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The well-posedness of the initial-boundary value problem of the time-varying linear electromagnetic field in a

multi-medium region is investigated. Function spaces are defined, with Faraday’s law of electromagnetic induction and

the initial-boundary conditions considered as constraints. Gauss’s formula applied to a multi-medium region is used to

derive the energy-estimating inequality. After converting the initial-boundary conditions into homogeneous ones and

analysing the characteristics of an operator introduced according to the total current law, the existence, uniqueness and

stability of the weak solution to the initial-boundary value problem of the time-varying linear electromagnetic field are

proved.
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1. Introduction

The well-posedness (i.e. the existence, uniqueness

and stability of the solution) of the initial-boundary

value problem is significant for analysing and cal-

culating a time-varying linear electromagnetic field.

The existence of the solutions makes the processes of

solving electromagnetic problems meaningful.[1] The

uniqueness of the solutions permits one to choose dif-

ferent appropriate methods to solve electromagnetic

problems.[2] The stability of solutions ensures the re-

liability of calculating results when some errors occur

in the initial-boundary data.[3]

The well-posedness of various initial-boundary

value problems has been investigated by many re-

searchers in the field of applied mathematics.[4,5] How-

ever, most of those results cannot provide the well-

posedness information for the time-varying linear elec-

tromagnetic problem. Because the field region in en-

gineering electromagnetics always comprises multiple

media,[6,7] and their boundary conditions used fre-

quently are different from the ones used by mathe-

matical researchers. In the field of engineering elec-

tromagnetics, many researchers who are engaged in

the numerical calculation of electromagnetic field sel-

dom consider the well-posedness of the time-varying

linear electromagnetic problem. Unless the initial-

boundary value problem of the time-varying linear

electromagnetic field is well-posed, the neglecting of

well-posedness may have caused many results of elec-

tromagnetic problems invalid, which has not yet been

found until now. After all, there exist many examples

of ill-posed problems in mathematics.[8−10]

Some researchers have studied the characteris-

tics of the solution to some kinds of electromag-

netic problems.[11−18] One of Maxwell’s equations was

firstly considered as a constraint in the study of initial-

boundary value problem in Ref.[19]. Then the method

was developed in Ref.[16] to discuss the asymptotic be-

haviour of the solution to the electromagnetic initial-

boundary value problem in a single-medium region

under special boundary conditions, which provides a

beneficial method for our analysis in a multi-medium

region. In this paper, the results have been general-

ized in the following aspects.

Firstly, the generalized results are applicable to

the electromagnetic problems with the inhomogeneous

Dirichlet boundary conditions, which are used fre-

quently in time-varying linear electromagnetic prob-

lems. For the problems with inhomogeneous boundary

conditions, the existence of solutions strongly relies on

the traces of fields on the boundaries and at t = 0. In
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this paper, we present the limits of the traces to en-

sure the existence of solutions to the initial-boundary

value problems.

Secondly, it is proved in the paper that the

method to define function spaces, with one of Max-

well’s equations and the initial-boundary conditions

considered as constraints, is feasible. The feasible

explanation which ensures that the defined function

spaces are non-empty is fundamental to the analysis.

Thirdly, the difference between the strong and

weak solutions is emphasized in many parts of the

paper, which sometimes is neglected by other re-

searchers, thus causing the incompletion of analysis.

Fourthly, the field region discussed in the paper is

composed of multiple media instead of single medium.

In the multi-medium problem, the electric field E and

magnetic field H should satisfy two interface condi-

tions of tangential components simultaneously on the

interfaces between two media, and satisfy one of them

on the exterior boundary, which is different from the

problem in single medium region. In this paper we use

Gauss’s formula applied to a multi-medium region[20]

for analysing the different boundary conditions.

Fifthly, the results in the paper exist when the

free charge density ρ 6= 0. For simplicity, ρ has been

assumed to be zero in the field region as in many

papers.[14,16,19] The above assumption does not hold

true when the relaxation time of a medium is very

long.[21] Replacing the initial-boundary value prob-

lem expressed by Maxwell’s equations with the one

expressed by two equivalent rotation equations, the

results which are applicable to the case of ρ 6= 0 can

be derived.

2. Expressions of the initial-

boundary value problem

The initial-boundary value problem of time-

varying linear electromagnetic field can be expressed

as follows:

Let Ω denote the fixed, bounded, three-

dimensional region which consists of m kinds of lin-

ear media Ω1, Ω2, · · · , Ωm. Ωi is a simply connected

region with sufficiently smooth, closed boundary Γi.

In Ωi, electric field Ei and magnetic field Hi are pro-

duced by the source current density Js(x, t). Permit-

tivity εi(x), permeability µi(x) and conductivity σi(x)

in Ωi are all continuous functions of field position x,

and there exist finite positive constants εmin and µmin,

such that 0 < εmin ≤ εi(x) < ∞, 0 < µmin ≤ µi(x) <

∞, 0 ≤ σi(x) < ∞, i = 1, 2, · · · , m.

The exterior boundary of Ω is denoted by Γ . Sup-

pose T to be a positive constant, and Q = (0, T ). As-

sume that a function symbol with a dot ‘·’ above a

letter means the first-order partial derivative of the

function with respect to t, then the fields E(x, t) and

H(x, t) will satisfy

1) equations:

∇× H(x, t) − ε(x)Ė(x, t) − σ(x)E(x, t)

= Js(x, t), (1)

∇× E(x, t) + µ(x)Ḣ(x, t) = 0, (2)

(x, t) ∈ Ω × Q,

2) interface conditions:

nij × [Ej(x, t) − Ei(x, t)] = 0, (3)

nij × [Hj(x, t) − Hi(x, t)] = Kij(x, t), (4)

(x, t) ∈ Γij × Q, i = 1, 2, · · · , m − 1,

j = 2, 3, · · · , m, i 6= j,

3) exterior boundary conditions:

n × E(x, t) = Fe(x, t), (5)

or

n × H(x, t) = Fh(x, t), (6)

(x, t) ∈ Γ × Q,

4) Initial conditions:

E(x, 0) = E0(x), (7)

H(x, 0) = H0(x), (8)

∇ · [ε(x)E(x, 0)] = ρ(x), (9)

∇ · [µ(x)H(x, 0)] = 0, (10)

x ∈ Ω ,

where nij is the unit normal vector pointing from

medium i to medium j on the interface Γij , Kij(x, t)

is the current surface density on Γij , n is the unit

normal vector outward on the exterior boundary Γ ,

and ρ(x) is the free charge density in the field region

when t = 0. Kij , Fe, Fh, E0, H0 and ρ are all known

functions.

