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The well-posedness of the initial-boundary value problem of the time-varying linear electromagnetic field in a

multi-medium region is investigated. Function spaces are defined, with Faraday’s law of electromagnetic induction and

the initial-boundary conditions considered as constraints. Gauss’s formula applied to a multi-medium region is used to

derive the energy-estimating inequality. After converting the initial-boundary conditions into homogeneous ones and

analysing the characteristics of an operator introduced according to the total current law, the existence, uniqueness and

stability of the weak solution to the initial-boundary value problem of the time-varying linear electromagnetic field are

proved.
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1. Introduction

The well-posedness (i.e. the existence, uniqueness
and stability of the solution) of the initial-boundary
value problem is significant for analysing and cal-
culating a time-varying linear electromagnetic field.
The existence of the solutions makes the processes of
solving electromagnetic problems meaningful.l'l The
uniqueness of the solutions permits one to choose dif-
ferent appropriate methods to solve electromagnetic

[ The stability of solutions ensures the re-

problems.
liability of calculating results when some errors occur

in the initial-boundary data.!

The well-posedness of various initial-boundary
value problems has been investigated by many re-
searchers in the field of applied mathematics.!**! How-
ever, most of those results cannot provide the well-
posedness information for the time-varying linear elec-
tromagnetic problem. Because the field region in en-
gineering electromagnetics always comprises multiple
media,®7 and their boundary conditions used fre-
quently are different from the ones used by mathe-
matical researchers. In the field of engineering elec-
tromagnetics, many researchers who are engaged in
the numerical calculation of electromagnetic field sel-
dom consider the well-posedness of the time-varying

linear electromagnetic problem. Unless the initial-
boundary value problem of the time-varying linear
electromagnetic field is well-posed, the neglecting of
well-posedness may have caused many results of elec-
tromagnetic problems invalid, which has not yet been
found until now. After all, there exist many examples
of ill-posed problems in mathematics.!8—10]

Some researchers have studied the characteris-
tics of the solution to some kinds of electromag-
netic problems.'1 =18 One of Maxwell’s equations was
firstly considered as a constraint in the study of initial-
boundary value problem in Ref.[19]. Then the method
was developed in Ref.[16] to discuss the asymptotic be-
haviour of the solution to the electromagnetic initial-
boundary value problem in a single-medium region
under special boundary conditions, which provides a
beneficial method for our analysis in a multi-medium
region. In this paper, the results have been general-
ized in the following aspects.

Firstly, the generalized results are applicable to
the electromagnetic problems with the inhomogeneous
Dirichlet boundary conditions, which are used fre-
quently in time-varying linear electromagnetic prob-
lems. For the problems with inhomogeneous boundary
conditions, the existence of solutions strongly relies on
the traces of fields on the boundaries and at ¢t = 0. In
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this paper, we present the limits of the traces to en-
sure the existence of solutions to the initial-boundary
value problems.

Secondly, it is proved in the paper that the
method to define function spaces, with one of Max-
well’s equations and the initial-boundary conditions
The feasible
explanation which ensures that the defined function

considered as constraints, is feasible.

spaces are non-empty is fundamental to the analysis.

Thirdly, the difference between the strong and
weak solutions is emphasized in many parts of the
paper, which sometimes is neglected by other re-
searchers, thus causing the incompletion of analysis.

Fourthly, the field region discussed in the paper is
composed of multiple media instead of single medium.
In the multi-medium problem, the electric field E and
magnetic field H should satisfy two interface condi-
tions of tangential components simultaneously on the
interfaces between two media, and satisfy one of them
on the exterior boundary, which is different from the
problem in single medium region. In this paper we use
Gauss’s formula applied to a multi-medium region?"!
for analysing the different boundary conditions.

Fifthly, the results in the paper exist when the
free charge density p # 0. For simplicity, p has been
assumed to be zero in the field region as in many
papers.[1416:19] The above assumption does not hold
true when the relaxation time of a medium is very
long.?" Replacing the initial-boundary value prob-
lem expressed by Maxwell’s equations with the one
expressed by two equivalent rotation equations, the
results which are applicable to the case of p # 0 can
be derived.

2. Expressions of the initial-
boundary value problem

The initial-boundary value problem of time-
varying linear electromagnetic field can be expressed
as follows:

Let 2 denote the fixed, bounded, three-
dimensional region which consists of m kinds of lin-
ear media (21, {2, -+, . {2 is a simply connected
region with sufficiently smooth, closed boundary I7j.
In (2;, electric field E; and magnetic field H; are pro-
duced by the source current density Js(z,t). Permit-
tivity ;(x), permeability p;(x) and conductivity o;(x)
in {2; are all continuous functions of field position =,
and there exist finite positive constants €,i, and fimin,

such that 0 < epin < gi(x) < 00, 0 < fimin < pi(x) <
00,0 < oi(x) <o0,i=1,2,-+-,m.

