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Some new exact solutions of the Burgers—Fisher equation and generalized Burgers—Fisher equation have been

obtained by using the first integral method. These solutions include exponential function solutions, singular solitary

wave solutions and some more complex solutions whose figures are given in the article. The result shows that the

first integral method is one of the most effective approaches to obtain the solutions of the nonlinear partial differential

equations.
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1. Introduction

In recent years, many new methods for finding
the analytical solutions of the nonlinear partial dif-
ferential equations have been developed such as vari-
able separation method,[!) the tanh function expan-
sion method, 23] Jacobi elliptic function expansion
method,*~% the homogeneous balance method,[”!
the Hirota bilinear method® and the first integral
method,1 11 ete.

In this paper, according to the first integral
method, we deal with the Burgers-Fisher (BF)

equation!'?

Ut + Uty — digy + bu(u — 1) =0, (1)
and generalized Burgers-Fisher (GBF) equation!]
s + autly — dig, + bu(u® — 1) =0, (2)

where a,b and d are non-negative parameters. Sup-
posing b = 0, these two equations were originally in-
troduced by Burgers!'® to model one-dimensional tur-
bulence and to describe waves in fluid-filled viscous
elastic tubes and magneto hydrodynamic waves in a
medium with finite electrical conductivity.['¥) They
were also used to investigate sound waves in a viscous
medium by Lighthill.I') With all three parameters
positive, Eq.(1) corresponds to the Burgers equation
with nonlinear reaction. On the other hand, Eq.(1)
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can be considered as a modified Fisher equation'®

U — gy + bu(u — 1) = 0.

As can be seen, the BF equation and GBF equa-
tion include the effects of nonlinear advection, linear
diffusion and non-linear logistic reaction. With dif-
ferent combinations of parameters, we can obtain six
equations which play fundamental roles in the mathe-
matical modelling in a range of important physical and
engineering phenomena. For example, b = 0 gives the
Burgers equation; a = 0 leads to the Fisher equation;
d = 0 leads to the diffusionless Burgers equation with
nonlinear reaction; for a = 0 and d = 0 Egs.(1) and (2)
correspond to logistic ordinary differential equation;
a =0 and b = 0 leads to the linear diffusion equation;
and d = 0 and b = 0 in Eq.(1) leads to the diffusionless
Burgers equation. Consequently, any finite difference
in the scheme constructed for Eq.(1) also provides cor-
responding discrete model for the above indicated six
ordinary and partial differential equations.

Chen and Zhang['” derived some travelling wave
solutions of Eq.(2) with the tanh method, and Kaya
and Salah'® gave a numerical simulation and ex-
plicit solutions of GBF by the adomian decomposition
method (ADM). Construction and analysis for the so-
lutions of BF was given by Micken and Gumel.['?) Sev-
eral exact solutions containing some parameters for
the BF equation and GBF equation were obtained by
Wang and Bai.l' In the following paragraphs, by us-
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ing the first integral method?%! which was introduced
by Feng['?! in 2002, we gain some new exact solutions
of BF and GBF equations, these new results have not
been presented previously.

The main idea of the first integral method is to
apply the theory of commutative algebra to the search
for the solutions of nonlinear partial equations. As-
sume that Eq.(1) has the travelling wave solution in
the form

u(z,t) = u(f),

where c is the velocity of the travelling wave. Substi-
tuting Eq.(3) into Eq.(1) yields

E=1x—ct, (3)

b

W(E) = — Sl (€) + S () + T2(e) — Tu(e). (4

Let v = u,y = v/, then Eq.(4) is equivalent to

Vo=y,

y' = Ay + Bvy + Dv* — Dy, (5)
imwhich A= - S B=%p=2 1 find th
in whic =-pB=5D=- we can fin e

two first integrals of Eq.(5) under the same conditions,
the general solution of Eq.(5) can be obtained directly.
But, in general, it is rather difficult to achieve, even for
one first integral. The idea of the first integral method
is using the Division Theorem to seek one first inte-
gral of Eq.(5), which can reduce Eq.(4) to a first-order
integrable ordinary differential equation, and then we
can obtain the exact solutions of Eq.(5) by means of
the direct integral method.