The above problem is denoted by P.

Notes:

1) In electromagnetic theory, Eq.(1) is the mathe-

matical expression of the total current law, and Eq.(2)

is the mathematical expression of Faraday’s law of

electromagnetic induction. Two divergence equations
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in Maxwells equations are regarded as the constraints

imposed on the initial data of the initial-boundary

value problem. Therefore, ρ exists only in the ini-

tial conditions of the problem, which is independent

of t.

2) On the exterior boundary, it is required in the

problem P that one of the exterior boundary condi-

tions (5) and (6) should be satisfied. In the following

discussion, we assume condition (5) to be satisfied. It

can be analysed similarly when condition (6) is satis-

fied.

3. Definitions of solution

Focusing on the multi-medium characteristics of

the field region, we introduce the following function

spaces to define the strong and weak solutions:

I(Ω) = {e ∈ H1(Ω) : ∇ · e = ρ, ρ ∈ L2(Ω)}, I0(Ω) = {e ∈ H1(Ω) : ∇ · e = 0},

J(Ω) =
{

e ∈ L2(Ω) :

∫

Ω

e · ∇φ dx = −

∫

Ω

ρφ dx, ρ ∈ L2(Ω), ∀φ =
m

∑

i=1

φi, φi ∈ C1(Ω), supp φi ⊂ Ωi

}

,

J0(Ω) =
{

e ∈L2(Ω) :

∫

Ω

e · ∇φ dx = 0, ∀φ =

m
∑

i=1

φi, φi ∈ C1(Ω), supp φi ⊂ Ωi

}

,

U(Ω , Q) = L2(Q; H2(Ω)) ∩ H1(Q; L2(Ω)), V(Ω , Q) = L2(Q; H1(Ω)) ∩ H2(Q; L2(Ω)),

R(Ω , Q) = {E, H ∈ L2(Ω , Q), E|Γij
, H |Γij

∈ H1/2(Γij , Q), E|Γ , H |Γ ∈ H1/2(Γ , Q) :

nij × [Ej(x, t) − Ei(x, t)] = 0, nij × [Hj(x, t) − Hi(x, t)] = Kij(x, t),

∀(x, t) ∈ Γij × Q, i = 1, 2, · · · , m − 1, j = 2, 3, · · · , m, i 6= j,

Kij ∈ H1/2(Γij , Q); n × E(x, t) = Fe(x, t), ∀(x, t) ∈ Γ × Q, Fe ∈ H1/2(Γ , Q)}.

C1
0 (Ω) is the space of functions defined on Ω with con-

tinuous derivatives of first order and compact supports

in Ω . L2(Ω) is the space of all the square summable

functions on Ω . H1(Ω) is the space of the elements

in L2(Ω) that have square summable first-order gen-

eralized derivatives on Ω . J(Ω) is composed of all the

function e which satisfies ∇ · e = ρ in a weak sense.

J0(Ω) is composed of all the function e which satisfies

∇·e = 0 in a weak sense. The function in U(Ω , Q) has

second-order generalized derivatives with respect to x

and first-order generalized derivatives with respect to

t. The function in V(Ω , Q) has first-order generalized

derivatives with respect to x and second-order gener-

alized derivatives with respect to t. H1/2(Γ , Q) is a

1/2-order Sobolev space defined on Γ ×Q. R(Ω , Q) is

composed of all the (E, H) which satisfies boundary

conditions on the interfaces and the exterior bound-

ary.

It should be noted that, in a multi-medium re-

gion, the traces of the fields on the boundaries are

limited, because the function spaces which the traces

belong to will affect the existence of the solution. The

functions Kij and Fe in R(Ω , Q) can be chosen arbi-

trarily under the condition that Kij ∈ H1/2(Γij , Q)

and Fe ∈ H1/2(Γ , Q).

With the above function spaces, we can treat

Eq.(2) as a constraint in defining the following func-

tion space:

K(Ω , Q) = {E ∈ U(Ω , Q), H ∈ V(Ω , Q) : ∇× E(x, t) + µ(x)Ḣ(x, t) = 0, E(x, 0) = E0(x),

H(x, 0) = H0(x), ∀(x, t) ∈ Ω × Q, ε(x)E0(x) ∈ I (Ω), µ(x)H0(x) ∈ I0(Ω); (E, H) ∈ R(Ω , Q)}.

K(Ω , Q) is composed of all the (E, H) which satisfies Eq.(2) in 1), 2), 3), 4) in the problem P. The functions E0

and H0 can be chosen arbitrarily under the condition that ε(x)E0(x) ∈ I(Ω) and µ(x)H0(x) ∈ I0(Ω). When

Eq.(2) exists in a weak sense, the function space changes accordingly into

D(Ω , Q) =
{

E, H ∈ L2(Ω , Q) : E(x, 0) = E0(x), H(x, 0) = H0(x), ε(x)E0(x) ∈ J(Ω), µ(x)H0(x) ∈ J0(Ω);
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∫

Q

∫

Ω

[E(x, t) · ∇ × h(x, t) − µ(x)H(x, t) · ḣ(x, t)]dxdt =

∫

Ω

µ(x)H0(x) · h0(x) dx

−

∫

Q

∮

Γ

Fe(x, t) · h(x, t) dΓdt −
m−1
∑

i=1

m
∑

j=i+1

∫

Q

∫

Γij

nij × [hj(x, t) − hi(x, t)] · Ei(x, t) dΓijdt,

∀(e, h) ∈ K(Ω , Q); (E, H) ∈ R(Ω , Q)
}

.

The functions E0 and H0 can be chosen arbitrar-

ily under the condition that ε(x)E0(x) ∈ J(Ω) and

µ(x)H0(x) ∈ J0(Ω).