The exterior boundary of {2 is denoted by I". Sup-
pose T to be a positive constant, and @ = (0,7). As-
sume that a function symbol with a dot ‘-’ above a
letter means the first-order partial derivative of the
function with respect to ¢, then the fields E(z,t) and
H (z,t) will satisfy
1) equations:

V x H(z,t) —e(x)E(x,t) — o(z)E(z,t)

= Jy(z,1), (1)
V x E(z,t) + p(x)H (z,t) = 0, (2)
(z,t) € 2 xQ,
2) interface conditions:
n;; x [Ej(z,t) — E;i(z,t)] =0, (3)
nij X [Hj(x,t) — Hi(z,t)] = Kij(z, 1), (4)

(x,t)e[’inQ, i:1,2,~-~,m—1,

i # J,

3) exterior boundary conditions:

j:2537"'7m7

n X E(z,t) = Fe(z,t), (5)
n x H(z,t) = Fy(z,t), (6)
(z,t) e I' x Q,

4) Initial conditions:
E(z,0) = Ey(), (
H(z,0) = Hy(z), (8
V- [e(@)E(2,0)] = p(x), (
V- (@) H (2,0)] =0,
x € {2,

where m;; is the unit normal vector pointing from
medium ¢ to medium j on the interface I;;, K;;(z,t)
is the current surface density on I7j;, m is the unit
normal vector outward on the exterior boundary I,
and p(z) is the free charge density in the field region
when t = 0. K;;, Fe, F,, Ey, Hy and p are all known
functions.

The above problem is denoted by P.

Notes:

1) In electromagnetic theory, Eq.(1) is the mathe-
matical expression of the total current law, and Eq.(2)
is the mathematical expression of Faraday’s law of

electromagnetic induction. Two divergence equations
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in Maxwells equations are regarded as the constraints
imposed on the initial data of the initial-boundary
value problem. Therefore, p exists only in the ini-
tial conditions of the problem, which is independent
of t.

2) On the exterior boundary, it is required in the
problem P that one of the exterior boundary condi-
tions (5) and (6) should be satisfied. In the following
discussion, we assume condition (5) to be satisfied. It

I(2)={ec H'(R): V-e=p, pc L*(2)},

J(Q) = {e e L2(Q) /

[0}

can be analysed similarly when condition (6) is satis-
fied.

3. Definitions of solution

Focusing on the multi-medium characteristics of
the field region, we introduce the following function
spaces to define the strong and weak solutions:

I°(2)={ec H'(2): V-e=0},

e-ngdx:—/ﬂpqﬁdx, pe L), V¢:Z¢i’ ¢ € CH(12), suppgbiCQi},
=1

(@) = {eer?(@): [ e-Vods =0, %= o, 6:€ CU(@), swpp s © 24},
§2 i=1

UR,Q) = L*(Q; H*(2)) N H'(Q; L*(£2)),

V(2,Q) = L*(Q: H' (2)) N H*(Q; L*(12)),

R(2,Q) ={E,H € L*(2,Q), E|r,,, H|r, € H/*(';,Q), E|r,H|r € H/*(I',Q):
nij X [EJ(I,t) — El(x,t)] = 0, nij X [Hj(x,t) — Hl(I,t)] = Kij(I,t),

V(x,t)efij XQ, 1

K € HY*(I;;,Q);

i:172a"'7m_ )

n X E(x,t) = Fo(x

C}(£2) is the space of functions defined on 2 with con-
tinuous derivatives of first order and compact supports
in 2. L2(R2) is the space of all the square summable
functions on 2. H!(R2) is the space of the elements
in L2(£2) that have square summable first-order gen-
eralized derivatives on 2. J({2) is composed of all the
function e which satisfies V - e = p in a weak sense.
JO(£2) is composed of all the function e which satisfies
V-e = 0in a weak sense. The function in U(§2, Q) has
second-order generalized derivatives with respect to z
and first-order generalized derivatives with respect to
t. The function in V({2, Q) has first-order generalized
derivatives with respect to  and second-order gener-
alized derivatives with respect to t. HY?(I',Q) is a

j:
7t)7
|

2735"'5m5 Z#]?

V(z,t) e I'xQ, F,e HY*(I,Q)}.

1/2-order Sobolev space defined on I"' x Q. R(£2,Q) is
composed of all the (E, H) which satisfies boundary
conditions on the interfaces and the exterior bound-
ary.

It should be noted that, in a multi-medium re-
gion, the traces of the fields on the boundaries are
limited, because the function spaces which the traces
belong to will affect the existence of the solution. The
functions K;; and F, in R(£2, Q) can be chosen arbi-
trarily under the condition that K,;; € H'Y?(I};,Q)
and F, € HY?(I', Q).

With the above function spaces, we can treat
Eq.(2) as a constraint in defining the following func-
tion space:

K(2,Q)={EcU(2,Q), HeV(2,Q): Vx E(x,t) + ,u(x)H(:z:,t) =0, E(z,0) = Ey(x),
H(r,0) = Holx), ¥(a,1) € 2 x Q, =(x) Bo(a) € (), p(a)Ho(x) € 1°(2); (B, H) € R(2,Q)}.

K(£2,Q) is composed of all the (E, H) which satisfies Eq.(2) in 1), 2), 3), 4) in the problem P. The functions E
and Hy can be chosen arbitrarily under the condition that e(z)Eq(z) € I(2) and p(z)Hy(z) € 19(£2). When
Eq.(2) exists in a weak sense, the function space changes accordingly into

D(2,Q) = {E,H e I}(2,Q) : B(x,0) = Fo(x), H(x,0) = Ho(x), () Bo(x) € J(2), pl) Ho(w) € J(2);
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/ / [E(z,t) -V x h(z,t) — p(x)H (x,t) - h(z,t)]dzdt = / w(z)Ho(z) - ho(x) dz
QJe

_/Qﬁpe(x,t)-h(:v,t) dFdf—mi:l Zml

i=1 j=i+1

Ve, h) € K(2,Q); (B, H) € R(2,Q)}.

