Vol 16 No 9, September 2007
1009-1963/2007/16(09) /2557-06

Chinese Physics

© 2007 Chin. Phys. Soc.
and IOP Publishing Ltd

Controlled teleportation of high-dimension quantum-
states with generalized Bell-state measurement*

Zhan You-Bang (&)

Department of Physics, Huaiyin Teachers College, Huaian 223001, China

(Received 26 December 2006; revised manuscript received 18 January 2007)

In this paper a scheme for controlled teleportation of arbitrary high-dimensional unknown quantum states is

proposed by using the generalized Bell-basis measurement and the generalized Hadamard transformation.

As two

special cases, two schemes of controlled teleportation of an unknown single-qutrit state and an unknown two-qutrit

state are investigated in detail. In the first scheme, a maximally entangled three-qutrit state is used as the quantum

channel, while in the second scheme, an entangled two-qutrit state and an entangled three-qutrit state are employed as

the quantum channels. In these schemes, an unknown qutrit state can be teleported to either one of two receivers, but

only one of them can reconstruct the qutrit state with the help of the other. Based on the case of qutrits, a scheme of

controlled teleportation of an unknown qudit state is presented.
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Quantum teleportation, proposed by Bennett et
all'l is one of the most important aspects of quan-
tum information. In the teleportation process, un-
known quantum state is transferred without material
transportation from a sender to a receiver via a quan-
tum channel with the help of some classical informa-
tion. At present, teleportation has been generalized

2-23] and is demonstrated with pho-

to many cases,[
ton polarized states,?¥ optical coherent states,?® and
nuclear magnetic resonancel??) in the experiments. In
the original work of Bennett et al,l!! quantum telepor-
tation of the information contained in a state of an
unknown d-dimensional system was introduced. Re-
cently, the high-dimensional aspects of various topics
in quantum information have been studied. For exam-

[27] superdense coding,[?® quan-

ple, quantum cloning,
tum key distribution,?®! and teleportation[*0—3¢! have

all been discussed in this context.

Recently, a scheme for controlled quantum tele-
portation has been presented.3”) In this scheme, an
arbitrary single qubit state can be teleported to ei-
ther one of two receivers by using a GHZ state, but
only one of them can reconstruct the qubit state with
the help of the other. More recently, a lot of schemes

for controlled teleportation has been proposed.!38—41]

However, in above schemes of the controlled tele-
portation the two-dimensional quantum system was
only considered. In this paper, we first present a
scheme for controlled teleportation of a d-dimensional
quantum state. The proposed scheme consumes d-
dimensional Bell-basis measurement and the general-
ized Hadamard gate, this makes our scheme differing
from other known schemes.

To present our scheme more clearly, let us first be-
gin with controlled teleportation in three dimensions.

Suppose Alice has an unknown qutrit
[¥)1 = al0)1 + b[1)1 + ¢[2)1, (1)

with |a]? 4 [b]? +|c|? = 1. Alice want to transmit this
state to receiver Bob. Assume that Alice, Bob and
Charlie share a maximally entangled state

1
V3
and Alice, Bob and Charlie hold qutrits 2, 3 and 4
respectively. The state of the whole system at this

[¥)234 = —=(]000) + [111) + [222))234, (2)

moment is
| ) 1234 = [¥)1 @ [1)234

= 11 Zo0)2(al00) + b{11) + cf22))ss
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+|W10>12(a|00> +€4Fi/3b|11> +€2Fi/36|22>)34 0 01
. ) Un=(1 0 0],
+[Wa0)12(a|00) + e>™/3p|11) + *™1/3¢]22))34 01 0
+|%1>12(a|11> +b|22>+c|00>)34 0 0 edmi/3
+| &1711>12(a|11> + e47ri/3b|22> + e271'i/3c|00>)34 U11 = 1 O 0 5
0 e2mi/3 0
+| Wa1)12(al11) + e2™/3b|22) + *™/3¢|00))34 0 0 o/
—|—| &1702>12(a|22> + b|00> + C|11>)34 U21 = 1 0 0 )
. . 0 e*i/3
+|P12)12(a]22) + *™/%5]00) + €™/ 3¢[11))34 01 0
+| Wa2)12(a|22) +*™/%b|00) +e* ™| 1) )3a], (3) Uo={0 0 1],
1 0 0
where |¥,,,,) are generalized Bell basis of the Hilbert
f 4 [28] 0 e¥i/3 0
space ol two qutrits _
B U12 = 0 0 647”/3 N
o) = S 29305y @ |+ mmod 3)/v3,  (4) 0 o
J 0 edmi/3 0
where n,m,j = 0,1,2. More explicitly, Uyxp=10 0 e2mi/3 (6)
1 0 0

[900) = —=(100) +[10) +[22)

[910) = =(100) + ¢ 1) +¢47/9)22))
[20) = —=(00) + 61/2]11) + ¢2/%]22)),
[900) = —=(101) +[12) + [20)).

