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This paper establishes a new isospectral problem. By making use of the Tu scheme, a new integrable system is

obtained. It gives integrable couplings of the system obtained. Finally, the Hamiltonian form of a binary symmetric

constrained flow of the system obtained is presented.
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1. Introduction

It is an important and interesting aspect in soli-
ton theory to search for new integrable systems in
recent years. Various efficient approaches have been
used to obtain many integrable systems such as AKNS
hierarchy, KN hierarchy, Schrodinger system and so
on.['=221 Tu proposed a simple and efficient method
for generating integrable Hamiltonian hierarchies of
soliton equations in the frame of the zero curvature

equation, which is called the Tu scheme. /!

By using
this technique, some interesting results with physi-
cal significance have appeared such as TA, TB, TC,
BTP and coupled KdV hierarchy, etc.>=15 More-
over, bi-Hamiltonian structure and tri-Hamiltonian
structure(':12] have been applied to some soliton hi-
Caol!0l

presented a powerful approach (the technique of non-

erarchies by using the recursion operators.

linearization of Lax pair or the restricted flow) and
provided us with a bridge from the infinite dimen-
sional Hamiltonian systems to the finite dimensional
integrable Hamiltonian systems. Recently, Guo and
Zhang further developed Tu scheme to look for some
new integrable hierarchies and integrable couplings
systems by using some subalgebras of loop algebra :4v1
and :4; Integrable couplings are a quite new interest-
ing aspect in the field of soliton theory.["*! Using the
method proposed in Refs.[21,22] some authors have

obtained integrable couplings of many systems. These
integrable couplings obtained are based on loop alge-
bra /Tl Regarding the systems with basis on loop
Z;, one can refer to Ref.[22], where a proper algebraic
transformation is taken to turn the loop algebra ANQ
into its equivalent loop algebra like the form of ;lvl

In this paper, we would like to introduce a subal-
gebra of loop algebra ANQ Therefore, a new isospectral
problem is designed by using a new subalgebra of loop
algebra XQ . By making use of Tu scheme, a new in-
tegrable system is obtained. Furthermore, integrable
couplings of the system are given. Finally, by estab-
lishing a binary symmetric constraint, the Hamilto-

nian form of the constrained flows are given.

2. A new loop algebra and an in-

tegrable system

Taking the loop algebra ;42 with the basis

A" 0 A"
etffn)=1 0 =2\ 0 |,

A" 0 A"

0 A" 0
ean)=1 A" 0 A" |,

0 A" 0
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0 A" 0 Let
es(n)=1[ -\ 0 =\"|,
0o A 0 V = ae1(0) + bea(0) + ces(0)
we have a b+c a
fex(m), ea(n)] = des(m +n), e
a b+c a
[e1(m), es(n)] = 4ea(m + n),
where
ea(m )

[

dege;(n) =n

(m),e3(n)] = —2e1(m + n),
(1=1,2,3).
Consider the spectral problem

A =0,

A u+v A
—2)
A u+v A

P = UQO,

U=U(u,\)=[u—wv u—v

=e1(1) + uez(0) + vez(0),

¢ =(p1,902,03)", u=(uv)"

a= 3 aA =3 b
m=0 m=0

o0
c= Z cm A~
m=0
Solving the stationary zero curvature equation
Ve = [U7 V]v

we obtain the recursive relations:

Gmz = 20bp, — 2uCpy,  bmg = 4Cm41 — AV,  Cmx = 4bmy1 — 4duam;
bo=0, ¢c=0, ap=a, bi=oau, co=av, a3 =0, by = %vz, Co %ux, as = %(v2 —u?),
- & un? — B @ QB — o _a _
by = 1g Uae + 1 (wv® —u’), c3 1g Ve + 1 (v° —wvu®), a3 3 (VU — uvy),
«Q 3o 3a «Q 3a 3o
b:_mmm _21__2;E :_www__zw _21
T T AT S i T T

Noting that

Vi") = Z (amer(n —m) + bpea(n —m) + cmes(n —m)), v =y — Vi”),

m=0

we can write Eq.(2) as

v Lo, v =v® — o, v, (3)

It is easy to verify that the terms on the left-hand
side of Eq.(3) are of degree > 0, while the terms on
the right-hand side are of degree < 1. Therefore, the
terms of both sides are of degree 0,1. So

- -i(-r;l) + [U, V_,,(_n)] = —4bm+163(0) - 4Cm+1€2(0).