The functions Ey and H, can be chosen arbitrar-
ily under the condition that £(z)Ey(x) € J(£2) and
pu(x)Ho(z) € JO(£2).

Here it is necessary to explain the feasibility of the
method of considering Eq.(2) and the initial-boundary
conditions as constraints in defining K({2,Q) and
D(2,Q). If K(£2,Q) and D({2,Q) were empty, the
method of analysing the well-posedness presented in
the paper would be invalid. It is proved in the ap-
pendix that the function space (2, Q) is a non-empty
set for each set of given Eq, Hy, F, K;; and p. So
D(£2,Q) is also non-empty.

Based on these two function spaces, we introduce
the following definitions suitable for the multi-medium
region.

Definition 1. A pair (E, H) € K(2,Q) is said to

/Q | E@B.0

2

/ / ng; X [hj (LL',t) — hl(,T, t)] 'Ei(l',t) dFijdt,
QJIij

be a strong solution of the problem P, with the source
Js(z,t) € L?(2,Q), the initial data (Eg, Hp) that
satisfy e(z)Eo(x) € I1(£2) and u(z)Ho(z) € I°(92),
and the functions F, K;j;,p that satisfy Fe(z,t) €
H'Y2(I,Q), Kij(x,t) € H/(I3,Q), p(x) € L*(92),
if and only if it satisfies

V x H(z,t) —e(x)E(x,t) — o(z)E(z,t) = Js(z,t)

almost everywhere in {2 x Q.

Definition 2. A pair (E, H) € D(£2,Q) is said to
be a weak solution of the problem P, with the source
Js(z,t) € L3(2,Q), the initial data (Ey, Hp) that
satisfy e(z)Eo(z) € J(2) and u(x)Hy(z) € JO(£2),
and the functions F, K;;, p that satisfy Fe(z,t) €
Hl/z([’v Q)7 Kij(xvt) € H1/2(Fij7 Q)u p(ac) € L2(‘Q)7
if and only if it satisfies

cé(x,t) — p(x)H(x,t) - hz,t) — o(z)E(x,t) - e(x, t)]dedt

_4AL@deMM+Aﬁﬁ@WH@ﬂM&

+ Z Z /Q/F” Ei(x,t) . Kij(:c,t) dFijdt — /QE(Q:)EO(x) . 60(:17) dZC, (11)

i=1 j=i+1

V(e,h) € K(£2,Q),

where fo(z,t) = n X e(x,t), V(z,t) € I' X Q.
Equation (11) is another form of Eq.(1) in a weak

sense.

4. Homogenized transform of

initial-boundary conditions

The problem P includes inhomogeneous initial-
boundary conditions. For the convenience of analysis,
the initial-boundary conditions should be changed into
homogeneous ones by a suitable transform. The fol-

lowing method is derived from the method of making
the homogenized transform of initial conditions given
by Ref.[16]. We generalize it to suit for not only the
homogenized transform of the initial conditions, but
also the homogenized transform of the boundary con-
ditions. Simultaneously, the feasibility of the method
is proved.
Let

E'(x,t) = E(z,t) — €' (x,t),

and
H/(.I,t) = H(.I,t) - h/(Ia t)v
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where (e, h') is any known function in (2, @), which V x E(z,t) + p(z)H (z,t) = 0, (13)
corresponds to the same Eq, Hy, F,, K;; and p as
those for (E, H). Such a (e/,R’) is proved to be ex- ~ Where
istential (see aPpendix), which ensures the feasibillity F(a,t) = Ju(,8) — V x B (2,1)
of the homogenized transform. Replace (E’, H') with

the old notation (E,H), then Eqs.(1) and (2) will +e(@)€(2,t) +o(z)e (z,1),

change into
and F(z,t) € L?(2,Q). After the above transform,

V x H(x,t) - &(x) E (,1) the initial conditions change into homogeneous ones

—o(z)E(x,t) = F(x,t), (12) E(z,0)=0, and H(z,0)=0. (14)

Furthermore, the boundary conditions also change into homogeneous ones

R°(2,Q) ={E.H € L*(2,Q), E|r,, (I;,Q), E|r,H|p € HY*(I',Q) :

ng; X [Ej(l‘,f) — El(ac,t)] = O, n;; X [Hj($,t) — Hl(:v,t)] = O,

V((E,t)erinQ, 7;:1727"'7m_17 j:2737"'7m7 175]7
nx E(z,t) =0, Y(z,t) e I' x Q}.

