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In this paper Lou’s direct perturbation method is applied to the perturbed coupled nonlinear Schrédinger equa-

tions to obtain their asymptotical solutions, which include not only the zero-order solutions but also the first-order

modifications. Based on the asymptotical solutions, the effects of perturbations on soliton parameters and the collision

between two solitons are then discussed in brief. Furthermore, we directly simulate the perturbed coupled nonlinear

Schrédinger equations by split-step Fourier method to check the validity of the direct perturbation method. It turns

out that our analytical results are well supported by the numerical calculations.
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1. Introduction

The general form of the perturbed coupled non-
linear Schrodinger equations can be written as

iy + 0 Uag + (o1 [uf® + 11 |v/*)u
= eU(u,v, Uy, Vg, Ut, Vt, - - ),
vy + Vg + (0'2|1)|2 + ’}/2|u|2)’U

— GV(v,u,vm,um,ut,vt,---), (1)

Equation (1) has been applied in various physical

[1=3] condense mat-

fields, such as nonlinear optics,
ter physics,!*5 geophysics fluid dynamics,® plasma
physics,[78] etc. In the context of nonlinear optics, u
and v in Eq.(1) describe the envelopes of the waves
with mutually orthogonal linear polarization, x and ¢
correspond to normalized distance and time, respec-
tively. The parameters oy, are the dispersion co-
efficients, 012 the Landau constants which describe
the self-modulation of the wave packets, and ;2 the
wave-wave interaction coefficients which describe the
cross-modulations of the wave packets. eU and €V are
perturbations of arbitrary form, and € is a small pa-
rameter characterizing the magnitude of these pertur-
bations. When € = 0, Eq.(1) reduces into the coupled
nonlinear Schrédinger equation (CNLSE). Manakov!”!
was the first to show that Eq.(1) is integrable in terms

of the method of inverse scattering transform (IST) for
the case of «y = ag = 1, 01 = 09 = 71 = 7. Later,
Zakharov and Schulman!*”! studied the integrability of
system (1) thoroughly and they concluded that only
when o1 = ag, 01 = 02 = 71 = 72 Or 1 = —Qg,
01 = 03 = —y1 = —72, system (1) is integrable, i.e.
it can be solved by the IST method.

To study the perturbed CNLSE, several effective
perturbation methods have been well developed.'!
One of the most powerful techniques is the perturbed
IST method.['? This technique requires the unper-
turbed equations to be exactly solvable by the IST,
which restricts the range of applications, but enables
one to solve the most sophisticated dynamical prob-
lems. However, it is rather inconvenient for one who is
not familiar with IST. Another famous perturbation
method is the direct perturbation method, 34} which
does not require the unperturbed equations to be ex-
actly integrable. But as a rule, direct perturbation
method is applicable to one-soliton problems only, it
cannot be used to solve the perturbation problems of

multi-soliton. Recently, Loul'®!

proposed a new direct
perturbation method. This method relies on no tools
of IST and is easy to understand. In the framework
of this method, different types of perturbation solu-

tions can be obtained at the same time, instead of the
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concrete one-soliton or multi-soliton solutions. So far,
this direct method has been successfully applied to the
perturbed NLSE and the NLSE in critical dimension
with a small time-dispersion. !

The motivation of this paper is to apply Lou’s di-
rect perturbation method to perturbed CNLSE, to ob-
tain asymptotical solutions. In addition, this method
also permits us to take into account the effects of lin-
ear damping on solitons, where the wave propagation
is subject to small perturbations which break integra-
bility. To identify the validity of this direct pertur-
bation method, we compare the results of analytical
method with those of direct numerical calculations.

2. Direct perturbation method
for perturbed CNLSE

For simplicity and convenience, we take the coef-
ficients oy = ag = 01 = 02 =1 = 72 = 1 in Eq.(1),
and €U (u, v, Uy, Uy, - +) = —ieu, €V (0, U, Vg, Uy, +) =
—iev, corresponding to the action of linear damping

in a fibre system.['”] System (1) is rewritten as

i + U + ([u)® 4 [v]?)u = —ieu,

vy + Ve + (0?4 Ju})v = —iev. (2)

As we know, several perturbation methods'® have
been employed to obtain the zero-order solutions of
Eq.(2), but perturbation methods for deriving the
first-order modifications have still been lacking.