ah(v) = n(w)as(v) = 0,

2. Exact solutions of BF equation

According to the first integral method as de-
scribed above, we suppose that v = v(§) and y = y(§)
are the nontrivial solutions to Eq.(5), and S(v,y) =
m .
> a;(v)y" is an irreducible polynomial in the complex
i=0
domain C[v, y], such that

Sw(©),y©)] => ai(v)y' =0, (6)
i=0
where a;(v)(1 = 0,1,...,m) are polynomials of v

and an,(v) # 0. Equation (6) is called the first in-
tegral of Eq.(5). Generally, we assume m = 2 in
Eq.(6). Note that dS/d¢ is a polynomial of v and
y, and according to Eq.(6), we know dS/d¢ = 0. Due
to the Division Theorem, there exists a polynomial
h(v,y) = m(v)+n(v)y in the complex domain C[v, y],
such that

ds 9S8 ov 0S 0oy
& v o "oy o

= [m(v) + n(v)y] lz cu(u)yi] .
1=0

where m(v) and n(v) are polynomials of v. Substitut-
ing Eq.(5) into Eq.(7), and comparing the coefficients
of y*(i = 0,1,2,3) on both sides of this equation, we
obtain

—n(v)a1(v) + 2Aas(v) + 2Bras(v) — m(v)az(v) + a(v) = 0,
ay(v) + Brai(v) — n(v)ag(v) — 2Dvas(v) + Aay(v) — m(v)ai (v) + 2Dv?as(v) = 0,

Dv?ay(v) — Dvay (v) — m(v)ag(v) = 0.

Since a;(v),

(®)

n(v) are polynomials, we obtain that n(v) = 0, and a2(v) is a constant from the first equation of

Eq.(8), and without loss of generality we take as(v) = 1. Inserting n(r) = 0 and az(v) = 1 into Eq.(8) yields

2A +2Bv —m(v) + a(v) =0, (9a)
ap(v) + Bvay(v) — 2Dv + Aai(v) — m(v)ai (v) + 2Dv? = 0, (9b)
Dv?ay(v) — Dvay (v) — m(v)ag(v) = 0. (9c¢)

Balancing the degrees of a1(v) and m(v) according to Eq.(9a), we educe that when dega;(v) = 1, then

degm(v) = 1; when deg a;(v) = 2, then degm(v) = 0 or 1. Next we discuss the three cases separately.
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2.1.In the case of degm(v) =0 and dega;(v) =2
In this case, we assume that
m(v) =m, ai1(v) = ko + kv + ko (k2 # 0), (10)
where m, ko, k1, ko are constants to be determined. Substituting Eq.(10) into Egs.(9a) and (9b), we obtain
m=ky +2A, ks = B and
ao(v) = —33%4 + %(BA —2D) + %(Akl — Bko +2D + k)2
+(Ako + k1ko)v + do, (11)
with dy an arbitrary integral constant. Substituting Eqgs.(10) and (11) with m(v) = m = k; + 24 into Eq.(9¢),
setting the coefficients of the same powers of v to zero, we can obtain the following set of equations:
%ABQ + %leQ + DB =0,
5
3
Dko — %k% — ky A% + ABkg — gAk‘f‘ —2Dky + %klkOB —2AD =0,

2 4 1
—BD — gBA2 + §AD + =Dk — gleA =0,

—Dkoy — kiko — 2A%ky — 3Ak ko = 0,

—k1do — 2Ado = 0. (12)

Solving these algebraic equations, we can obtain three groups of solutions
A2

i=-A ko=do=0, B=A D=-", (13)

ki=—44, ko=do=0, B=—44, D=-24% (14)
4 8A 12 30 ,

i=-zA, ko=-—, B=—A D=-1A% dy=0. (15)