K(£2,Q) and D(£2, Q) change, respectively, into

K°2,Q)={EclU(2,Q), HeV(2,Q): V x E(z,t) + u(x)H (z,t) = 0;
E(x,0)=0, H(z,0)=0, Y(r,t) € 2 xQ; (E,H)<cR"(2,Q)},
DY(2,Q)={E,H € L*(2,Q): E(x,0)=0, H(2,0)=0, Vz¢c

/Q/Q[E(:c,t) 'V x h(z, ) — p(x) H (2, 1) - h(z, )]dadt = 0
¥ (e,h) € KY(2,Q); (E,H)eR"(2,Q)}.
Equation (11) in definition 2 changes into the following form:
/Q /{ (@) Bz 1) - é(at) ~ p()H @) - h(at) = o) Ew.1) - o, )] dads
_ /Q/Q Fla,1) - e(z,)dadt, ¥ (e,h) € K°(2,Q). (15)

After the homogenized transform of the initial-boundary conditions, the problem is equivalent to the original
problem P.

5. Energy-estimating inequality of the initial-boundary value problem

In this section, we combine the boundary conditions in the problem P and Gauss’s formula applied to
a multi-medium region with the frequently used method of energy integral in electromagnetics to derive the
energy-estimating inequality of the problem P.

Theorem 5.1 Each strong solution (E, H) € K°(£2,Q) to the problem P satisfies

// DB, )2 + () | H (2, ) ]d:vdt<C/ / \F(z, 1)2dadt, (16)

where C' is a positive constant, which is independent of the field position z and the time t.
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Proof Integrating over {2 the difference between the scalar product of Eq.(13) by H(z,t) and the scalar
product of Eq.(12) by E(x,t), we have

V[E(z,t) x H(z,t)]dz = / [—w(z,t) — o(2)|E(x,t)]* — E(x,t) - F(x,t)]dz, (17)

2 2

where
w(z,t) = [e(x)| Bz, t)]* + p(x)| H (,)[*]/2.

According to Gauss’s formula applied to a multi-medium region and the boundary conditions in R°(£2, @),
we can obtain

/ V- [E(z,t) x H(z,t)|dz = jl{ [E(z,t) x H(z,t)] -ndl
Ie;

r

m

Y m

) x Hi(z,t) — Ej(z,t) x Hj(x,t)] - ng; dly; = 7{ [n x E(x,t)] - H(z,t) dI’
=1 j=1i+1 Iy r

m

+ Z > / [ni; x Bi(x,t) - Hi(z,t) — ng; x E;(z,t) - H(z, 1)) :jéan(x,t)-H(x,t) dr
1=1 j=1+1 F r
4 Z 3 / ns; % [Hj(@,t) — Hy(x, )] - Bi(z,t) ATy = 0. (18)
=1 j=i+1 Iij
Letting W(t) = [,w o w(z,t)dz, we can obtain

dIZt(t) - /Q[‘U(CCNE(CCJ)F — E(z,t) - F(z,t)dx < ( : IE(:c,t)I“‘da:)l/Q( ) |F(x,t)|2d:c)l/2

/2
< JZwrrg /|Fxt)|2da:) . (19)
Emll’l

Using the separation of variables, and integrating inequality (19) over (0,t), we have

/2 12
/ / |F(x,t) | d:z: t} .
2€m11’l

According to Holder’s inequality,[?? there is

1 ! 2 ! 2
< <
W) < 5— (/0 i |F(z,1)| d:cdt) (/0 dt) < 2€mm/ / |F(z,t)[2dadt,

Wi(t) <

that is,
/Q[a(x)|E(:c,t)|2 b ()| H ()] da < Emm/ / Pz, 0)[2dadt. (20)
Integrating inequality (20) over (0,7'), we have
/ / DE (@, )7 + (@) | H (z, )] dz < Emm/ [ (Pt Pt (21)
|
6. Well-posedness of the initial- the well-posedness of the problem P is proved. As

boun dary value problem stated previously, we develop the presented method

from the one given in Ref.[16], and we pay much more

. . . attention to the difference between the strong and
In this section, an operator is introduced accord- &

. . . weak solutions in that it may cause the incompletion
ing to the mathematical expression of the total current .
. .. of the analysis when neglected.
law. By analysing the characteristics of the operator,
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The operator A: K°(2,Q) — L?(£2,Q) is intro- Theorem 6.1 R(A) is dense in L?(£2, Q).
duced according to the total current law. For any Proof The closure of R(A), denoted by R(A),
u= (e h) € K°(2,Q), let is a closed linear subspace of L?(£2,Q). Accord-

) ing to the theory of functional analysis,®3 if R(A)
Au=V x h(z,t) — ,t) — ). (22 )
Y x h{z,t) —e(@)é(@.?) —al@)e(, ). (22) were not dense, there would exist a non-zero element

The range of the operator R(A) C L*(2,Q). Jr € L?(£2,Q), orthogonal to R(A), that is

/ ., [V x h(x,t) — e(2)é(x,t) — o(z)e(z,t)] - Jr(z,t)dedt =0, V(e,h) € K°(2,Q). (23)
Introduce a vector Jy such that (Jg, Ju) € D°(£2,Q), then (Jg, Ju) will satisfy
/Q/Q[V x h(z,t) - gz, t) — p(z)Ju(z,t) - bz, t)]dedt =0, V(e ,h) € K°(2,Q). (24)
Equation (23) minus Eq.(24) yields

/ / ) Ju(z,t) - hiz,t) —e(x)é(x,t) - Jg(z, t) — o(z)e(x, t) - Jg(z, t)]dzdt = 0,
V(e,h) € K°(2,Q). (25)
Because of the arbitrariness of (e, h) in K°(£2,Q), we can choose

T —t)v(x), 0<t<T,
e@,t)_{( o(a)

0, T<t<T,

where 7 can be any value in (). We choose

12 12
h(z,t) = (_Et trte gt )w(x)’ Ostsm,
0, r<t<T.