Here it is necessary to explain the feasibility of the

method of considering Eq.(2) and the initial-boundary

conditions as constraints in defining K(Ω , Q) and

D(Ω , Q). If K(Ω , Q) and D(Ω , Q) were empty, the

method of analysing the well-posedness presented in

the paper would be invalid. It is proved in the ap-

pendix that the function space K(Ω , Q) is a non-empty

set for each set of given E0, H0, Fe, Kij and ρ. So

D(Ω , Q) is also non-empty.

Based on these two function spaces, we introduce

the following definitions suitable for the multi-medium

region.

Definition 1. A pair (E, H) ∈ K(Ω , Q) is said to

be a strong solution of the problem P, with the source

Js(x, t) ∈ L2(Ω , Q), the initial data (E0, H0) that

satisfy ε(x)E0(x) ∈ I(Ω) and µ(x)H0(x) ∈ I0(Ω),

and the functions Fe, Kij , ρ that satisfy Fe(x, t) ∈

H1/2(Γ , Q), Kij(x, t) ∈ H1/2(Γij , Q), ρ(x) ∈ L2(Ω),

if and only if it satisfies

∇× H(x, t) − ε(x)Ė(x, t) − σ(x)E(x, t) = Js(x, t)

almost everywhere in Ω × Q.

Definition 2. A pair (E, H) ∈ D(Ω , Q) is said to

be a weak solution of the problem P, with the source

Js(x, t) ∈ L2(Ω , Q), the initial data (E0, H0) that

satisfy ε(x)E0(x) ∈ J(Ω) and µ(x)H0(x) ∈ J0(Ω),

and the functions Fe, Kij , ρ that satisfy Fe(x, t) ∈

H1/2(Γ , Q), Kij(x, t) ∈ H1/2(Γij , Q), ρ(x) ∈ L2(Ω),

if and only if it satisfies

∫

Q

∫

Ω

[ε(x)E(x, t) · ė(x, t) − µ(x)H(x, t) · ḣ(x, t) − σ(x)E(x, t) · e(x, t)]dxdt

=

∫

Q

∫

Ω

Js(x, t) · e(x, t) dxdt +

∫

Q

∮

Γ

fe(x, t) · H(x, t) dΓdt

+

m−1
∑

i=1

m
∑

j=i+1

∫

Q

∫

Γij

ei(x, t) · Kij(x, t) dΓijdt −

∫

Ω

ε(x)E0(x) · e0(x) dx, (11)

∀ (e, h) ∈ K(Ω , Q),

where fe(x, t) = n × e(x, t), ∀(x, t) ∈ Γ × Q.

Equation (11) is another form of Eq.(1) in a weak

sense.

4. Homogenized transform of

initial-boundary conditions

The problem P includes inhomogeneous initial-

boundary conditions. For the convenience of analysis,

the initial-boundary conditions should be changed into

homogeneous ones by a suitable transform. The fol-

lowing method is derived from the method of making

the homogenized transform of initial conditions given

by Ref.[16]. We generalize it to suit for not only the

homogenized transform of the initial conditions, but

also the homogenized transform of the boundary con-

ditions. Simultaneously, the feasibility of the method

is proved.

Let

E′(x, t) = E(x, t) − e′(x, t),

and

H ′(x, t) = H(x, t) − h′(x, t),
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where (e′, h′) is any known function in K(Ω , Q), which

corresponds to the same E0, H0, Fe, Kij and ρ as

those for (E, H). Such a (e′, h′) is proved to be ex-

istential (see appendix), which ensures the feasibility

of the homogenized transform. Replace (E′, H ′) with

the old notation (E, H), then Eqs.(1) and (2) will

change into

∇× H(x, t) − ε(x)Ė(x, t)

− σ(x)E(x, t) = F (x, t), (12)

∇× E(x, t) + µ(x)Ḣ(x, t) = 0, (13)

where

F (x, t) = Js(x, t) −∇× h′(x, t)

+ ε(x)ė′(x, t) + σ(x)e′(x, t),

and F (x, t) ∈ L2(Ω , Q). After the above transform,

the initial conditions change into homogeneous ones

E(x, 0) = 0, and H(x, 0) = 0 . (14)

Furthermore, the boundary conditions also change into homogeneous ones

R0(Ω , Q) = {E, H ∈ L2(Ω , Q), E|Γij
, H |Γij

∈ H1/2(Γij , Q), E|Γ , H |Γ ∈ H1/2(Γ , Q) :

nij × [Ej(x, t) − Ei(x, t)] = 0, nij × [Hj(x, t) − Hi(x, t)] = 0,

∀(x, t) ∈ Γij × Q, i = 1, 2, · · · , m − 1, j = 2, 3, · · · , m, i 6= j;

n × E(x, t) = 0, ∀(x, t) ∈ Γ × Q}.

K(Ω , Q) and D(Ω , Q) change, respectively, into

K0(Ω , Q) = {E ∈ U(Ω , Q), H ∈ V(Ω , Q) : ∇× E(x, t) + µ(x)Ḣ(x, t) = 0;

E(x, 0) = 0, H(x, 0) = 0, ∀(x, t) ∈ Ω × Q; (E, H) ∈ R0(Ω , Q)},

D0(Ω , Q) = {E, H ∈ L2(Ω , Q) : E(x, 0) = 0, H(x, 0) = 0, ∀ x ∈ Ω ;
∫

Q

∫

Ω

[E(x, t) · ∇ × h(x, t) − µ(x)H(x, t) · ḣ(x, t)]dxdt = 0

∀ (e, h) ∈ K0(Ω , Q); (E, H) ∈ R0(Ω , Q)}.

Equation (11) in definition 2 changes into the following form:

∫

Q

∫

Ω

[ε(x)E(x, t) · ė(x, t) − µ(x)H(x, t) · ḣ(x, t) − σ(x)E(x, t) · e(x, t)]dxdt

=

∫

Q

∫

Ω

F (x, t) · e(x, t)dxdt, ∀ (e, h) ∈ K0(Ω , Q). (15)

After the homogenized transform of the initial-boundary conditions, the problem is equivalent to the original

problem P.

