback loop. Without los-
ing generality, we assume that the regulatory inter-
sections in the same motifs have the same sign. We
take Fig.2(a) as an example and analyse its dynam-
ics in two situations when there are negative feedback
loops:

1) All the regulatory intersections in the three
motifs are negative;

2) The regulatory intersections in the three motifs
are different: negative in one motif and positive in the
other two motifs.

First, we analyse the dynamics of Fig.2(a) in the

first situation.

m; = —m; + ax,

pi = _sz +6m’u 1= 172537

j TR T T

Ty = —m as,
4 T4 T4y T 14pp

P4 = —Bps + By,

. (0% (%) (6%)

ms = —ms + + as,

+ +
1+py 1+py 1+p%
ps = —Bps + Bms,

' FR R L
me = —M asg,
6 T T4y Tl4pr T 14py Y
Pe = —PBps + Pmg. (5)
Let us see the subsystem of Eq.(5):
m; = —m; + a,
pi = —Ppi + Bm;, i=1,2,3. (6)
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Obviously, this subsystem asymptotically con-
verges to its equilibrium point Py = (a1, 1,01,
ag,a1,a1). So the constant oy can replace m; and
p; (1 = 1,2,3) in Eq.(5).
Eq.(5) is equivalent to the following:

Thus the original system

g = —mg + a 209 +as
14+pg 1+af ’
P4 = —Bpa + B,
. « 200
m5:—m5+m 1+a?+043,
Ps = —Bps + Bms,
. o 200
mG:_m6+W 1+a,11+043,
Pe = —Bpe + Pm. (7)

In order to analyse the dynamics of Eq.(5), we
just need to study the dynamical property of Eq.(7).

When all variables are positive, clearly there is
a unique equilibrium point Py = (p,p, p, p,p,p) with
identical elements, where p > 0 and

a 209
=— . 8
Py T Tqay T ()
The Jacobin matrix of Eq.(7) at the equilibrium
point Py is
-1 0 0 0 0 X7
8 - 0 0 0 O
0o X -1 0 0 O
J1 = ) (9)
o 0o B - 0 0
o 0 o0 X -1 0
Lo o o0 0 B =B8]

where X = —anp™~!/(1 + p")?, and p satisfies Eq.(8).
Hence, the eigenvalues of J; at P, satisfy the fol-
lowing equation:

[(A+ DA+ 8))° = (XB)*. (10)
Let v} = (XB)3, then v = —BX™/3, 4y =
BX e, 4y = —FX ST,
That is

Yi = A+ 1A+ B).
When i =2, (A+1)(A+ 3) = X, that is,

(11)

_ (49 =TI P 0 X)
2

A

has negative real parts.

Next we analyse the conditions for ¢ = 1, 3.

Let v, = u; + v;j and A = u + vj. We will derive
the condition for v < 0, u = 0 and u > 0 separately.

Substituting the expressions of 7; and A, we have
the following equations:

u? + (1+ Bu+ B —u; =02,

(2u + 1+ B)v =v;. (13)
Define
Y, (u) = v’ + (1+ B)u+ 8 — uj,
o2
yR(U) = ma (14)

where y, is the left-hand of Eq.(12) and y, is the
right-hand side of Eq.(12) obtained by substituting v
of Eq.(13) in it.

By analysing graphically y, and y, with variable
u, we can have the following results.

1) The sufficient and necessary condition of two
negative real roots for y, (u) = y, (u) is

2

3
B —ui > REYGEk
where the left-hand side and the right-hand side corre-
spond to the values of y, and y, at u = 0 respectively.
Substituting u; and v;(i = 1, 3) into the above equa-
tion, we obtain

%(4 +2X) > 3X2

2) Similarly, the sufficient and necessary condi-
tion of one negative real root and one zero root for

Yo (’U,) = Yr (’U,) is
(1+5)
B

3) The sufficient and necessary condition of at

(4+2X)=3X>2

least one positive root for y, (u) =y, (u) is

%(4 +2X) < 3X2%

From the analysis above, we can obtain the fol-
lowing conclusion naturally.

Conclusion 4 If

M(zl +2X) > 3X?
B

then the equilibrium point of Eq.(5) is asymptotically
stable; if

(1+5)?
B
Hopf bifurcation, where X =
—anp™ /(1 + p™)? and p satisfies Eq.(8).

Next, we analyse the second situation, i.e. the

(4+2X)=3X2

then there is

regulatory intersections in the three motifs are differ-
ent. Suppose the regulatory intersections in the motif
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of nodes {3,5,6} are negative and the others are pos-
itive. The model is expressed as

m; = —m; + ax,
pl:_ﬁpl—"ﬁmzu 7;:172737
. apy aopy Qo py
T = —tng + pﬁn 2p1n 2p2n T as,
L+pg  1+p7 1+4p5
Pa = —[pg + Py,
. apy Qopy «
ms = —ms + - : 2 2n+0437
1+p} 1+py 1+pj
ps = —fps + fms,
) o apt Qo
me = —Mg + + ag,
6 0TI T py  1+p7 1+p% 3
Pe = —Bpe + Pme. (15)
The equivalent system is
. opg 2aat
= — + + ,
T T e T T e T
Pa = —Bps + Py,
. opy o) ol
= —ms + + + +as,
R I R
ps = —0Bps + Bms,
o o a0 D)
me = Tmet T T o T Ty O
Pe = —Bpe + Bms. (16)

Denote the equilibrium point of Eq.(16) as P =
(M4, pa, Mms, Ps, Me, De). At point P, the Jacobin ma-

trix is
-1 0 0 0 0 X317
g6 - 0 0 0 O
0 Xo -1 0 0 0
Jo = ° .
0 0 6 -6 0 0
0 0 0 X35 -1 0
Lo 0 0 0 B —B]
where
_ompgl> X_anp21>0
RS R (T e
—n—1
anpy
Xg=——7""72—- <.
’ (1+p5)2
Hence, the eigenvalues of Jo satisfy
[(A+ DA+ B) = F7X1 X2 Xa. (18)

Let 3 =

M= —BYX1X2X3el /3,
Y3 = —6\3/ X1X2X365jﬂ—/3.