The choice of function h is different from that in Ref.[16], because the pair (e, h) should satisfy V x e(x,t) +
p(z)h(z,t) = 0. v(z) and w(z) are functions in H'(£2), and they should satisfy

V xv(x) + p(z)w(z) = 0. (26)

Substituting (e, h) and their partial derivatives with respect to t into Eq.(25), the left-hand side of Eq.(25)
changes into a function of 7, denoted by g(7), which is expressed as

/ / x)Jg(z,t) - v(x) + plz)(t — t)Ju(z,t) - w(x)— (7 — t)o(z)Je(z,t) - v(z)]dzdt.

According to the former assumption, V7 € Q = (0,T), we have g(7) = 0, that is

‘/07- /(Z[E(ZC)JE(?L',t) cv(x) + p(z)(r — t)Ju(z,t) - w(x)—(r — t)o(x)Je(z,t) - v(z)|dzdt = 0. (27)

Differentiating Eq.(27) with respect to 7, we have

/ / x)Jg(z,t) - v(x) + p(z)Ju(z,t) - w(x)]dedt —i—/ e(z)Je(z,7) v(z)de =0. (28)

2
Let . .
JEI(LL',T):/ JE(LL',t)dt, and JHI(LL',T):/ JH(ac,t)dt,
0 0

then according to Eq.(28), (Jur, Jur) will satisfy

/ [o(z)dm1(z,7) - v(x) — p(z)Jur(z, 7) - w(z)]de = / e(z)Jr(x,7) - v(z)de. (29)
2 2
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If the difference between the strong and weak solutions was ignored here, the density of R(A) would be
derived easily by letting v(z) = Jgi(z,7) and w(z) = Ju(z,7). However, it cannot be ignored without the
consistency of the strong and weak solutions. So we try to prove it in another approach.

Because of the arbitrariness of v(z) and w(z), we let v(x) in §2; be a function in H?(£2;), w(x) in ; be a
function in H'(§2). They satisfy Eq.(26), and equal 0 in the other region of £2. Denote such functions by v;(z)
and w;(z). It is easy to validate that v;(x) and w;(x) can ensure that (e, h) satisfies the exterior boundary
condition and the interface conditions except the one on I5. Substituting v;(z) and w;(z) into Eq.(29), we have

/ [o(z)dm1(z, ) - vi(z) — p(x)Jm(z, 7) - w;(z)|de = / e(z)Jr(x,7) - vi(z)dz. (30)
o3

£2;

As C5°(62;) is dense in L2(£2;),?4 we can find a C$°(£2;) function sufficiently close to Jgp(x,7) in ;. Letting
v;(x) equal the C§°(§2;) function in 2;, we can have

lvi(2) = Jer(z, 7)|| L2(0,) — 0 (31)
Determining the value of w;(x) in £2; according to Eq.(26), we can derive
lwi(z) = Ju(z, )| L2(02:) — 0. (32)

Thus v;(x) and w;(x) also ensure that (e, h) can satisfy the interface condition on I7;. It follows from expressions
(31) and (32) that

/ e(z)Ir1(x, 7) - Je(z,7) + p() T (z, 7) - Ju(z, 7)]de — / o(x)Jg (x, 7)dz,
£2; £2;

that is,

dir [e(2) Jgx (z, 7) + p(x) Jey (z, 7)]d2 — o(z)Jg (z, 7)dx. (33)
£2; £2;

We can deduce that, if Jgi(z,7) and Jui(x, 7) do not tend to zero, the following inequality exists:

€min

3 )+ ) o mlda] < 222 [ (et B, 7)) Tl

Let obtain that Jgi(z,7) — 0 and Jur(z,7) — 0 on 2.

Owing to the arbitrariness of 7, Jg(x,t) — 0 and
Wir) = [ ()T m) + (o) B 7, 8 =(@:9)

Ju(z,t) — 0, V(x,t) € 2 x Q.

then the above inequality will change into Then we can prove the existence theorem of the
dW; (1) < Omax Wi(r). problem P.
dr Emin

Theorem 6.2 For any F(x,t) € L?(12,Q), there
Multlphed by e~ 7 on both Sides, the above inequality exists a weak Solution to the problem P.
changes into

dle="W;(7)] Proof From theorem 6.1, we know that, for
— ar < 0. any F(z,t) € L2*(£2,Q), there exists a sequence
Then e~ "W;(7) < W;(0) — 0. {F"}>, C R(A), such that nh—>Ir;o F" = F. Accord-
Therefore, on £2;, Jgi(x,7) — 0 and Jui(z,7) —  ingly, there exists a sequence (E™, H") € K°(£2,Q),
0. Letting ¢ equal 1, 2, ---, m separately, we can  which satisfy

V x H"(z,t) — e(z)E™(x,t) — o(z) E™(x,t) = F™(x,t), n=1,2,--

3 )
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From Theorem 5.1, we can deduce that, for any natural number n and m, (E™, H"), (E™,H™) € K°(£2,Q)
satisty