[0) = (00 +¢7/912) +¢7/9)20))
) = —=(01) + 69/2]12) + 29/ 20)),
[902) = —=((02) +110) +[21).

[10) = =(102) +¢27/9[10) +¢79]21))

| Wys) = \/ig(|02> + /3110 + e2™/3121)). (5)

Through simple calculation, it can be shown that the
single-body operators(?®!

1 0 0
Uo=10 1 0],

0 0 1

1 0 0
Uip = 0 eQTri/?; 0 ,

0 0 e47ri/3

1 0 0
Up= [0 e™/3 0 |,

0 0 e2mi/3

will transform | ¥go) into the corresponding states in
Eq.(4) respectively,

Now let Alice performs a generalized Bell-state
measurement on her qutrits 1 and 2. Then she will
inform Bob and Charlie of the result of the measure-
ment by the classical channel. Without loss of gen-
erality, we assume that the outcome of Alice’s mea-
surement is |Wa1)12, the state of qutrits 3 and 4 will

collapse into
1 ) )
[¥)3a = 3(al11) + *™/3[22) + ¢*™/3¢[00))34. (8)

If Charlie would like to help Bob with the teleporta-
tion, he should make a measurement on his qutrit 4
under the basis {| W), | ¥1), | ¥2)}, which is given by

|Wo) = Hs)|0) = 7(I0> + 1) +12)),
|¥1) = Hg)|1) = 7(|0> +e?m21) 4 et /2)),
|W2) = Hs)[2) = %um +et L)+ ePM2)), (9)

where H s is the Hadamard operator in three dimen-
sional Hilbert space. After above measurement, Char-
lie sends the measurement result to Bob via a classical
channel. Since the state [1)34 can be written as

[¥)31 = =l Yo)a(all)s +€*™/°b[2)

3\f

+ 647”/3C|0>3) + e47ri/3| &171>4(a|1>3
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+0]2)3 + c[0)3) + €™ /3 W)y (al1)s
+ e¥m/3p|2) 5 + 2™/3¢(0)3), (10)

it is clear that, for instance, if the measurement out-
come of Charlie is |¥p)4, the state of qutrit 3 will
become

a|l)3 + e¥™/3p]2)5 + *™/3¢|0)5. (11)

According to Charlie’s measurement result, Bob
should operate an unitary transformation Uss on
Eq.(11) to obtain the original state

)3 = al0)s + b[1)3 + c|2)s. (12)

The relation of generalized Bell-State measurement
outcome | ¥, )12 performed by Alice on the qutrits
1 and 2, measurement results of Charlie |¥;)4 (j =
0,1,2) and the unitary transformation (Upm,)s corre-
sponding to the states of qutrit 3 performed by Bob
are given in Table 1. There are a total of 27 kinds.

Table 1. Relation of measurement results of qutrits 1
and 2 |Wnm)12, measurement results of qutrits 4 | ¥;)4
(j =0,1,2) and the unitary operation (Unm)3.

| P0)4 | ¥1)4 | ¥2)4
| ¥00)12 (Uoo)3 (U20)3 (U10)3
| P10)12 (U10)3 (Uoo)s (U20)3
| T20)12 (U20)3 (U10)3 (Uoo)3
| ¥01)12 (Uo2)3 (U12)3 (Ua2)3
| ¥11)12 (U22)3 (Uo2)3 (U12)s
| ¥21)12 (U12)3 (U22)3 (Uo2)3
| Po2)12 (Uo1)s (U21)3 (U11)s
| T12)12 (U11)s (Uo1)s (U21)3
| ¥a2)12 (U21)3 (U11)s3 (Uo1)3