Inserting Eqgs.(10), (11) and (13) and a2(v) = 1 into Eq.(6), we obtain the solution of y(v)

(v) = (—1+ \/5)2A(u — 1)u' (16)

Expression (16) is the first integral of Eq.(5). Combining Eq.(5) with v = u,y = v’ and Eq.(16), we have the

travelling wave solution of Eq.(4):

1
u(§) = ; (17)
—-1++v2)A
1+ Chexp <%§>
where C1 is an arbitrary integral constant. Noting that A = —2, B = %, D = p and £ = x —ct, the two exact
solutions of Eq.(1) are obtained as follows:
1 1 1—-+v2
ul(x,t)_§—§tanh{ 4\/—><§(x—ct+oe0)}, (18)
1 1 —-1—-v2
uz(a:,t)—§+§xtanh{T\/—~§(a¢—0t+ﬁo)}, (19)
V2-1 ¢ V241 ¢
where exp 5 . an =C7 or exp|-— 5 . Eﬁo = (1.
As for the case of Eq.(14), according to Eq.(6), we have
y2(v) = Qv + 24 2V 202 4 2v) Av. (20)

So, the exact solution of Eq.(1) is

(2.1) = 2 exp[2(Ax — Act + ACY)]
U\ b = 8exp(Azx — Act + ACy) — 1 — 1dexp[2(Az — Act + ACY)|’
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where (7 is an arbitrary integral constant, and A = Exponential function solution (21) is a new so-
—c/d. lution to Eq.(1) obtained by means of the present
method, which has two singular points: ¢ =
10 2 V2 . .
! In = + 17 ) Figure 1 shows the travelling wave so-
61 o lution Eq.(21) with A =1 and C; = 0.
4
] For the case of Eq.(15), the solution of y(v) is
F4 -3 —2f - O 1 2 3 4
-2 . 6v 4  2v182+18v+4
i e Alv -1
ﬂ b ya(v) ( o : (v-1)
6 (22)
-8
_10 and in this case the explicit solution of Eq.(1) is dif-

ficult to be obtained by combining v = u,y = «’ and

Fig.1. The plot of the travelling wave solution (21) for the . o L
Eq.(22), but the implicit solution is

FB equation with A =1 and C7 = 0.

2
30A¢£—351n <5 tan (%arcsec((iu(ﬁ) + 3)) —4) +701n <2 tan (%arcsec((iu(ﬁ) + 3)) + \/§>

5 1
+28v/10arctanh (gtan <§arcsec(6u(§) + 3))) +30AC 1= 0, (23)
where C; is an arbitrary integral constant and £ = x — ct, A = —¢/d.

2.2.1In the case of degm(v) =1 and dega;(v) =2
In this case, we assume
mv) =mv+n, a1(v)=kov* + kv + ko(ka # 0). (24)

Inserting Eq.(24) into Egs.(9a) and (9b), we deduce that m(v) = (2ke + 2B)v + k1 + 2A and

1 1 1 1 2
ao(y) = (5165 + ZBkQ) v+ (gAkg + k1ko + §Bk1 — §D> V3

1 1 1
+ (§Ak1 + koks + 5Bko +D+ 5kf> V2 + (Akg + koky)v + do, (25)

where dj is an arbitrary integral constant. Substituting Eqs.(24), (25) and m(v) = (2ka + 2B)v + k1 + 2A into
Eq.(9¢), and setting the coefficients of the same powers of v to zero, yields

1 3
—53%2 — k3 - §k§B =0,

5 5 7 7 2 35 4
—Zk2A - ZK2ky + =Dky — —BAky — =B%*ky — —k1koB+ —BD =0
372 5 k2 1+3 2 6 2 3 1 e + 3 )
5 10 4 5 2 5
—3kokoB + ngl — gAklkg — gBkl — gA ko — gBAk1