// )| B (2, )= B™ (@, )2 + ()| H" (2, t) = H™(x,1)] ]d:cdt<C/ / B (2, 1) — F™ (2, ) 2dadt. (34)

{F™}%° | is a convergent sequence in L?(£2,Q), so it is a Cauchy sequence in L?(£2,Q). From the inequality
(34), we know that (E™, H") (n = 1,2,---) is a Cauchy sequence in L?(£2,Q). Owing the completeness of
L%(2,Q),?% there must exist a pair (E, H) € L?(£2,Q), such that

lim E"(z,t) = E(x,t), and lim H"(z,t) = H(x,t).

n—oo n—oo

Because (E™, H™) should satisfy Eq.(15), we can obtain

/ / ) E™(x,t) - é(x,t) — p(x)H™(x,t) - h(z,t) — o(z) E™(x,t) - e(z, t)]dzdt = / / F"(z,t) - e(z,t)dzdt.
QJa
Let n — oo, then we will have

/ / [e(x)E(z,t) - é(z,t) — p(x)H (z,t) - h(z,t) — o(x)E(z,t) - e(z,t)]dedt = / / F(x,t) - e(z, t)dzdt.
QJ2 QJn

So it is clear that (E, H) is a weak solution of the problem P.

Thus we will prove the uniqueness theorem.

Theorem 6.3 After the homogenized transform of the initial-boundary conditions, problem P has only
one weak solution in the sense of definition 2.

Proof 1If there were two distinct weak solutions to the problem P, with their difference denoted by (E, H),
then (E, H) # (0,0). Equation (15) is reduced to

/Q/Q [e(z)E(x,t) - é(x,t) — p(x)H (z,t) - h(:z:, t) — o(x)E(z,t) - e(x,t)]dxdt = 0. (35)

(E, H) also satisfies
/Q/Q[E(x,t) -V x h(z,t) — p(z)H (z,t) - h(z,t)]dzdt = 0. (36)

Comparing Eqgs.(35) and (36) with Eqgs.(23) and (24), it is obvious that the forms of the equations are same
except the minus sign before o(x). So a similar method of proving theorem 6.1 is implemented, and a similar
expression to expression (33) is derived as follows:

d
T/, [ (@) Bf (2, 7) + (@) Hf (2, 7))dz — / ) Ef (x, 7)dz. (37)
It should be noted that the difference between the strong and weak solutions is also considered in the abbreviated
part.

The right-hand side of expression (37) is less than 0. If Ei(z,7) and Hi(x,7) do not tend to zero, the

following inequality exists:

d
T Jo,
Then
[ @B ) + u B e < [ @B @.0) + ple) HE (@.0))dz =0,
Therefore, on (2, Ei(z,7) — 0 and Hi(z,7) — 0. Letting ¢ equal 1, 2, --- | m separately, we can derive

that on 2, Er(z,7) — 0 and Hi(z,7) — 0. Owing the arbitrariness of 7, E(z,t) — 0 and H(x,t) — O,
V(z,t) € 2 xQ.

Then we discuss the stability of the weak solution to the problem P. According to theorem 6.2, for any
Fi(x,t), Fy(x,t) € L*(£2,Q), there exist corresponding weak solutions (E1, Hy), (E2, H2) € L*(£2,Q), and
also exist {F"}0%,, {F3'}22, C R(A), such that

lim F' =F;, lim F} =F, and lim (F)'—F))=F — F,.

n—oo n—oo n—oo
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There also exist sequences (E7', H'), (Ey, HY) € K°(2,Q), (n =1,2,---

m, the following inequalities exist:

o

z)|EY (2,t) —

E}(x,t)]* + p(x)| HY (z,t) —

). For any natural numbers n and

H™(z,t)|?]dadt

<C / / |F(x,t) — F™(x,t))?dzdt,

z)|Ey (z,t) —

o

Eén(xat”z + M(CL‘)|H§($, t) -

H(z,t)|?]dxdt

<C / / |F3(x,t) — Fy (x, t))?dzdt,

z)|EY (z,t) —

oL

+ ()| HY' (2, 1) — Hy' (2, 1)

Ey(x,t) —

E (1) + By (x,1)

— H"(2,t) + HY (2, t)*]dzdt

< O/ |F(z,t) — F3'(x,t) — F™(x,t) + Fy"(x,t)|*dzdt. (38)
QI

If || Fy
Accordingly, the left-hand side also tends to 0. So

1 E1 = EallL2(e.) = || lim (Ej

| H:

That is, the weak solution to the problem P is stable.

7. Application example

As an application of the initial-boundary value
problem of time-varying linear electromagnetic field,
we derive the analytical solution of the electric field
produced by a single pulse of current in this section.

z

oo = 0, po, €0

i(t) e 1
h

o, €
\\\\\

Fig.1. The plane of circular loop parallel to the conduct-

ing medium occupying half-space.

It should be noted that even one thousand exam-
ples cannot verify the previous well-posedness results,
but only one counter example is sufficient to defeat
them. The purpose of the following example is only

— F||12(0,0) — 0, when n and m are sufficiently large, the right-hand side of inequality (38) tends to 0.

— E))|z20,0) — 0,

— Hs|r2(0,0) = | lim (HY' — Hy)| £2(2,0) — 0.

to explain how the well-posedness results affect the
analysis of an example.