(X3)3, then

Yo = —BY/ X1 X2 X3l ™,

That is
=A+1D(A+9). (19)

For 72, the roots of Eq.(19) are

My —UEB £V — 4501 - VKX Xy)
, 5 .

According to v/ X1 X2X3 <0, A2 <0.
For Aq,3, we have

v, (0) = 5(1 + % v X1X2X3)7
(0) = §52(v3 X1 X5X35)?
YT A
1) When y, (0) > y, (0), that is
2
w(zx + 23/ X1 X0X3) > 3(3/ X1 X2 X35)?,

B

all of the eigenvalues of Jy have negative real parts.
In this case, the equilibrium point is asymptotically
stable.

2) When y, (0) = y, (0), that is

1+
( 56 (442 X1 X2X3) = 3(V/ X1 X2X3)?,

J2 has a pair of pure imaginary eigenvalues and the
other eigenvalues have negative real parts. Here Hopf-
bifurcation occurs.

3) When y, (0) < y,(0), that is

1
( Jrﬁﬁ (44 2/ X1X2X3) < 3(V/X1X2X3)?,

some of the eigenvalues of Jo have positive real parts,
which indicate the unstable equilibrium points.
Conclusion 5 If

(1+8)?
B
then the equilibrium point of Eq.(15) is asymptotically
stable; if

(44 2V X1X2X3) > 3(V/X1X2X3)?,

1 2
%(4 + 2/ X1 X0 X3) = 3(3/ X1 X2 X3)?,
then there is Hopf bifurcation; if
1+ p3)?

%(4 + 2/ X1 X2X3) < 3(VX1X2X3)?,
there is at least one unstable equilibrium point, where
Xp= OBy, o

1= 77— g ) 2= s )
(1+pg)? (1+p7)?
X3 =— om[)g*l < 0.

(1+p5)?
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Remark The situation we discuss here is a lit-
tle special. For more general situations, we can also
show the analysis similarly and obtain the similar re-
sults just with more parameters and more complicated
expressions.

3. Numerical simulation

In Section 2, we have given the theoretical anal-
ysis. In order to illustrate our theoretical result, we
take the parameters in Eq.(5) as follows: n =2, 8 =1,
a =428, a1 =1, asg = 0.003, g = 0.00128. Accord-
ing to numerical calculation, the inequality

O+ 0% 44 ax) < 3x2

B

holds, where X = —(anp™~1/(1 + p™)? and p satisfies
Eq.(8). In other words, Eq.(7) has a limit cycle. The
time evolution of (m;(¢t), pi(t)), i = 4,5,6 of Eq.(5)
are shown in Fig.3, which indicates the limit cycle of
Eq.(7). Similarly, we take n = 8, 8 = 1, a = 1.34,
a3 =1, ag = 0.6, a3 = 0.06 in Eq.(16) which satisfy
the inequality

1+ 5)?
%(4 +2{/X1X2X3) < 3(V/ X1X2X3)%,
where
X anﬁg_l >0, X Omﬁz_l >0
1= 77— g ; 2 = — ;
(14 pg)? (1+py)?
-n—1
anpsg
Xg=——7-"2 - <0.
T+ pE)?

In Fig.4, the time evolutions of (m;(t), pi(t)) are
shown to be periodic, where ¢ = 4,5, 6.

1.55
1.50
1.45 1
1.40 ’ j
1.35 ‘
1.30 S S —
1.995 1.996 1.997 1.998 1.999 2.000
1x 104
Fig.3. Time evolution of (m;(t),p:i(t)) (¢ = 4,5,6) of

system Eq.(7), with n = 2, 8 =1, o = 4.28, oy = 1,
ag = 0.003, a3 = 0.00128.

2.5

0
1.994

1.998 1.999 2.000
1x 10%

1.995 1.996 1.997

Fig.4. Time evolution of (m;(t),p:(t)) (¢ = 4,5,6) of
system Eq.(16), withn =8, 8 =1, o = 1.34, a1 = 1,
ag = 0.6, az = 0.06.

4. Conclusion

In this paper, we have analysed the dynamics of
genetic regulatory motifs. We show that as long as
there is no feedback loop in a subnetwork made up of
genetic regulatory motifs, the dynamics of the network
has a stable equilibrium point without any other com-
plex properties. Moreover, we theoretically derive the
sufficient conditions for the dynamics of motifs’ com-
binations containing a negative feedback loop to have
a limit cycle. The simulation confirms the theoretical
results.

Our result illustrates that the network motif is
a stable substructure in genetic regulatory networks.
Moreover, the combinations of the simple motifs can
make the genetic regulatory network have more com-
plicated dynamical properties.

Recent progress in genetic engineering has made
the design and implementation of synthetic gene net-
works realistic from both theoretical and experimen-
tal viewpoints. Designing and implementing synthetic
gene networks provide a natural framework for reduc-
ing the complexity of gene regulation. That is to say,
the aim of synthetic biology is to synthesize some ele-
ments, which have important biological meaning, us-
ing the most basic gene regulatory process. And these
elements can be achieved for not only engineering but
also organisms. So the work of this paper provides
a theoretical basis for the synthetic gene networks by
taking motifs as the basic elements. The detailed re-
search will be carried out in the future.
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