Since the zero-order solutions of Eq.(2) should be
the adiabatic ones, we expand v and v as follows:

u = (g 7, 6)
= gelatib) [uo(&,7) + eur (§,7) + 0(62)],
v = D (E 7. 6)

= ety (€, 7) + e (6,7) +O(E)],  (3)

where a« = a( x, t), b=b(z, t), c=c(x, t), d=
d(z, t), £E=¢&(x, t, €), n =n(=x, t, € are all real
functions of indicated variables. &, 7 should satisfy
the relation

(& 1 =2zt (4)

such that ug,vg would be the exact solutions of the
CNLSE as € — 0.

Substituting expansions (3) into Eq.(2), we obtain

iug,me + u055§w2 + e2€“|u0|2u0 + e2€c|vo|2uo + e[iug 7 + u155§m2 + eQEa(u’{uo2 + 2|u0|2u1) + e2ec(u1|vo|2

Fuovivg + uovevy )] + ie(ar + ibs)ug + €(agy + 1bar)uo + ieug + i uoe + Exptios + 2€(ag + ibg)Ezuos

+2§m7-wu0£‘r + TeaUor = 0(52)7

worTt + 0055512 + ezéc|v0|2v0 + 625a|u0|200 + elivirm + vlggff + 62“(1)1*1)02 + 2|v0|2v1)

+e% (v [ug|? + vourug + vououy )] + ie(c, + idy)vo + €(Cpp + idgs )vo + ievg + i voe + Exavoe

+2e(cy + 1dz)Exvoe + 285 TwVoer + TazVor = 0(€%),

(5)

where the asterisk stands for complex conjugation. We have considered the fact that &, 7, and &, are all in €

order because of Eq.(4). Vanishing the coefficients of ¢® and €! orders in Eq.(5), we have

for T + wogels” + €2 |ug |*ug + €2°|vg|*up = 0,

iwgrTe + 00££§x2 + e2“|v0|2v0 + e26a|u0|2vo =0, (6)

and

eliurrTs + uree€s” + € (uiuo? + 2|uol?ur) + €®“(uy|vo|?® + uovivy 4+ uovov})] + ie(ar + ibs)ug
+6(a1313 + lbwm)uo + i6uO + igt”o& + 511”05 + 26(a;ﬂ + 1b1)§wu0£ + 2§m7_1u0£‘r + TaaUor = 07
elivrr T 4+ vige€a® + 2C(vivg® + 2Jvo|?v1) + € (v1 uo|? + vourul + vouout)] + ie(cr + idg)vo

+6(C;E;E + idwm)UO + ie’UO + igt’UOf + 511’005 + 26(C;E + ldw)gm’l}Oﬁ + 2§meUO§T + TpaVor = 0. (7)
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Based on the fact that ug and vy in Eq.(6) are not
explicitly dependent on € and the limiting property of
Eq.(4) of ¢ and 7, it can be seen that the adiabatic
variables ¢ and 7 are related to functions a and ¢ by

€C

£p =e““=e“ and 7 = % = % (8)

This implies that a = ¢. Therefore, the functions wg
and vg should be the exact solutions of

iuor + uoge + (Juol® + |vo|*)uo =0,
ivor + voge + (vol® + |uo|*)vo = 0. (9)
From Eq.(3), u1 and vy are just the symmetries of the

adiabatic CNLSE (9), i.e., they are the solutions of
the linearized equations of Eq.(9),

. *, 2 2 2
U1 + Uige + UUQ +2|UQ| U1 +U1|’U0|
Fuguivg + uovovy = 0,

. % 2 2 2
iv17 4 v1ge + viV0° + 2|vo| V1 + v1|uo

Foourug + vougui = 0. (10)

It is known that the two simplest solutions of Eq.(10)
can be written as

Ul = Upg, v1 =voe and ui = ugr, V1 = Vor, (11)

which are related to the variables £ and 7.