5. Energy-estimating inequality of the initial-boundary value problem

In this section, we combine the boundary conditions in the problem P and Gauss’s formula applied to

a multi-medium region with the frequently used method of energy integral in electromagnetics to derive the

energy-estimating inequality of the problem P.

Theorem 5.1 Each strong solution (E, H) ∈ K0(Ω , Q) to the problem P satisfies

∫

Q

∫

Ω

[ε(x)|E(x, t)|2 + µ(x)|H(x, t)|2]dxdt ≤ C

∫

Q

∫

Ω

|F (x, t)|2dxdt, (16)

where C is a positive constant, which is independent of the field position x and the time t.



2528 Xie Li et al Vol. 16

Proof Integrating over Ω the difference between the scalar product of Eq.(13) by H(x, t) and the scalar

product of Eq.(12) by E(x, t), we have

∫

Ω

∇ · [E(x, t) × H(x, t)]dx =

∫

Ω

[−ω̇(x, t) − σ(x)|E(x, t)|2 − E(x, t) · F (x, t)]dx, (17)

where

ω(x, t) = [ε(x)|E(x, t)|2 + µ(x)|H(x, t)|2]/2.

According to Gauss’s formula applied to a multi-medium region and the boundary conditions in R0(Ω , Q),

we can obtain
∫

Ω

∇ · [E(x, t) × H(x, t)]dx =

∮

Γ

[E(x, t) × H(x, t)] · n dΓ

+

m−1
∑

i=1

m
∑

j=i+1

∫

Γij

[Ei(x, t) × Hi(x, t) − Ej(x, t) × Hj(x, t)] · nij dΓij =

∮

Γ

[n × E(x, t)] · H(x, t) dΓ

+

m−1
∑

i=1

m
∑

j=i+1

∫

Γij

[nij × Ei(x, t) · Hi(x, t) − nij × Ej(x, t) · Hj(x, t)]dΓij =

∮

Γ

n × E(x, t) · H(x, t) dΓ

+

m−1
∑

i=1

m
∑

j=i+1

∫

Γij

nij × [Hj(x, t) − Hi(x, t)] · Ei(x, t) dΓij = 0. (18)

Letting W (t) =
∫

Ω
ω(x, t)dx, we can obtain

dW (t)

dt
=

∫

Ω

[−σ(x)|E(x, t)|2 − E(x, t) · F (x, t)]dx ≤
(

∫

Ω

|E(x, t)|2dx
)1/2(

∫

Ω

|F (x, t)|2dx
)1/2

≤

√

2

εmin
W 1/2(t)

(

∫

Ω

|F (x, t)|2dx
)1/2

. (19)

Using the separation of variables, and integrating inequality (19) over (0, t), we have

W (t) ≤
1

2εmin

[

∫ t

0

(

∫

Ω

|F (x, t)|2dx
)1/2

dt
]2

.

According to Hölder’s inequality,[22] there is

W (t) ≤
1

2εmin

(

∫ t

0

∫

Ω

|F (x, t)|2dxdt
)(

∫ t

0

dt
)

≤
T

2εmin

∫

Q

∫

Ω

|F (x, t)|2dxdt,

that is,
∫

Ω

[ε(x)|E(x, t)|2 + µ(x)|H(x, t)|2]dx ≤
T

εmin

∫

Q

∫

Ω

|F (x, t)|2dxdt. (20)

Integrating inequality (20) over (0, T ), we have

∫

Q

∫

Ω

[ε(x)|E(x, t)|2 + µ(x)|H(x, t)|2]dx ≤
T 2

εmin

∫

Q

∫

Ω

|F (x, t)|2dxdt. (21)

6. Well-posedness of the initial-

boundary value problem

In this section, an operator is introduced accord-

ing to the mathematical expression of the total current

law. By analysing the characteristics of the operator,

the well-posedness of the problem P is proved. As

stated previously, we develop the presented method

from the one given in Ref.[16], and we pay much more

attention to the difference between the strong and

weak solutions in that it may cause the incompletion

of the analysis when neglected.
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The operator Λ: K0(Ω , Q) → L2(Ω , Q) is intro-

duced according to the total current law. For any

u = (e, h) ∈ K0(Ω , Q), let

Λu = ∇× h(x, t) − ε(x)ė(x, t) − σ(x)e(x, t). (22)

The range of the operator R(Λ) ⊂ L2(Ω , Q).

Theorem 6.1 R(Λ) is dense in L2(Ω , Q).

Proof The closure of R(Λ), denoted by R(Λ),

is a closed linear subspace of L2(Ω , Q). Accord-

ing to the theory of functional analysis,[23] if R(Λ)

were not dense, there would exist a non-zero element

JE ∈ L2(Ω , Q), orthogonal to R(Λ), that is

∫

Q

∫

Ω

[∇× h(x, t) − ε(x)ė(x, t) − σ(x)e(x, t)] · JE(x, t)dxdt = 0, ∀(e, h) ∈ K0(Ω , Q). (23)

Introduce a vector JH such that (JE, JH) ∈ D0(Ω , Q), then (JE, JH) will satisfy
∫

Q

∫

Ω

[∇× h(x, t) · JE(x, t) − µ(x)JH(x, t) · ḣ(x, t)]dxdt = 0, ∀(e, h) ∈ K0(Ω , Q). (24)

Equation (23) minus Eq.(24) yields
∫

Q

∫

Ω

[µ(x)JH(x, t) · ḣ(x, t) − ε(x)ė(x, t) · JE(x, t) − σ(x)e(x, t) · JE(x, t)]dxdt = 0,

∀(e, h) ∈ K0(Ω , Q). (25)

Because of the arbitrariness of (e, h) in K0(Ω , Q), we can choose

e(x, t) =

{

(τ − t)v(x), 0 ≤ t ≤ τ,

0, τ ≤ t ≤ T,

where τ can be any value in Q. We choose

h(x, t) =

{ (

−
1

2
t2 + τt −

1

2
τ2

)

w(x), 0 ≤ t ≤ τ,

0, τ ≤ t ≤ T .