Taking V(") = Vin), we find that the zero curvature
equation determines the Lax integrable system as fol-

lows:

(w0 =1\ [ dbuis
= \w ), T\ 0 ) e

- JGm+1.

2u0~ 1
Gn =
( —10— 2007w
=LGp_1.

—30+2ud'u
—200~ 1y

(4)

Taking m = 2 and m = 3 in Eq.(4) we get two non-

linear equations

o
Up = —Vgy + a(v3 — vuz),

4
v = %um + a(uv? —u?),
o} 3a +3o< 9
Ut = ZUggx — —, U Uy — UV Uy,
"7 16 4 4
o« n 3a 4 3a
U = 16”111 4 UV Vg 4 U Vg,

where the latter is a coupled nonlinear Schrodinger

equation.
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A direct calculation gives

() = ()=t {155) =t

Substituting the above formulate into trace identity

we get
4]
du — *72 v 4b
5 (8a) =\ 6/\/\ (_40 .
o

Comparing the coefficients of A="~! we have

)
—8amt1 = (v — m)Gp,.

ou
Let m = 1, then it leads to v = 0. Therefore,
0H,, 8am,
ut_<u> —J ooy, = 2dmil (5)
v/, ou m
It is easy to verify that
Lo+ 200 1w 2001y
JL=L*J=|*4
( 2u0~ 1y —10+ 2u81u) ’

thus, the system (4) is integrable in the Liouville sense.

3. Integrable couplings of hierar-
chy (5)

Integrable coupling, a notion presented by Fuch-
steiner, originates from an investigation on centreless
Virasoro symmetry algebras of integrable systems or
soliton equations.[?’) Some papers of integrable cou-
plings have been published.[?"??l Using the method
proposed in Ref.[22], one can obtain integrable cou-
plings of the system (5). For this purpose, we take a
Lie algebra A;:

(01 (0 1
a=(1,) a=(1 )
~ 10 SO ~
632(0 _1), €1, e2] = —2e3,

Let us make the scalar transformation: e; — ayé;,
i =1,2,3, where ¢; are to be determined. Solving the
following algebraic equations:

arag = —2a3, aiaz = —2a, a3z =ai,

a1 = —2, g = \/51,
a3 = v/2i. Thus, we have a subalgebra of Lie algebra
All

_1_<—O2 _02) _2_<—\(}§i \/051>

we get a set of solutions:

&= (\/gl _\(}51>, [e1, 2] = 4es,

Hence Eq.(6) has the same communicative relations as
the loop algebra E; Therefore, by making use of loop
algebra Eq.(6), one also deduces the system (4). Now
we expand Eq.(6) into the following high dimensional
loop algebra G:

0 —2X\" 0
er(n) = —2A\" 0 0],
0 0 0
0 V2iA™ 0
ea(n) = | —v2i\? 0 o) ,
0 0 0
V2iAm 0 0
es(n) = 0 —V2i\" O),
0 0 0
0 0 A 00 0
esn)=10 0 0 |, es(n)={0 0 A" |,
0 0 O 0 0 O
with
[e1(m), e2(n)] = dez(m +n),
[e1(m), e3(n)] = dea(m + n),
[e2(m), e3(n)] = —2e1(m +n),
le1(m), ea(n)] = —2e5(m +n),
le1(m), es(n)] = —2eq(m +n),
[e2(m), ea(n)] = —V2ies(m +n),
[es(m), ea(n)] = —V2ieq(m + n),
es(m), ea(n)] = V2ies(m + n),
les(m), es5(n)] = —V2ies(m +n),
[ea(m), e5(n)] = 0.
Let

Gy = spanfe1(n), es(n), es(n)},
G = span{ea(n), es(n)}.
then évl is isomorphic to ;11,
[G1,G2] C Go. (7)
Take the linear forms as follows:
v, = U, ),
U =e1(1)+uiea(0) + uzez(0) + uzes(0) + uqges(0).(8)