Equations (7) and (10) with Eq.(8) are consistent
with each other at any space x and time ¢ for the given
nontrivial solutions uy and vg, which leads to that the

rest terms of Eq.(7) should be all zero, i.e.,
bmm+at+1207 amm_btzoa (12)

gmm + 260@51 =0,
dzz + ¢ + 1= O,
gmm + 260m§m =0,

& + 2ebp&y = 0,
Cow — dy =0, (14)
& + 2edyby = 0,

By solving Egs.(12)—(15) and (8), the following expres-
sions for parameters a, b, ¢, d, £, T can be obtained

2
a=c=—2t, b:x——i—cl,
2
2 1— —4det
d= % +ey, E=xe 7= 756 , (16)

where ¢, co are arbitrary constants.
The asymptotical solutions of perturbed CNLSE
(2) can now be written as

2
—e(2—iZ
u=e e(2t—i% )(u0+6ul)7

g2
v = e—e(2t—17)(v0 “+ 61)1), (17)

where we have taken ¢; = ¢ = 0.

In the usual perturbation methods, one has to
treat different types of solutions (e.g., solutions with
different boundary conditions) separately; however, in
the present direct perturbation method, we can obtain
all the perturbation solutions at the same time. ug and
vo appearing in Eq.(17) can be any one of the exact
solutions of the adiabatic CNLSE (9), and the first-
order modifications u; and v; can be any kind of the
symmetries of Eq.(9). As is well known, the solutions
of the CNLSE have been well studied.['9=22] There are
one-soliton solutions, multi-soliton solutions, periodic
solutions, etc..

The one-soliton solutions of Eq.(9) have the form

Uy = cos(9)ei6\/ipei{qur(pz7‘12)T+<°}sech(p(§ —2q7) 4+ ),
vy = sin(@)e_i‘sﬁpei{qﬁ(ﬁ_q2)T+CO}sech(p(§ —2q7) + 70), (18)

where p, q, 6, 6, v, (o are all real arbitrary constants. We can see that the soliton has initial central position

—v0/p, velocity 2¢, amplitude v/2p, etc.. When u; = ug, in Eq.(17), the corresponding asymptotical solutions

of perturbed CNLSE (2) take the form

u = cos 0ev/2pe 21 + 2epq tanh ¢ + ie(p® — ¢°)]seche

xexp { (2026 + dqre=2¢te + (p: —¢®)(1 — e~ %) + 4e(p) },
€

v = sinfe™0v/2pe =21 + 2epgtanh ¢ + e(p? — ¢?)i]seche

'222 4 —2et 2 2 1— —4et 4
Xexp{1(xe+qze e+ (02— )L — e ) + 4ego)

where

2pxee2et

¢(x,1)

a b (19)

— pq + pge™ " + 2v0e

2€
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Comparing Eq.(19) with Eq.(18), we find that soliton amplitudes and phases have been changed due to the

small perturbations. By expanding ¢ in Taylor series up to e order, we obtain

é(x,t) =~ px — 2pqt + vo + (4pgt* — 2pat)e = p(1 — 2¢t)(z — 2qt) + Yo. (20)

It is not difficult to find that the soliton velocities 2¢ do not change, but the wave numbers and the initial

central positions are shifted by linear damping. The shifted values can be obtained directly from Eq.(20).

The most general expressions for two-soliton solutions of adiabatic CNLSE (9) are

a1e™ + age™ + eerT]T +n2+51 + e771+772+77§ +S2

to = 1+ emtni+Ri 4 em+n3+So 4 eni+nz+55 4 em2tnz+Re  om+ni+nz+n;+Ra’ (21)
Bre™ + Boe2 + em+mi+n2+S] 4 gmAnatn;+S;
Yo = 1+ emtni+Ri  em+n3+So 4 eni+n2+55 4 em2tni+Rz2  egm+ni+nz+n;+Ra’ (22)
where
o = cos(@s)ei‘;s, Bs = sin(@s)e_i‘;s, Ns = k& + k2T + 50, ks = ps +igs, (23)
. K12 R R11 R K22
50 = Ys0 +1Cs0, €50 = ——— t= P=—, 24
50 = 750 + 1Gs0 ky + k3 Ty + ki oo + ki3 (24)
ki —k / ki —k
S 1 2 ST 1 2
e’ = » ~ (k21 — agk11), €71 = 0 B1k21 — Pak11), 25
(k1+/€1)(/€1+k2)( 1K21 2K11) (kl—i—kl)(kl—i—kz)( 1K21 2K11) (25)
ko — k / ko — k
So 2 1 Sy 2 1
e’ = » ~(ok12 — 1K22), €72 = - — (B2K12 — P1K22), 26
(o ) + ) 212 ) o ) + ) 22— e (20
ki — kof? o + 3185
et = lky — Fo (K11Ko2 — Ki2k21), Kij = wes + 0 (l,j=1,2), (27)