The choice of function h is different from that in Ref.[16], because the pair (e, h) should satisfy ∇× e(x, t) +

µ(x)ḣ(x, t) = 0. v(x) and w(x) are functions in H1(Ω), and they should satisfy

∇× v(x) + µ(x)w(x) = 0. (26)

Substituting (e, h) and their partial derivatives with respect to t into Eq.(25), the left-hand side of Eq.(25)

changes into a function of τ , denoted by g(τ), which is expressed as

g(τ) = −

∫ τ

0

∫

Ω

[ε(x)JE(x, t) · v(x) + µ(x)(τ − t)JH(x, t) · w(x)−(τ − t)σ(x)JE(x, t) · v(x)]dxdt.

According to the former assumption, ∀ τ ∈ Q = (0, T ), we have g(τ) ≡ 0, that is

∫ τ

0

∫

Ω

[ε(x)JE(x, t) · v(x) + µ(x)(τ − t)JH(x, t) · w(x)−(τ − t)σ(x)JE(x, t) · v(x)]dxdt ≡ 0. (27)

Differentiating Eq.(27) with respect to τ , we have

∫ τ

0

∫

Ω

[−σ(x)JE(x, t) · v(x) + µ(x)JH(x, t) · w(x)]dxdt +

∫

Ω

ε(x)JE(x, τ) · v(x) dx = 0. (28)

Let

JEI(x, τ) =

∫ τ

0

JE(x, t)dt, and JHI(x, τ) =

∫ τ

0

JH(x, t)dt,

then according to Eq.(28), (JEI, JHI) will satisfy
∫

Ω

[σ(x)JEI(x, τ) · v(x) − µ(x)JHI(x, τ) · w(x)]dx =

∫

Ω

ε(x)JE(x, τ) · v(x)dx. (29)
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If the difference between the strong and weak solutions was ignored here, the density of R(Λ) would be

derived easily by letting v(x) = JEI(x, τ) and w(x) = JH(x, τ). However, it cannot be ignored without the

consistency of the strong and weak solutions. So we try to prove it in another approach.

Because of the arbitrariness of v(x) and w(x), we let v(x) in Ωi be a function in H2(Ωi), w(x) in Ωi be a

function in H1(Ωi). They satisfy Eq.(26), and equal 0 in the other region of Ω . Denote such functions by vi(x)

and wi(x). It is easy to validate that vi(x) and wi(x) can ensure that (e, h) satisfies the exterior boundary

condition and the interface conditions except the one on Γi. Substituting vi(x) and wi(x) into Eq.(29), we have

∫

Ωi

[σ(x)JEI(x, τ) · vi(x) − µ(x)JHI(x, τ) · wi(x)]dx =

∫

Ωi

ε(x)JE(x, τ) · vi(x)dx. (30)

As C∞
0 (Ωi) is dense in L2(Ωi),

[24] we can find a C∞
0 (Ωi) function sufficiently close to JEI(x, τ) in Ωi. Letting

vi(x) equal the C∞
0 (Ωi) function in Ωi, we can have

‖vi(x) − JEI(x, τ)‖L2(Ωi) → 0. (31)

Determining the value of wi(x) in Ωi according to Eq.(26), we can derive

‖wi(x) − JH(x, τ)‖L2(Ωi) → 0. (32)

Thus vi(x) and wi(x) also ensure that (e, h) can satisfy the interface condition on Γi. It follows from expressions

(31) and (32) that

∫

Ωi

[ε(x)JEI(x, τ) · JE(x, τ) + µ(x)JHI(x, τ) · JH(x, τ)]dx →

∫

Ωi

σ(x)J 2
EI(x, τ)dx,

that is,
d

dτ

∫

Ωi

[ε(x)J 2
EI(x, τ) + µ(x)J 2

HI(x, τ)]dx →

∫

Ωi

σ(x)J 2
EI(x, τ)dx. (33)

We can deduce that, if JEI(x, τ) and JHI(x, τ) do not tend to zero, the following inequality exists:

∣

∣

∣

d

dτ

∫

Ωi

[ε(x)J 2
EI(x, τ) + µ(x)J 2

HI(x, τ)]dx
∣

∣

∣
≤

σmax

εmin

∫

Ωi

[ε(x)J 2
EI(x, τ) + µ(x)J 2

HI(x, τ)]dx.

Let

Wi(τ) =

∫

Ωi

[ε(x)J 2
EI(x, τ) + µ(x)J 2

HI(x, τ)]dx,

then the above inequality will change into

dWi(τ)

dτ
≤

σmax

εmin
Wi(τ).

Multiplied by e−τ on both sides, the above inequality

changes into
d[e−τWi(τ)]

dτ
≤ 0.

Then e−τWi(τ) ≤ Wi(0) → 0.

Therefore, on Ωi, JEI(x, τ) → 0 and JHI(x, τ) →

0. Letting i equal 1, 2, · · · , m separately, we can

obtain that JEI(x, τ) → 0 and JHI(x, τ) → 0 on Ω .

Owing to the arbitrariness of τ , JE(x, t) → 0 and

JH(x, t) → 0, ∀(x, t) ∈ Ω × Q.

Then we can prove the existence theorem of the

problem P.

Theorem 6.2 For any F (x, t) ∈ L2(Ω , Q), there

exists a weak solution to the problem P.

Proof From theorem 6.1, we know that, for

any F (x, t) ∈ L2(Ω , Q), there exists a sequence

{F n}∞n=1 ⊂ R(Λ), such that lim
n→∞

F n = F . Accord-

ingly, there exists a sequence (En, Hn) ∈ K0(Ω , Q),

which satisfy

∇× Hn(x, t) − ε(x)Ė n(x, t) − σ(x)En(x, t) = F n(x, t), n = 1, 2, · · · .
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From Theorem 5.1, we can deduce that, for any natural number n and m, (En, Hn), (Em, Hm) ∈ K0(Ω , Q)

satisfy
∫

Q

∫

Ω

[ε(x)|En(x, t)− Em(x, t)|2 + µ(x)|Hn(x, t)− Hm(x, t)|2]dxdt ≤ C

∫

Q

∫

Ω

|F n(x, t) −F m(x, t)|2dxdt. (34)

{F n}∞n=1 is a convergent sequence in L2(Ω , Q), so it is a Cauchy sequence in L2(Ω , Q). From the inequality

(34), we know that (En, Hn) (n = 1, 2, · · · ) is a Cauchy sequence in L2(Ω , Q). Owing the completeness of

L2(Ω , Q),[23] there must exist a pair (E, H) ∈ L2(Ω , Q), such that

lim
n→∞

En(x, t) = E(x, t), and lim
n→∞

Hn(x, t) = H(x, t).