Ao

I

Fig.2. The waveform of the exciting current.

A similar example has been analysed in Ref.[25].
However, in their initial-boundary value problem, the
equations do not include the displacement current
density, and the interface condition (3) is replaced
by the interface condition of the normal component
of the magnetic flux density, which distinguish the
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eddy-current electromagnetic problem from the time-
varying electromagnetic problem.

In the case of Fig.1, a circular current loop is lo-
cated in the half-space with zero conductivity, con-
stant permeability o and permittivity 9. The other
half-space is occupied by a conducting medium with
constant electromagnetic parameters €, o and p. The
plane of the circular loop is parallel to the interface
and an alternating current is flowing in it. The radius
of the circular loop is a, and the distance between the
centre of the circular loop and the interface is h. The
cylindrical system of coordinates O—p¢z is suitable for
analysis. The origin O is chosen to be fixed on the in-

VXHl—O'El—EEl—O
VXEl—I—,qu—O

VXHQ—EQEQ—O
V x By + puoHz = 0,

VXE3+,MOH3—O

x (Ey — Eq) =0,
x (Hy — H1) =0,

x (E3 — E3) =0,

{
{
{VXHg—EoEg—O
e
e

x (Hz — Hy) = Io[u(t) — u(t — t0)]d(p — a)eq,

T—00
Eilt=0 =0
Hi|t:0 = 05

where i = 1,2, 3, u(t) is a unit step function, ¢ is the
Dirac §-function, and r = \/m

The derived well-posedness results indicate that
the above problem can be solved, and the solution is
unique. Therefore, the solution can be calculated by
any appropriate method, including analytical and nu-
merical methods. In addition, when the accuracy of
measurements or the word length limit of computers

causes some errors in the initial data, the results of

V2E; + klE; = 0,
V-E; =0,

terface, the z-axis coincides with the symmetrical axis
of the circular loop, and the relationship between the
positive direction of the axis z and the reference direc-
tion of the current i(¢) in the loop obeys the right-hand
screw rule. The waveform of i(¢) is shown in Fig.2.

According to the axisymmetrical feature of the
field region, the electric field E is independent of co-
ordinate variable ¢, and there exists E = Fgegs. Di-
viding the field region into three parts, and supposing
the initial value of electric field to be zero, we can
derive the initial-boundary value problem of Fig.1 ac-
cording to Eqgs.(1)—(10).

z <0,

0<z<h,

)
V
B
NN NN NN NIRRT
=~

numerical calculation will not vary greatly from the
accurate ones.

Next, a simple method is chosen to derive the an-
alytical solution.

Firstly, according to the initial conditions (50)
and (51), the Laplace transforms of Eqgs.(39)—(49) with
respect to t can be obtained.

Secondly, by an equivalent transformation, the
initial-boundary value problem changes into
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e, X(EQ—El):O,
1 1
ezx(—VXEl——VXEg)ZO,
2 Ko

(54)

(55)

{ez X (E3 — Eg) = 0, (56)
e. X (VxEy—V x E3)=sl(s)uod(p—a)ey, - (57)
(58)

r—00
where i = 1,2,3, k¥ = —eus® — pos, k3 = k3 = —eopos?, and I(s) = (Iy/s)(1 — e t0%).
Thirdly, supposing u; = (A + eus® + pos)/? and uy = (A? 4 gopos?)/?, and using the separation of
variables, the general solution expressions of the electric field components can be obtained as follows:

Erg :/ C1J1(Ap)e™*dN, z <0, (59)
0

Eay = / (Cne"*” + Coae™ %) J1(Ap)dA, 0 <z <h, (60)
0

Esg :/ CsJi(Ap)e"2%dN, z> h. (61)
0

After deriving the coefficients Cy, Ca1, Ca2, C3 by using boundary conditions (54)—(57), the expressions of
electric field on complex number field are obtained as follows:

[ee) urz—ush

E, = —pasl Mi1(Aa)Ji(Ap) ————dA 0 62
L= —pasI(s) [ ARO@I () de, 2 <0, (62)

poasl(s) /OO Cuan [€7 " (prus —uy) | e"2F
Ey=——"-—= AJ1(Aa)J1 (A uz dA 0 h 63
> 5 ; 1(Aa)J1(Ap)e [ TR R } ey, 0<z<h, (63)

meslle) [ e[ Gy — ) e
Ey=——7—= AJ1(Aa)di (A 2 dA h. 64
: | A0 Ope [ RS S ey, 2> (64)

Lastly, after the inverse Laplace transform,2¢! the
expression of the electric field in time domain can be
derived. All the solutions (62)—(64) have the uniform
structure E(s) = I(s)M(s), where I(s) = L[i(t)].
Therefore, e(t) = L7YE(s)] = i(t) » m(t), where
m(t) = L~Y[M(s)], and the convolution algorithm ‘x’
can be calculated by the approach given in Ref.[27].

We can easily obtain the following results from
the solution. The first one is that the derived solution
satisfies Eqs.(39)—(51), implying the existence of the
solution to the problem. The second one is that the
coeflicients of the solutions are uniquely determined in
the solving process, showing the uniqueness of the so-
lution. The last one is that the fields will vary slightly
when the range of the pulse I or the width of pulse ¢

Appendix: Existence of (2, Q)

varies slightly, indicating the stability of the solution.