4
—2kok3 — 2kok? — 2BD + gAD — B?kg — 3Dky = 0,

—%kf — 2AD — 3kokiko — A%ky — gAkf — 2Dk, — gBkokl

+Dky — 4koko A — 3BAky = 0,

—Dko — 2A%kg — 2Bdy — 3k1ko A — 2kady — kiko = 0,

—2Ady — kidy = 0. (26)
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Solving Egs.(26), we have four groups of solutions as
1 1,
ko =—-B, ki=B, k=0, D:—§AB—ZB , do=0, (27)
3 4 6 6
ko==-A, ki=—-—=A, ky=dy= — —_ A2 B=--A4A 9
2 5 ’ 1 5 ) 0 0 ) 25 ) 5 ’ ( 8)
1 2 2 2
ko=-A, ki=-=A, ky=dy= D=242 B=-Z4 9
2 3 ) 1 3 ) 0 0 Oa 9 ) 3 ) ( 9)
ko =3A, ky=-24, ko=-A, D=—-6A% B=—6A, dy=A> (30)
Substituting Eqs.(27)-(30) into Eq.(6) in turn, we gain
1 1,
ya(v) = —§Bu+ §Bu , (31)
2 3v  V-12v+ 9?2
A 1 1
Yyo(v) = 31/7 yr(v) = —gAV2 + gAVa (33)
yS(V) =-A+ AV? yQ(V) = AI/Q - AV? (34)
1 3v 92 —6v —3
=l-—-—+——— A -1).
o (v) ( - _ ) (v -1) (3)
|
Expressions (31)—(35) are the first-integrals for Eq.(5).
Integrating Eqs.(31)—(35), we obtain some exact solu- ( &)
. 4exp(——:17—ct+ 0)
tions of Eq.(1) as follows. us (1) = -3 . 5d ., (37a)
For Eq.(31), we obtain eXPp (ﬁ(x —ob 50)) -2
v (S are)
_r us(x,t) = ~3 e 5d . (37b)
ug(x,t) = = — = tanh [i(x —ct+ &) - (36) €xXp (ﬁ(x —ct+ 50)) +2
2 2 4d
Figure 2 shows the travelling wave solution
For Eq.(32), we have Eq.(37) with ¢ =d, that is A =1 and & = 0.
z;
20 10 -8 -6 -4 -2 0 2 4 6 &8 10
u
10 .
_// -2
-10-8 —6 -20p 2 4 6 8 10
T; u
-3
—-10
—4
(a) (b)
—20

Fig.2. Plots of the travelling wave solutions (37a) and (37b) for the FB equation with A = 1,C1 = 0 respectively,

where (a) is for solution (37a), and (b) is for solution (37b).
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For Eq.(33), we obtain
ug(x,t) = Cy exp (—2(3: - ct)) (38)
and the solution uz(x,t) is the same as Eq.(36).
For Eq.(34), we obtain
ug(x,t) =14 Cy exp (—2(&5 - ct)) ) (39)
and the solution ug(x,t) is the same as Eq.(36).
For Eq.(35), we have
c c
1 3exp (—E(,T - ct+§0)) —6+4exp (E(x —ct+ 50))
u9(xvt) = § C ) (40)
exp (—E(x —ct+ 50)) -2
4c
L &XP (—E(,T - ct-i—fo)) +3
ulo(I, t) = _6 2% ) (41)
exp <_E(I — ct—|—§o)) +1
|
where &y, Cp are arbitrary integral constants. Equa- (39) are exponential function solutions, and Eq.(36) is
tions (36)—(41) are all new solutions to Eq.(1). a singular solitary wave solution. The solutions (37),

(40), (41) are more complicated than the others, and

Figure 3 shows the travelling wave solutions (40)  we have plotted the two-dimensional figures such as

and (41) with ¢ = d, & = 0. The solutions (38) and  Figs.1 and 2 by means of Maple.