(k1 + k7)) (k2 + E3)|k1 + k2|2

and ps, s, 0s, ds, Vs0, Cs0 (s = 1,2) are all real
constants. Once these actual parameters of the ini-
tial solitons are given, the exact soliton solutions can
then be well determined. For further studying, let
us consider the effects of perturbations on two-soliton
solutions of CNLSE with the help of Maple.

Figure 1(a) plots the evolution of intensity pro-
file |ug|? of two-soliton solution; the parameters in
Eqs.(23)—(27) are set at ky = 0.5+ 0.51, ky = 0.55 —
0.251, a1 = ag = 1 = 1, and B2 = m19 = 120 = 0.

2(aq + o)

It is an inelastic collision for these parameters. Some
general behaviours of solitons in this case can be found
in Ref.[19]. The profiles of the two solitons are split
between two components initially, but after collision,
one of them possesses only one component. Figure
1(b) illustrates the evolution of intensity profile |u|?
of solution of the perturbed CNLSE (2) with € = 0.02
(we have taken u; = ug, in Eq.(17)). Because of the
action of linear damping, the two-soliton solution de-
cays with time ¢ during the whole collision. For larger
€ values, the soliton amplitudes decay faster.

Fig.1. (a) Evolution of intensity profile |ug|? of two-soliton solutions of CNLSE and (b) intensity profile
|u|? of solution of perturbed CNLSE with ¢ = 0.02. The parameters in Eqgs.(23)-(27) are chosen to be
k1 =0.540.5i, k2 =0.55—-0.25i, a1 = a2 =061 =1, B2 =n10 =120 =0.
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Proceeding in a similar manner, the elastic col-
lision can be obtained by taking the parameters in
Eqs.(23)-(27) as k1 = 1+1, ks =1 —0.51, oy = 4
as = (B2 = 1, and n19 = 120 = 0. This is shown
Fig.2(a).

that, there is no intensity redistribution among the

in
The most apparent feature in this case is
modes both before and after collision. However, un-

der the action of the small linear damping terms in
Eq.(2), the slow decay of the amplitudes of each bright

solitons throughout the whole collision. This can be
seen from Fig.2(b). One more feature in Fig.2(b) is
that, the perturbations do not introduce any change
in the collision itself, i.e., the intensities between the
two components are the same at any time ¢ instead of
being redistributed. Moreover, the effects of perturba-
tions on other types of solutions of CNLSE (e.g., the
periodic solutions) can also be analysed in a similar

manner.
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Fig.2. (a) Evolution of intensity profile |ug|? of two-soliton solutions of CNLSE and (b) intensity profile
|u|? of solution of perturbed CNLSE with ¢ = 0.08. The parameters are set at k1 = 1 +1i, k2 = 1 — 0.5i,

a; =01 =az=0F2=1, 10 =mn20 =0.