Because (En, Hn) should satisfy Eq.(15), we can obtain
∫

Q

∫

Ω

[ε(x)En(x, t) · ė(x, t) − µ(x)Hn(x, t) · ḣ(x, t) − σ(x)En(x, t) · e(x, t)]dxdt =

∫

Q

∫

Ω

F n(x, t) · e(x, t)dxdt.

Let n → ∞, then we will have
∫

Q

∫

Ω

[ε(x)E(x, t) · ė(x, t) − µ(x)H(x, t) · ḣ(x, t) − σ(x)E(x, t) · e(x, t)]dxdt =

∫

Q

∫

Ω

F (x, t) · e(x, t)dxdt.

So it is clear that (E, H) is a weak solution of the problem P.

Thus we will prove the uniqueness theorem.

Theorem 6.3 After the homogenized transform of the initial-boundary conditions, problem P has only

one weak solution in the sense of definition 2.

Proof If there were two distinct weak solutions to the problem P, with their difference denoted by (E, H),

then (E, H) 6= (0,0). Equation (15) is reduced to
∫

Q

∫

Ω

[ε(x)E(x, t) · ė(x, t) − µ(x)H(x, t) · ḣ(x, t) − σ(x)E(x, t) · e(x, t)]dxdt = 0. (35)

(E, H) also satisfies
∫

Q

∫

Ω

[E(x, t) · ∇ × h(x, t) − µ(x)H(x, t) · ḣ(x, t)]dxdt = 0. (36)

Comparing Eqs.(35) and (36) with Eqs.(23) and (24), it is obvious that the forms of the equations are same

except the minus sign before σ(x). So a similar method of proving theorem 6.1 is implemented, and a similar

expression to expression (33) is derived as follows:

d

dτ

∫

Ωi

[ε(x)E2
I (x, τ) + µ(x)H2

I (x, τ)]dx → −

∫

Ωi

σ(x)E2
I (x, τ)dx. (37)

It should be noted that the difference between the strong and weak solutions is also considered in the abbreviated

part.

The right-hand side of expression (37) is less than 0. If EI(x, τ) and HI(x, τ) do not tend to zero, the

following inequality exists:
d

dτ

∫

Ωi

[ε(x)E2
I (x, τ) + µ(x)H2

I (x, τ)]dx ≤ 0.

Then ∫

Ωi

[ε(x)E2
I (x, τ) + µ(x)H2

I (x, τ)]dx ≤

∫

Ωi

[ε(x)E2
I (x, 0) + µ(x)H2

I (x, 0)]dx = 0.

Therefore, on Ωi, EI(x, τ) → 0 and HI(x, τ) → 0. Letting i equal 1, 2, · · · , m separately, we can derive

that on Ω , EI(x, τ) → 0 and HI(x, τ) → 0. Owing the arbitrariness of τ , E(x, t) → 0 and H(x, t) → 0,

∀(x, t) ∈ Ω × Q.

Then we discuss the stability of the weak solution to the problem P. According to theorem 6.2, for any

F1(x, t), F2(x, t) ∈ L2(Ω , Q), there exist corresponding weak solutions (E1, H1), (E2, H2) ∈ L2(Ω , Q), and

also exist {F n
1 }∞n=1, {F n

2 }∞n=1 ⊂ R(Λ), such that

lim
n→∞

F n
1 = F1, lim

n→∞
F n

2 = F2, and lim
n→∞

(F n
1 − F n

2 ) = F1 − F2.
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There also exist sequences (En
1 , Hn

1 ), (En
2 , Hn

2 ) ∈ K0(Ω , Q), (n = 1, 2, · · · ). For any natural numbers n and

m, the following inequalities exist:

∫

Q

∫

Ω

[ε(x)|En
1 (x, t) − Em

1 (x, t)|2 + µ(x)|Hn
1 (x, t) − Hm

1 (x, t)|2]dxdt

≤ C

∫

Q

∫

Ω

|F n
1 (x, t) − F m

1 (x, t)|2dxdt,

∫

Q

∫

Ω

[ε(x)|En
2 (x, t) − Em

2 (x, t)|2 + µ(x)|Hn
2 (x, t) − Hm

2 (x, t)|2]dxdt

≤ C

∫

Q

∫

Ω

|F n
2 (x, t) − F m

2 (x, t)|2dxdt,

∫

Q

∫

Ω

[ε(x)|En
1 (x, t) − En

2 (x, t) − Em
1 (x, t) + Em

2 (x, t)|2

+ µ(x)|Hn
1 (x, t) − Hn

2 (x, t) − Hm
1 (x, t) + Hm

2 (x, t)|2]dxdt

≤ C

∫

Q

∫

Ω

|F n
1 (x, t) − F n

2 (x, t) − F m
1 (x, t) + F m

2 (x, t)|2dxdt. (38)

If ‖F1 − F2‖L2(Ω ,Q) → 0, when n and m are sufficiently large, the right-hand side of inequality (38) tends to 0.

Accordingly, the left-hand side also tends to 0. So

‖E1 − E2‖L2(Ω ,Q) = ‖ lim
n→∞

(En
1 − En

2 )‖L2(Ω ,Q) → 0,

‖H1 − H2‖L2(Ω ,Q) = ‖ lim
n→∞

(Hn
1 − Hn

2 )‖L2(Ω ,Q) → 0.

That is, the weak solution to the problem P is stable.

7. Application example

As an application of the initial-boundary value

problem of time-varying linear electromagnetic field,

we derive the analytical solution of the electric field

produced by a single pulse of current in this section.

Fig.1. The plane of circular loop parallel to the conduct-

ing medium occupying half-space.

It should be noted that even one thousand exam-

ples cannot verify the previous well-posedness results,

but only one counter example is sufficient to defeat

them. The purpose of the following example is only

to explain how the well-posedness results affect the

analysis of an example.