T4 T4
02 6 7 8 9 10| 520 718 16 —14 —12 ~10 —8 —6

—2.0x107]
o7 —4.0x107
—6.0x107
—8.0x107
s —2x107 3 —1.0x10%
—1.2x1081
av107] —1.4x108
—1.6 x1081

(a) —1.8x108 (b)
—4x107 —2.0x1081

Fig.3. Plots of the travelling wave solutions (40) and (41) for BF equation with ¢ = d,§o = 0, where (a) is for

solution (40), and (b) is for solution (41).

2.3.1In the case of degm(v) =1 and dega,(v) =1

In this case, assume

m(v) =mv+n, ai1(v)=av+ ki,

(42)

where m, n,aq, k1 are constants to be determined. Substituting Eq.(42) into Eqgs.(9a) and (9b), we have m =

2B,n = ay + 24, that is m(v) = 2Bv + a1 + 24 and
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1 1
ao(v) = —§(2D — Bap)v® — 5(—af — Bky — 2D — Aa1)v? + (Ak1 + ark1)v + do, (43)

with dy an arbitrary integral constant. Substituting Eqgs.(42) and (43) and m(v) = 2Bv + a; + 2A into Eq.(9¢),
setting the coefficients of the same powers of v to zero, we obtain the following set of equations:

4 2
—BD—-=B%.,; =0
3 37 =Y

4 5 4 5
—B%k + gAD - gBAa1 - gBaf +3Dar —2BD =0,

3 ) 1
—A2a1 — 2Da1 — 514@% — §Ba1k1 — 5@? — 3BAk1 —2AD + Dkl = O,
—Dky — a3k, — 2A%k; — 2Bdy — 3Aa1k;, = 0,
—a1d0 - 2Ad0 =0. (44)

Solving these algebraic equations, we have two groups of results as follows:

2D 2D D D?

0/1:?, kl:_§7 A:—E, do:ﬁ (45)
2D B*+ D
alzg, klz(), A=— B 5 dOZO (46)

Substituting Eqs.(45) and (46) into Eq.(6), we obtain 3. FEixact solutions of GBF equa-
the soluti f .
e solutions of y(v) tion
The GBF equation is different from the BF equa-

D(v—1) D
yi(v) = —— 75 and ya(v) = —gv (47)  tion, which has only one case. In fact, in the case
of degm(v) = 1, degai(v) = 1 and degm(v) = 0,
Equations (47) are the first-integral to Eq.(5). Inte-  degaq(v) = 2, we have the result of B =0 or D = 0,
grating Eq.(47), the solutions of Eq.(1) are obtained:  that is a = 0 or b = 0. These results are contradictory

to Eq.(2). So we just consider the case of degm(v) =1
b
(x —ct + go)) . (48) anddegai(v) =2.

ui(z,t) =1+ exp (——
a
In this case, we assume

s (@, ) = exp (—2(:10 o+ §O)> L (49)

m(v)=mv+n, a(v)= kav? + kv + ko(ke # 0).

where £y, C7 are arbitrary integral constants. The so- (50)
lutions (48) and (49) are both the exponential function ~ According to Egs.(9a) and (9b), we deduce that
solutions to Eq.(1). m(v) = (2k2 + 2B)v + k1 + 2A and
|
ao(V) = (%kg + inz — g) v+ (%Akg + k1ko + %Bkj) V3
1 1 1.\
+ <§Ak1 + koks + 5Bk:o + D + §k1> v® + (Ako + kok1)v + do, (51)

where dj is an arbitrary integral constant. Substituting Egs.(50), (51) and m(v) into Eq.(9¢), and setting the
coeflicients of the same powers of v to zero, yields
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1
—53%2 — k3 - gkgB +2Dky + BD =0,

2
—gkgA - gkgkl - gBAkQ — §B2k1 — §kli@B + ‘;’Dk1 + AD =0,

1 5
—51{% — 2AD — 3kokiky — A%ky — §Ak$ — 2Dk — 5Bkokl — Akoko A — 3BAky = 0,
5ABk,  10Akiky 4Bk} 2A%k