Now we will generalize the previous scheme for
controlled teleportation of an unknown bi-partite en-
tangled state in three dimensions. Suppose that the
sender Alice wants to transmit an unknown bi-partite
entangled state with three dimensions to the receiver
Bob. The unknown entangled state that will be tele-
ported can be expressed as

|$)12 = al00)12 + b|11)12 + ¢]|22)12, (13)

where |a|? + [b> + |¢|> = 1. Assume Alice, Bob and
Charlie share two maximally entangled states in three
dimensions

1

lp)zs = —=(100) + |11) + [22))34,

S

3

S
80567—\/g

and Alice holds qutrits 3 and 5, Bob holds qutrits 4
and 6 and Charlie holds qutrit 7, respectively. The

(|000) + |111) + |222))s567, (14)

total initial state now is |@) = [@)12 @ |p)34 @ |©)567-
In order to realize teleportation, Alice performs gener-
alized Bell-state measurement on her qutrits (1,3) and
(2,5), respectively. Without loss of generality, if the
measurement results of Alice are |W13)13 and | ¥o1)a2s,
the state of qutrits 4, 6 and 7 collapses into the fol-
lowing state:

1 : .
|6} 467 = §(a|211>+e47”/3b|022>+e2”‘/3c|100>)467.(15)

Next, Alice informs Bob and Charlie of her mea-
After Charlie
receives measured results of Alice, if Charlie would
like to help Bob with the teleportation, he should
make a measurement on his qutrit 7 under the basis
{|%o),|¥1),|¥2)} and transfer the result of his mea-
surement to Bob via a classical channel.

sured results via a classical channel.

Because the state can be written as
1
93
+ | 1)7e*™/3 (a|21) + b]02) + ¢[10))46

|6)ast = 7= Po)r(al21) +e'™/9b]02) +¢*/3¢[10)) 16

+ | Wa)7e™/3 (a]21) + 2™1/3p|02)

+ e*™/3¢]10)) 46, (16)

it is clear that if the measured result of Charlie is
| ¥o)7, the state of qutrits 4 and 6 will become

al21)46 + e*™/3b]02) 46 + €*™/3¢[10) 45. (17)

According to the measurement outcome of Charlie,
Bob can operate an unitary transformation ((U11)4 ®
(U12)6) on Eq.(17) and has

|#)a6 = al00)46 + b|11)46 + c[22) 46, (18)

the teleportation is successfully realized.

For the other cases, the relation of general-
ized Bell-state measurement results | W, ) 13| nrms )25
(n,m,n’;m’ = 0,1,2) performed by Alice on the
qutrits (1,3) and (2,5), measurement outcomes of
Charlie | ;)7 (j = 0,1,2) and the unitary operations
(Unm)a ® (Unm )6 performed by Bob on his qutrits 4
and 6 are given in Table 2. There are a total of 243
kinds.
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Table 2. Relation of measurement results of qutrits (1,3) and (2,5) | Ynm)13| ¥pims )25 (n,m,n’,m’ = 0,1, 2), measurement

results of qutrit 7 |¥;)7 (j = 0,1,2) and the unitary operation (Unm)4 ® (Up/m/)6-