Fig.2. The waveform of the exciting current.

A similar example has been analysed in Ref.[25].

However, in their initial-boundary value problem, the

equations do not include the displacement current

density, and the interface condition (3) is replaced

by the interface condition of the normal component

of the magnetic flux density, which distinguish the
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eddy-current electromagnetic problem from the time-

varying electromagnetic problem.

In the case of Fig.1, a circular current loop is lo-

cated in the half-space with zero conductivity, con-

stant permeability µ0 and permittivity ε0. The other

half-space is occupied by a conducting medium with

constant electromagnetic parameters ε, σ and µ. The

plane of the circular loop is parallel to the interface

and an alternating current is flowing in it. The radius

of the circular loop is a, and the distance between the

centre of the circular loop and the interface is h. The

cylindrical system of coordinates O−ρφz is suitable for

analysis. The origin O is chosen to be fixed on the in-

terface, the z-axis coincides with the symmetrical axis

of the circular loop, and the relationship between the

positive direction of the axis z and the reference direc-

tion of the current i(t) in the loop obeys the right-hand

screw rule. The waveform of i(t) is shown in Fig.2.

According to the axisymmetrical feature of the

field region, the electric field E is independent of co-

ordinate variable φ, and there exists E = Eφeφ. Di-

viding the field region into three parts, and supposing

the initial value of electric field to be zero, we can

derive the initial-boundary value problem of Fig.1 ac-

cording to Eqs.(1)–(10).

{

∇× H1 − σE1 − εĖ1 = 0,

∇× E1 + µḢ1 = 0, z < 0,

(39)

(40)

{

∇× H2 − ε0Ė2 = 0,

∇× E2 + µ0Ḣ2 = 0, 0 < z < h,

(41)

(42)

{

∇× H3 − ε0Ė3 = 0,

∇× E3 + µ0Ḣ3 = 0, z > h,

(43)

(44)

{

ez × (E2 − E1) = 0,

ez × (H2 − H1) = 0, z = 0,

(45)

(46)

{

ez × (E3 − E2) = 0,

ez × (H3 − H2) = I0[u(t) − u(t − t0)]δ(ρ − a)eφ, z = h,

(47)

(48)

lim
r→∞

Ei = 0, (49)

Ei|t=0 = 0, (50)

Hi|t=0 = 0, (51)

where i = 1, 2, 3, u(t) is a unit step function, δ is the

Dirac δ-function, and r =
√

ρ2 + z2.

The derived well-posedness results indicate that

the above problem can be solved, and the solution is

unique. Therefore, the solution can be calculated by

any appropriate method, including analytical and nu-

merical methods. In addition, when the accuracy of

measurements or the word length limit of computers

causes some errors in the initial data, the results of

numerical calculation will not vary greatly from the

accurate ones.

Next, a simple method is chosen to derive the an-

alytical solution.

Firstly, according to the initial conditions (50)

and (51), the Laplace transforms of Eqs.(39)–(49) with

respect to t can be obtained.

Secondly, by an equivalent transformation, the

initial-boundary value problem changes into

∇2Ei + k2
i Ei = 0,

∇ · Ei = 0,

(52)

(53)
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{

ez × (E2 − E1) = 0,

ez ×
( 1

µ
∇× E1 −

1

µ0
∇× E2

)

= 0, z = 0,
(54)

(55)
{

ez × (E3 − E2) = 0,

ez × (∇× E2 −∇× E3) = sI(s)µ0δ(ρ − a)eφ, z = h,
(56)

(57)

lim
r→∞

Ei = 0, (58)

where i = 1, 2, 3, k2
1 = −εµs2 − µσs, k2

2 = k2
3 = −ε0µ0s

2, and I(s) = (I0/s)(1 − e−t0s).

Thirdly, supposing u1 = (λ2 + εµs2 + µσs)1/2 and u2 = (λ2 + ε0µ0s
2)1/2, and using the separation of

variables, the general solution expressions of the electric field components can be obtained as follows:

E1φ =

∫ ∞

0

C1J1(λρ)eu1zdλ, z < 0, (59)

E2φ =

∫ ∞

0

(C21e
u2z + C22e

−u2z)J1(λρ)dλ, 0 < z < h, (60)

E3φ =

∫ ∞

0

C3J1(λρ)e−u2zdλ, z > h. (61)

After deriving the coefficients C1, C21, C22, C3 by using boundary conditions (54)–(57), the expressions of

electric field on complex number field are obtained as follows:

E1 = −µasI(s)

∫ ∞

0

λJ1(λa)J1(λρ)
eu1z−u2h

µru2 + u1
dλeφ, z < 0, (62)

E2 = −
µ0asI(s)

2

∫ ∞

0

λJ1(λa)J1(λρ)e−u2h
[e−u2z(µru2 − u1)

u2(µru2 + u1)
+

eu2z

u2

]

dλeφ, 0 < z < h, (63)

E3 = −
µ0asI(s)

2

∫ ∞

0

λJ1(λa)J1(λρ)e−u2z
[e−u2h(µru2 − u1)

u2(µru2 + u1)
+

eu2h

u2

]

dλeφ, z > h. (64)

Lastly, after the inverse Laplace transform,[26] the

expression of the electric field in time domain can be

derived. All the solutions (62)–(64) have the uniform

structure E(s) = I(s)M(s), where I(s) = L[i(t)].

Therefore, e(t) = L−1[E(s)] = i(t) ∗ m(t), where

m(t) = L−1[M(s)], and the convolution algorithm ‘∗’

can be calculated by the approach given in Ref.[27].

We can easily obtain the following results from

the solution. The first one is that the derived solution

satisfies Eqs.(39)–(51), implying the existence of the

solution to the problem. The second one is that the

coefficients of the solutions are uniquely determined in

the solving process, showing the uniqueness of the so-

lution. The last one is that the fields will vary slightly

when the range of the pulse I0 or the width of pulse t0

varies slightly, indicating the stability of the solution.