8. Conclusion

In this paper, the initial-boundary value problem
of the time-varying linear electromagnetic field with
different inhomogeneous boundary conditions in the
multi-medium region has been studied. On the ba-
sis of the solution definitions, homogenized transform
of initial-boundary conditions and introduction of a
linear operator A, it is proved that the solution to a
time-varying linear electromagnetic problem is exis-
tential, unique and stable. The results can provide
theoretical support for the analysis and calculation of

the time-varying linear electromagnetic field.

A function space is said to be existential if it is non-empty.
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According to the mathematical form of space ({2, Q) in Section 2, its element should satisfy the following

constraint equation:

V x E(z,t) + p(x)H (z,t) = 0, (x,t) € 2 xQ. (A1)
Integrating over {2 the scalar product of Eq.(A1l) by H (z,t), yields
14 ,
—— [ pw@)H*(z,t)dz+ | [V x E(z,t)] - H(z,t) dz = 0. (A2)

After its rearrangement, Eq.(A2) changes into

1d

— uH2dx+/(VxH)-de—i—]{(ExH)-ndx
m—1 m

+Z Z/ (EiXHi—EjXHj)-nijd,T:O. (A?))
i=1 j=i+17 1%

If the existence of K(£2,Q) still can be proved when some conditions which are uncontradicted with ({2, Q)
are added, the primary K({2, Q) exists definitely. Therefore, letting V x H = ¢E + o E, and substituting it into
Eq.(A3), we can derive

1d

1d
—— | pH?da+ -— [ cE? d:v—f—/ oE? dx

m—1 m
+y{(ExH)-ndx+Z Z/ (E; x H; — E; x H;) -n;; dz = 0. (A4)
r i=1 j=i+17 1%

Integrating both sides of Eq.(A4) with respect to t over (0,¢) gives

1 1 1 1 ‘
—/,uHde:——/EEQd:c—l-—/qudx—l——/sEgdx—//UEQd:rdt
2/)a 2o 2o 2/)a 0 Jo

t m—1 m t
—/f(ExH).ndxdt—Z Z// (E; x H; — Ej x Hj) - n;; dadt. (A5)
0 Jr i=1 j=i+170 1%

When E|r,,, H|r,, € HY/?(I';;,Q), E|r, H|r € H/*(I',Q), there exist

t m—1 m t
‘/ j{(ExH)-ndxdt‘<oo, and ‘Z 3 // (E: x H; — E; x H;) - ny; ddt |< oo.
0 r 0 Fi]‘

i=1 j=i+1

In K(2,Q), (E, H) € R(£2,Q). Substituting the conditions in R({2, @) into Eq.(A5), we have

1 1 1 1 !
—/uHQda::——/sEzdx—l——/,qudzc—l-—/EEOQd:c—//aEQd:rdt
2J)a 2/)a 2/)a 2o 0 Jo

t m—1 m t
—/ j{Fe.dedt—Z > // E; - K;; dadt. (A6)
0 r 0 Fi]‘

i=1 j=i+1

The functions K;; and F, can be chosen arbitrar- and
ily under the condition that K;; € H'/2(I};,Q) and
F, e HY/*(I',Q). S el gt
i=1 j=i+170 1%

t
/0 ﬁF - H dzdt < oo, e(z)Eo(z) € I(2), p(z)Ho(x) € I°(£2), and &;, ji; are
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continuous functions in {2;, so

/ pH3dz < oo,
0

and
/ eFgdr < .
Q

By treating t as a parameter, if E € L?(£2), there exist

/ eE%dx < oo,
Q

nd
t T
/ / ocF2dzdt < / / o F2dzdt < oo.
0 2 0 2

We can know that H € L?({2) according to Eq.(A6).
From the above analysis, we can find that the con-
straints on Eo, Ho, E|r,;, H|r,;, E|r, H|r, K;; and
F, in £(£2,Q) all to ensure H € L?(2).
Integrating both sides of Eq.(Al) with respect to
t over (0,t), yields

a;

1 ¢
—)/0 V x E(z,t)dz. (A7)

H(z,t) = Hy(x) — e

If Hy and E are given in the inner region of {2 ex-
cept the exterior boundary and the interfaces, H can
be determined by Eq.(A7). When E € U(£2,Q) and
Hy, € H'(R2), the function H determined by them is
a function in V(£2, Q).

According to the above analysis, we can give a
method to construct the elements of IC(§2,Q). The
firstly, let (E,H) equal
(Eg, Hp) at the initial moment; secondly, let E equal

procedure is as follows:

any H'Y?(I',Q) function on the exterior boundary
which satisfies nx E = F,, and equal any H'/?(T;, Q)
function on the interfaces which satisfies n;; x (E; —
E;) = 0; thirdly, let H equal any H/?(I", Q) function
on the exterior boundary, and equal any H'/2(I;;, Q)
function on the interfaces which satisfies n;; x (H; —
H;) = K,;; Lastly, given any E € U(2,Q) in the
inner region of {2 except the exterior boundary and
the interfaces, the value of H in the inner region of (2
except the exterior boundary and the interfaces can
be determined according to Eq.(AT).

Thus, the elements of K(£2,Q) can be con-
structed, which means that ({2, Q) is existential.
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