| ¥o)7 |¥1)7 | Wa)7
| ¥00)13] P00)25 (or| ¥10)13] ¥20)25, or| ¥20)13| ¥10)25) (Uoo)4 ® (Uoo)e (Uo00)a ® (U20)s )4 ® (U1o)s
| ¥00)13] ¥10)25 (or| ¥10)13]| Poo) 25, or| ¥20)13| ¥20)25) (U00)a ® (U10)e (U00)a ® (Uoo)s )a ® (U20)6
| ¥00)13] ¥20)25 (or| ¥10)13]| ¥10)25, or| ¥20)13] P00)25) (U00)a ® (U20)6 (U00)a ® (U10)s )a ® (Uoo)e
[ ¥00)13] Po1)25 (or| ¥10)13]| P21)25, or| ¥20)13| ¥11)25) (Uo0)4 ® (Uo2)e (U20)4 ® (Uo2)s )4 ® (Uo2)e
| ¥00)13] 11)25 (or| ¥10)13] Po1)25, or| ¥20)13| P21)25) (U10)4 ® (Uo2)s (Uo0)a @ (Uo2)se )4 ® (Uo2)s
| ¥00) 13| ¥21)25 (or| ¥10) 13| ¥11) 25, or| P20) 13| Po1)25) (U20)4 ® (Uo2)6 (U10)2 ® (Uo2)e )a ® (Uoz2)e
| ¥00)13] Po2)25 (or| ¥10)13| P22)25, or| ¥20)13| ¥12)25) (Uo0)4 ® (Uo1)e (U20)a ® (Uo1)e )a ® (Uo1)e
| Wo0)13] P12)25 (or| ¥10)13] Po2)25, or| ¥20)13| P22)25) (U10)4 ® (Uo1)s (Uoo)4 @ (Uo1)e )4 ® (Uo1)e
| W00)13] 22)25 (or| ¥10)13]| ¥12)25, or| ¥20)13| Po2)25) (U20)4 ® (Uo1)s (U10)4 ® (Uo1)s )4 ® (Uo1)e
| P01) 13| Yoo)25 (or| ¥11) 13| Po1) 25, or| P21) 13| P10)25) (Uo2)4 ® (Uoo)s (Uo2)4 ® (U20)6 )a ® (U10)e
| Po1) 13| ¥10)25 (or| ¥11) 13| Poo) 25, or| P21) 13| P20)25) (Uo2)4 ® (U10)e (Uo2)a ® (Uoo)s )a ® (U20)6
| Wo1)13] ¥20)25 (or| ¥11)13]| ¥10)25, or| ¥21)13] Po0)25) (Uo2)4 ® (U20)s (Uo2)a ® (U10)s )4 ® (Uoo)s
[ Wo1)13] Wo1)2s(or| W11)13| Pa1)25,0r| ¥21)13| ¥11)25) (Uo2)a ® (Uo2)s (U22)4 ® (Uo2)s )4 ® (Uo2)e
[ Wo1)13] W11)25(or| W11)13]| Yo )25, 0r| ¥21)13| ¥21)25) (U12)4 ® (Uo2)s (Uo2)4 ® (Uo2)s )4 ® (Uo2)e
| Wo1)13] P21)25 (or| ¥11)13]| ¥11)25, 0r| ¥21)13| Po1)25) (U22)4 ® (Uo2)s (U12)4 ® (Uo2)s )4 ® (Uo2)e
| Wo1)13] Po2)25 (or| ¥11)13]| P22)25, or| ¥21)13| ¥12)25) (Uo2)4 ® (Uo1)s (U22)4 ® (Uo1)s )4 ® (Uo1)e
[ Wo1)13] W12)25(or| W11)13]| Po2)25, 01| ¥21) 13| ¥22)25) (U12)4 ® (Uo1)s (Uo2)4 ® (Uo1)e )4 ® (Uo1)e
| Wo1)13] Wa2)25(or| W11)13| ¥12)25, 01| ¥21) 13| Yo2)25) (U22)4 ® (Uo1)e (U12)4 ® (Uo1)s )4 ® (Uo1)e
| Wo2)13] Po0)25 (or| ¥12)13] ¥20)25, or| ¥22)13| ¥10)25) (Uo1)4 ® (Uoo)s (Uo01)a ® (U20)s )4 ® (U1o)s
| Wo2)13] 10)25 (or| ¥12)13]| Poo)25, or| ¥22)13| P20)25) (Uo1)4 ® (U10)s (Uo1)4 ® (Uoo)s )4 ® (U20)6
| ¥02)13] 20)25 (or| ¥12)13| ¥10)25, Or| ¥22)13| P00)25) (Uo01)a ® (U20)6 (Uo01)a ® (U10)s )a ® (Uoo)e
| W02)13] Po1)25 (or| ¥12)13]| ¥20)25, or| ¥22)13| ¥11)25) (Uo1)4 ® (Uo2)s (U21)4 ® (Uo2)s )4 ® (Uo2)s
| Wo2)13] ¥11)25 (or| ¥12)13]| Po1)25, or| ¥22)13| P21)25) (U11)4 ® (Uo2)s (Uo1)4 ® (Uo2)s )4 ® (Uo2)s
| Wo2)13] Wa1)25(or| W12)13| ¥11)25, 01| ¥22) 13| Yo1)25) (U21)4 ® (Uo2)s (U11)4 ® (Uo2)s )4 ® (Uo2)e
| Wo2)13] Wo2)25 (or| W12)13| Wa2)25, 01| ¥22) 13| ¥12)25) (Uo1)a ® (Uo1)s (U21)4 ® (Uo1)s )4 ® (Uo1)e
| Wo2)13] P12)25 (or| ¥12)13]| Po2)25, Or| ¥22)13| Po2)25) (U11)4 ® (Uo1)s (Uo1)4 ® (Uo1)e )4 ® (Uo1)e
| Wo2)13] P22)25 (or| ¥12)13]| P12)25, Or| ¥22)13| Po2)25) (U21)4 ® (Uo1)s (U11)4 ® (Uo1)s )4 ® (Uo1)e