3. Numerical simulation and dis-

cussion

In order to verify the validity of the direct per-
turbation method, we simulate directly the perturbed
CNLSE (2) via the split-step Fourier method, which is
one of the most popular numerical methods for solving
nonlinear equations. 23]

Figure 3 illustrates the time evolution of the am-
plitudes of solutions of Eq.(2) with different e values,
where the solid lines are from analytical calculations,
and the dashed ones are from numerical simulations.
Figure 3(a) is obtained for the perturbations of lin-

(a)

analytical solution

---- numerical solution

Jul?

e =0.1

40
t

60 80

Jul?

ear damping to one-soliton solutions. The initial con-
ditions are given by Eq.(17), and the parameters in
Eq.(18) are chosen to be p = ¢ = 0.5, § = g, and
0 = v = (o = 0. As predicted, the decay of am-
plitudes of solutions with the increase of time t is
observed. And the agreement between the analyti-
cal and numerical values is very good. The numerical
calculation also turns out that even in the presence of
relatively large perturbations, the direct perturbation
method is able to reproduce the numerically observed
behaviour of solutions. For example, the mean ab-
solute error of the amplitudes between the analytical
and numerical results is about 0.0012 when ¢ = 0.1.

)

: (b)

]

H analytical solution

- --- numerical solution

=01 _o3

10

Fig.3. The time evolution of amplitudes of one-soliton solutions (a) and two-soliton solutions (b) of Eq.(2)

with different € values.
numerical simulations.

The solid lines are from analytical calculations, and the dashed ones are from
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Figure 3(b) is obtained for the perturbations of
linear damping to two-soliton solutions of CNLSE,
where the initial values are taken as Eq.(17), and
kl = 1+i, kz = 1—0.51, a1 = 61 = To = 1,

2
ag = 3 = —, and 7y = 2 in Eq.(18).
an elastic collision for these parameters.

It is
Moreover,
the amplitudes of the two components are always the
same at any time. So they can be described by one
line in Fig.3(b).

tive agreement between the analytical and numerical

It is clear that there is a qualita-

values both before and after collision. The mismatch
of the soliton amplitudes increases when the solitons
come into collision. For instance, the agreement be-
tween the analytical and numerical results remains
good when € = 0.01, but a slight change of e value
introduces a progressively larger shift between analyt-
ical and numerical results. The amplitudes of numer-
ical solutions are larger than those of analytical ones.
Furthermore, the shifted values of the collision posi-
tions between analytical and numerical results have a
slow increase with the increase of € values.

As is known, the loss coefficients in fibres can be
very small,l?¥ for example, it may be 0.15dB/km at
A = 1.55pum. We hope that our theoretical results
will be checked in the fibre system and other physi-
cal systems by experimental physicists, and the new
direct perturbation method can then play its role in
real physical applications. However, the mismatch be-
tween analytical and numerical values gradually in-
creases when ¢ becomes larger, and the amplitudes
tend to zero more quickly, thus the higher-order mod-
ifications have to be taken into account and more ef-
fective perturbation theories are required.

4. Conclusions

In this paper, we have successfully applied Lou’s
direct perturbation method to the CNLSE with per-

turbations of —ieu and —iev, and obtained the asymp-
totical solutions including not only the zero-order so-
lutions but also the first-order ones. In the asymptot-
ical solutions, ug and vy can be any solutions of the
CNLSE, such as the one-soliton solutions, the multi-
soliton solutions, the periodic solutions, etc, and wu;
and v; can be any symmetries of CNLSE. So the solu-
tions obtained by this direct perturbation method are
more abundant than those obtained by other meth-
ods. In usual perturbation methods, one has to treat
different types of solutions (e.g., solutions with differ-
ent boundary conditions) separately, but in our treat-
ment, all the perturbation solutions can be obtained at
the same time. For further studying, we take the soli-
ton solutions of perturbed CNLSE (2) as typical ex-
amples to analyse the effects of perturbations on soli-
tons. It is shown that, in the presence of perturbations
of linear damping, the amplitudes, the phases and the
initial positions of solitons are changed, but there is no
change in the soliton velocities. To verify the validity
of the direct perturbation method, we have solved the
perturbed CNLSE numerically. It turns out that our
analytical results agree well with the numerical calcu-
lations (see Fig.3). In addition, we believe that Lou’s
direct perturbation method can also be extended to
the N-components NLSE. And how to apply the direct
perturbation method to system (1) with other differ-
ent perturbations, such as €|u|*u, eu(|u|?)s, €uzzs, ete.,
and other complicated perturbed nonlinear equations
(such as sine-Gordon equation (SGE), Kadomtsev—
Petviashvili equation (KPE), etc.)
of further study.

are also worthy
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