“BhekoB+ —— - ——— — 5~~~ 2kok3 — 2kok? — 2BD — B%kg — 3Dky = 0,
—Dko — 2A%ko — 2Bdy — 3k1koA — 2kady — kiko = 0,
—2Ady — k1dg = 0. (52)
Solving these algebraic equations, we can obtain some results as follows:
2A 2B 2A 2B 2 1 1
ky=—"—-"F, ki=—-"—-", ko=dy=0, D=-A>+_-AB- -B> 53
2 3 30 M 3 3 Mo=do ; 9 + 9 9 (53)
A2
ko = —3A, ki =-24, ko=A, B=64, D=-3A4% d,= 5> (54)
3A A 5A 3A 3
ko="", ki=-=—, kg=—-—, B=-""/ D=-"4%2 dy=0.
2 4 ; 1 2; 0 4 ) 2 ) 4 3 0 0 (55)
2A TA 1
k2=?, ki=—A, ko=dy=0, B:—?, D:——A2. (56)
4A 4A 8A TA
ko=—, k=——, kg=——, B=-—— D:——A2 dy = 0.
2 5 ; 1 5 ) 0 5 ) 5 ) 25 0 0 (57)
ko =4A, ky=—-2A, ko= -24, B=-TA, D= —64% dy=24% (58)
Substituting Eqgs.(53), (54) and (55) into Eq.(6), we have the solutions of y(v)
1
y1(v =§A+Bu+ (A+B) (59)
V32 +2v—1
< R )A(u—i—l), (60)
1502 4+ 10 25
ys(v) = <§—§i v-15v —g vt )A(u—i—l). (61)

Equations (59), (60) and (61) are the first-integral of Eq.(5). By integrating these three expressions, the solutions
of Eq.(1) are obtained

1 1 -
w(a,t) = —5 - 5 coth (CGd“ (z — ct+go)) , (62)
(o.1) = 6+exp( 2§x—ct+§o)—2\/§exp( 2x—ct+§0)) (630)
u2 xvt 63a
6—exp( 2§x—ct+§o)+2\/§exp( gx—ct—i—@))
6—|—eXp( 2§x—ct+§o)+2\/§ex ( gar—ct—l—fo))
uz(x,t) = (63b)
6—eXp( 2§x—ct+§o)—2\/§exp( gar—ct—l—fo))
us(z,t) = gtan +2v/35 arctan (:l:g + g + %tanh (g (x —ct) + %Ol>>
igtanh<\/EA(x—ct)+QC'l> +%, (64)

where all &, are arbitrary integral constants. The solutions (62), (63) and (64) are all new solutions to Eq.(2)
obtained in this work. Figure 4 shows the travelling wave solution (63) with ¢ = d,&, = 0.
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10 10
81 ., 8
u
6 6
4 4
2 Q-J
A
ﬁ
L8 —6 —4 —2 Ofo 410 =8 —6 —4 —2 0o [2 0
-2 —21 z;
—4 —4 1
-6 —61
-8 -8
(a) (b)
—10 —10

Fig.4. Plots of the travelling wave solution (63) for GBF equation with ¢ = d,£o = 0, where (a) is for solution

(63a), and (b) is for solution (63b).

As for the case of Eqgs.(56)—(58), from Eq.(6), we
obtain

1 v 15— 101/) Av, (65)

ya(v) = (5 3 + 6
) A(v +1), (66)
ye(v) = (—2v—1+v—2v—-1Av —1). (67)

Unfortunately, it is not convenient to derive the ex-
plicit solutions for GBF equation from Eqs.(65)—(67),
so we omit these implicit solutions in such cases.

4. Conclusion

Using the first integral technique, we have ob-
tained various kinds of new solutions of the BF equa-
tion and GBF equation. These solutions include ex-
ponential function solutions, singular solitary wave so-
lutions, some more complex solutions, whose figures
have been given in the text, and some implicit solu-
tions. From these results, we can see that the first
integral method is one of the most effective methods
to obtain exact solutions, especially for non-integrable

equations.
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