Based on the above scheme for controlled telepor-
tation using qutrits, we will generalize the scheme to
arbitrarily high dimensions. We denote the dimension
as d. The general Bell-basis states are

(o) = "™ ) @ |j + mmodd)/Vd , (19)
J
where n,m,j =0,1,2,...,d—1. The matrix elements
of the unitary transformation Ur(ﬁl% may be explicitly
written as

27rijn/d5 ,

(U’I(l(’IiT)L)jlj =€ 37, 7+m mod d> (20)

where n,m, j,5' = 0,1,2,...,d — 1. Obviously, there
exist single-body operators U,(ffy)l on states (19) that
satisfy U,(ff%l W§§)> = |lp7(z§i7)L>

Suppose that Alice want to transmit an unknown

qudit to Bob
# = a;lin, (21)
J

where 5 =0,1,2,...,

d—1and ) la;|> = 1. Assume

that Alice, Bob and Charlie share a maximally entan-

gled state

where 7 =0,1,2,...,

®)23s = Z|j>2 ® |f)3 ® |j)a/Vd, (22)

d—1, and Alice, Bob and Charlie

hold qudits 2, 3 and 4, respectively. The state for the

whole system can be expressed as

| ®)1234 = |$)1 @ |))234

where

d—1

D (172 @ [#(D)34), (23)

n,m=0

| @)y, = Za e~ 2man/d| 5 4 mmod d)

J

® |j+mmodd),
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where j,n,m =0,1,2,...,d — 1. Now Alice performs
a generalized Bell-state measurement on qudits 1 and
2 based on Eq.(19), and informs Bob and Charlie of
the measure outcome. Assume that Alice’s measure-

12, the state of qudits 3 and 4

ment result is |an ,)n,>

will become

|!p1/T(Ldm,> . Z aje—27rijn’/d|j + m/ mod d>3
§=0
® |j +m' modd)y, (25)
where n’,m’ = 0,1,2,...,d — 1. In order to make

the teleportation successful, Charlie should make a
measurement on qudit 4 using the basis {|!Péd)),

... .z @y |Wéd 1), }, which is given by

d—1
d i
|7y = Higlty = S 2 14 5Vd, (26)
7=0

wherel =0,1,2,...,d—
Hadamard operator in d-dimension system!

1, and H g is the generalized
29,42]

d—1

1 ..
Hypy = — e2migl/d iy 27
W=7 L; 1)l (27)

Based on Eq.(26), the state | ¥, m,> 4 can be written
as
d—
| !p:édm,> W(d Z —271-1] n'j+(G+m’)i]/d
=0
X |7+ m modd)s, (28)

where [ = 0,1,2,...,d—1. Without loss of generality,
if Charlie obtain | lPl(/d)>4, the state of qudit 3 in Bob’s

side is
d—1

Zajefzﬂij["lﬁ(”m/)l,]/d|j +m’ mod d)s, (29)
=0

where I’ = 0,1,2,...,d — 1. Then Bob should oper-
ate an unitary transformation Uy, (it is easy to verify
that f = (n/ + ') modd, and k = (d + m’) mod d,
respectively) on Eq.(29) to give the original state

d-1
P)s = Z@j|j>3- (30)
=0

This means that the controlled teleportation in d-
dimensional system is successfully realized.

In conclusion, we have proposed a scheme for con-
trolled teleporting an unknown d-dimensional quan-
tum state. Firstly, we have investigated a scheme
of controlled teleportation of an unknown three-
dimensional quantum state in detail. Then we have
studied a scheme for controlled teleportation of un-
known bi-partite entangled state in three dimensions
by using two maximally three-dimensional entangled
states as quantum channels. Based on the controlled
teleportation of qutrits, we have presented a scheme of
controlled teleportation for an unknown d-dimensional
quantum state. In these schemes, generalized Bell-
state measurement and generalized Hadamard trans-
formation are needed. Finally, we point out that, with
a similar method, one can generalize the scheme to
controlled teleportation of an unknown bi-partite (or

N-partite) d-dimensional entangled state.
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