A =0,

Solving the auxiliary equation (2), we obtain
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Az = 2U2by — 2U1Cyy, bz = 4Cmt1 — AU2Gr,  Cmaz = 401 — durGo,
Aoz = V2iusd,, — 2fm+1 + \/§iu1fm —V2iugem + 2usam + \/ﬁimbm,
fme = —V2iuirdy, — 2dmy1 — \/§iu2fm + \/iiu?,bm + 2u3a., + \/Eimlcm;
— V" LU, V] = —4b 1 13(0) — demi13(0) + 2fim11€4(0) + 2y y165(0).
Set V() = Vin), then the zero curvature equation determines the Lax integrable system as follows:
U1l 0 -1 0 0 4bm+1 4bm+1 4bm
Ug _ 1 0 0 O —4cm+1 _ —4cmt1 I —4e,, 7
us 0 0 0 2 dm+1 dmt1 dm
ug/ 0 0 -2 0 —fm+1 —fm+1 —fm
1
2’(1,187111,2 —18 + 2u18_1u1 0 0
1
—18 — 2u0 M uy —2u0™ 'uy 0 0
L=1 a L L V2i V2i L, v2i
uz + =u u —u, Uy — U — u —=0— U
g Ustus 2 U3 1 4 5 W 5 5 U2
2i 1 21i 1 1 21 2i
—\/8_111,4— 5’(1,48_111,2 —\/8—111,34— 511,48_1’&1 58— \/2—111,2 \/2—111,1
up = JL™ (4o, —4oug, auz, —auy) . (9)

Comparing the structures of J and L in Eq.(9)
with those in Eq.(4) and according to the definition of
integrable couplings, we can conclude that Eq.(9) are
integrable couplings of the system (5).

4. Binary symmetric constrained
flows

Take the following isospectral problem:

U, = [U" 0], N=0, ¢ = (1,937,
= —(¢g—1) -
U=\ —(¢g+r) 2\ —(g+r) (10)
= —(¢g—1) -
Let ¢;, ¥ (i = 1,2,3) and their derivatives in

by \
(—4C;€> o 6

= 2a, we can reduce Eq.(12) to:

1

Taking k=1 and 3

Egs.(1) and (10) tend to zero when |jz|| — oo. A
direct calculation shows that

A1 P12 + P21h1 + 2103 + P32
ou B\ —p1hg + pathy + paths — pathy |

For N distinct A;(j = 1,2, ...
ger k (k=0,1,2, ...
general be expressed as

, V) and some fixed inte-

), bi-symmetric constraint can in

N
0 Hy, OA;
J—=J E E,—2L 11

S 676 ~ J ou’ ( )
where 3 is a constant to be determined, E; are nor-

mal constants. As far as Eq.(5) goes, Eq.(11) can be
reduced to

<¢1, !p2> + <¢2, !p1> + <Q52, !P3> + <Q53, !p2>
"\ (@, W) 4 (B, )+ (Do, W) — (s, W) )

u= ({1, Y2) + (P2, V1) + (D2, ¥3) + (P35, ¥2)),

2
1

v= (01, U2) — (P, V1) — (P2, ¥s) + (D3, U2)).
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Inserting Eq.(13) into Eqgs.(1) and (10) we get the
space symmetric constrained flows as follows:

P1j Y1)

w2 | =Ula| w2 |,

P35/ & P35

(Y (Y

Yo | =U"la| ¥2 |, (14)
¥35/ V3

where the symbol |4 denotes substitution of Eq.(13)
into corresponding isospectral problems.
By direct computation, we have

Hy = <AQ§1, lp1> + (<¢2, !p1> + <Q52, lp3>)
x ((D1, V2) + (D3, ¥2))

- 2</1€p2, !p2> + </1€p3, !p3>,

then we obtain a general Hamiltonian form of the con-
strained flows Eq.(14) as follows:

~ 0Hy _
- a!pz7 1T

_ _9H (i=1,2,3), (15)

o, —==0
0P;

where @; = (pi1, ..., oin)Ty Wi = (Yi1, ., Yin) T
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