8. Conclusion

In this paper, the initial-boundary value problem

of the time-varying linear electromagnetic field with

different inhomogeneous boundary conditions in the

multi-medium region has been studied. On the ba-

sis of the solution definitions, homogenized transform

of initial-boundary conditions and introduction of a

linear operator Λ, it is proved that the solution to a

time-varying linear electromagnetic problem is exis-

tential, unique and stable. The results can provide

theoretical support for the analysis and calculation of

the time-varying linear electromagnetic field.

Appendix: Existence of K(Ω , Q)

A function space is said to be existential if it is non-empty.
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According to the mathematical form of space K(Ω , Q) in Section 2, its element should satisfy the following

constraint equation:

∇× E(x, t) + µ(x)Ḣ(x, t) = 0, (x, t) ∈ Ω × Q. (A1)

Integrating over Ω the scalar product of Eq.(A1) by H(x, t), yields

1

2

d

dt

∫

Ω

µ(x)H2(x, t) dx +

∫

Ω

[∇× E(x, t)] · H(x, t) dx = 0. (A2)

After its rearrangement, Eq.(A2) changes into

1

2

d

dt

∫

Ω

µH2 dx +

∫

Ω

(∇× H) · E dx +

∮

Γ

(E × H) · n dx

+
m−1
∑

i=1

m
∑

j=i+1

∫

Γij

(Ei × Hi − Ej × Hj) · nij dx = 0. (A3)

If the existence of K(Ω , Q) still can be proved when some conditions which are uncontradicted with K(Ω , Q)

are added, the primary K(Ω , Q) exists definitely. Therefore, letting ∇×H = εĖ +σE, and substituting it into

Eq.(A3), we can derive

1

2

d

dt

∫

Ω

µH2 dx +
1

2

d

dt

∫

Ω

εE2 dx +

∫

Ω

σE2 dx

+

∮

Γ

(E × H) · n dx +

m−1
∑

i=1

m
∑

j=i+1

∫

Γij

(Ei × Hi − Ej × Hj) · nij dx = 0. (A4)

Integrating both sides of Eq.(A4) with respect to t over (0, t) gives

1

2

∫

Ω

µH2 dx = −
1

2

∫

Ω

εE2 dx +
1

2

∫

Ω

µH2
0 dx +

1

2

∫

Ω

εE2
0 dx −

∫ t

0

∫

Ω

σE2 dxdt

−

∫ t

0

∮

Γ

(E × H) · n dxdt −
m−1
∑

i=1

m
∑

j=i+1

∫ t

0

∫

Γij

(Ei × Hi − Ej × Hj) · nij dxdt. (A5)

When E|Γij
, H |Γij

∈ H1/2(Γij , Q), E|Γ , H |Γ ∈ H1/2(Γ , Q), there exist

∣

∣

∣

∫ t

0

∮

Γ

(E × H) · n dxdt
∣

∣

∣
< ∞, and

∣

∣

∣

m−1
∑

i=1

m
∑

j=i+1

∫ t

0

∫

Γij

(Ei × Hi − Ej × Hj) · nij dxdt
∣

∣

∣
< ∞.

In K(Ω , Q), (E, H) ∈ R(Ω , Q). Substituting the conditions in R(Ω , Q) into Eq.(A5), we have

1

2

∫

Ω

µH2 dx = −
1

2

∫

Ω

εE2 dx +
1

2

∫

Ω

µH2
0 dx +

1

2

∫

Ω

εE2
0 dx −

∫ t

0

∫

Ω

σE2 dxdt

−

∫ t

0

∮

Γ

Fe · H dxdt −
m−1
∑

i=1

m
∑

j=i+1

∫ t

0

∫

Γij

Ei · Kij dxdt. (A6)

The functions Kij and Fe can be chosen arbitrar-

ily under the condition that Kij ∈ H1/2(Γij , Q) and

Fe ∈ H1/2(Γ , Q). So

∫ t

0

∮

Γ

Fe · H dxdt < ∞,

and

m−1
∑

i=1

m
∑

j=i+1

∫ t

0

∫

Γij

Ei · Kij dxdt < ∞.

ε(x)E0(x) ∈ I(Ω), µ(x)H0(x) ∈ I0(Ω), and εi, µi are
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continuous functions in Ωi, so
∫

Ω

µH2
0dx < ∞,

and ∫

Ω

εE2
0dx < ∞.

By treating t as a parameter, if E ∈ L2(Ω), there exist
∫

Ω

εE2dx < ∞,

and
∫ t

0

∫

Ω

σE2dxdt ≤

∫ T

0

∫

Ω

σE2dxdt < ∞.

We can know that H ∈ L2(Ω) according to Eq.(A6).

From the above analysis, we can find that the con-

straints on E0, H0, E|Γij
, H |Γij

, E|Γ , H |Γ , Kij and

Fe in K(Ω , Q) all to ensure H ∈ L2(Ω).

Integrating both sides of Eq.(A1) with respect to

t over (0, t), yields

H(x, t) = H0(x) −
1

µ(x)

∫ t

0

∇× E(x, t)dx. (A7)

If H0 and E are given in the inner region of Ω ex-

cept the exterior boundary and the interfaces, H can

be determined by Eq.(A7). When E ∈ U(Ω , Q) and

H0 ∈ H1(Ω), the function H determined by them is

a function in V(Ω , Q).

According to the above analysis, we can give a

method to construct the elements of K(Ω , Q). The

procedure is as follows: firstly, let (E, H) equal

(E0, H0) at the initial moment; secondly, let E equal

any H1/2(Γ , Q) function on the exterior boundary

which satisfies n×E = Fe, and equal any H1/2(Γij , Q)

function on the interfaces which satisfies nij × (Ej −

Ei) = 0; thirdly, let H equal any H1/2(Γ , Q) function

on the exterior boundary, and equal any H1/2(Γij , Q)

function on the interfaces which satisfies nij × (Hj −

Hi) = Kij ; Lastly, given any E ∈ U(Ω , Q) in the

inner region of Ω except the exterior boundary and

the interfaces, the value of H in the inner region of Ω

except the exterior boundary and the interfaces can

be determined according to Eq.(A7).

Thus, the elements of K(Ω , Q) can be con-

structed, which means that K(Ω , Q) is existential.
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