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In this paper, the lattice Boltzmann method is applied to simulate a dumbbell moving in a pressure-driven flow in a

planar channel with the stress-integration method for the evaluation of hydrodynamic force acting on the cylinders. The

simulation results show that the dumbbell also has the important feature of the Segré—Silberberg effect like a particle in

a Poiseuille flow. The dumbbell trajectories, orientations, the cylinders vertical velocities and angular velocities all reach

their equilibrium values separately independent of their initial positions. It is also found that the dumbbell equilibrium

positions depend on the flow Reynolds number, blockage ratio and elastic coefficient. This study is expected to be

helpful to understand the dynamics of polymer solutions, polymer synthesis and reaction, etc.
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1. Introduction

Studying the properties of polymers!'=3 is of
great importance because they are ubiquitous and
usually used in the food, gene transfection, drug de-
livery, pharmaceuticals, coating, and chemical indus-
tries, etc. Some properties of the polymers are often
governed by their conformations and the interactions
between the molecules and the solvents. Due to the
complexity of the polymers themselves, their configu-
rations are often simplified as the dumbbell model(*~7!
to understand the mechanism of the polymers. In this
paper, we will concentrate on the study of the be-

haviour of the dumbbell in the fluid flows.

Recently, the solid—fluid two-phase flow system
has been extensively studied both theoretically and
experimentally, and surprising achievement has been
obtained.[®=13! In the past fifteen years, the lattice
Boltzmann method™~17 has been proven as an al-
ternative numerical method for simulating fluid flows
in various physical and engineering systems, espe-
cially in the areas of complex fluids such as particle
suspension flows,['8=24 binary mixtures,?°=29 flow
in porous medial?°=34 and blood flows.[?>=40 Ladd

was the first to apply the lattice Boltzmann method

to simulate particle suspensions, and the hydrody-
namic force exerted on solid particles was computed
by momentum exchange method.!'®! Based on this
method, the sedimentations of charged cylinder,[') el-
liptic cylinder2921] and dumbbell?? were studied nu-
merically in a two-dimensional channel. Li et al[?*
used the stress-integration method to evaluate hydro-
dynamic force exerted on solid particles in fluid in two
dimensions. The accuracy of this scheme has been
demonstrated by simulating the sedimentation of a
circular cylinder in a vertical channel and compar-
ing the simulation results with those obtained from
a second-order finite-element scheme. The migration
of a neutrally buoyant circular cylinder in a Poiseuille
flow was also studied by this method.

In this paper, the lattice Boltzmann method is
extended to study the dumbbell moving in a pressure-
driven Poiseuille flow in two dimensions. The dumb-
bell trajectories, time-dependent orientations, the
time-dependent vertical velocities and angular veloc-
ities are computed numerically. Effects of parame-
ters controlling the particle motion, which are flow
Reynolds number, blockage ratio and elastic coeffi-
cient, are also investigated extensively.

This paper is organized as follows. In Section 2
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we briefly describe the lattice Boltzmann method. We
present our simulation results in Section 3. The con-
clusions are given in Section 4.

2. The lattice Boltzmann model

We choose to work on a two-dimensional square
Let fi(x,t) be a non-
negative real number describing the distribution func-

lattice with nine velocities.

tion of the fluid density at site  and time ¢ moving
in direction e;. Here ey = (0,0), e; = (cosm(i — 1)/2,
sinm(i—1)/2), fori =1,2,3,4, and e; = v/2(cos m(2i—
1)/4, sinw(2i — 1)/4), for ¢« = 5,6,7,8 are the nine
possible velocity vectors. The distribution functions
evolve according to a Boltzmann equation which is
discrete in both space and time,[15:16]

filw+ et +1) = file ) =~ (fi= [, (1)

The density p and macroscopic velocity u are defined

by
p= Zfi,

and the equilibrium distribution functions f; are usu-

pu = Z fiei, (2)

ally supposed to be dependent only on the local den-

sity p and flow velocity w. A suitable choice is!'%1¢!

e 9 3
fiq:pai[l—i-?)ei-U—i— 5(61"’”)2—5“2}7 (3)

where ap = 4/9, a1 = as = a3 = a4 = 1/9, and
as; = ag = a7 = ag = 1/36. The macroscopic
equations can be obtained by a Chapman-Enskog
procedure.['516] They are the continuity equation

9p + dalpua) =0, (4)
and the Navier—Stokes equations

d(pua) + I(puaugs)
= Oap + Vaﬁ [p(aauﬁ + aﬁua)]v (5)

where p and v are the pressure and the viscosity, de-
fined by the equations p = c2p with ¢2 = 1/3 and
v = (21 — 1)/6, respectively.

3. Results and discussion

Figure 1 displays the schematic diagram of a neu-
trally buoyant dumbbell moving in a Poiseuille flow in
our lattice Boltzmann simulations. The width of the
channel is D = 1.0 cm and the length of channel is

L = 4.0 cm. The densities of the fluid and the dumb-
bell are both 1 g/cm? and the kinematic viscosity of
the fluid is ¥ = 1.0 x 1072 c¢m?/s, corresponding to
that of water at 20 °C. The pressure drop from inlet to
outlet is set to be 8.64 x 1072 Pa. The Reynolds num-
ber of the channel flow is defined as Re = u,,D/2v,
where u,, is the maximal velocity of the flow without
any dumbbell in the channel and v is the viscosity
of the fluid. The two-dimensional dumbbell in our
simulations consists of two identical neutrally buoy-
ant cylinders with diameter d connected by a massless
spring. The blockage ratio is defined as d/D and the
elastic constant of the spring is denoted by k£ and its
free length is ly. [y is always set to be 0.2 cm except
for the discussion of the blockage ratio dependence in
Section 3.3. The orientation of the dumbbell is defined
as the angle 6 between the line linked the centres of
two cylinders and the horizon. In the lattice Boltz-
mann simulations, 7 = 0.75 and D = 100 lattice units
separately. Initially the distribution functions at all
the fluid nodes are set to be the equilibrium distri-
bution functions with zero velocity except for those
at inlet and outlet. The dumbbell is situated at rest
with orientation # = 90° and let the fluid flow develop
and approach a steady state driven by pressure drop.
When the time step reaches at 10 000, the dumbbell
is released and will move in the Poiseuille flow. The
inlet and outlet boundaries are always L/2 apart from
the moving dumbbell.
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Fig.1. Schematic diagram of a neutrally buoyant dumb-
bell moving in a Poiseuille flow.

In our simulations, the boundary condition for the
moving cylinders is treated by the method described
in Refs.[23,37]. Periodical boundary condition pro-
posed by Inamuro et al is implemented at inlet and
outlet!*! to produce Poiseuille flow. The hydrody-
namic force acting on two cylinders is evaluated based
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on the method of stress-integration.?3] The elastic
force exerted on the two cylinders is assumed to obey
Hooke’s law, i.e.

F,; = k(xj — xl)(l - ZO), (6)

l
i—y) (=1
where i # j, 4,7 = 1,2, and [ is the length of the dumb-
bell. The translation and rotation of the two cylin-
ders are updated at each Newtonian dynamics time
step by using a so-called half-step ‘leap-frog’ scheme

respectively.!4?

3.1. The motion of the dumbbell with
different initial positions

Figure 2 displays the dumbbell centroidal trajec-
tories (a), time-dependent orientations (b), the two
cylinders time-dependent vertical velocities v, (c) and
angular velocities w (d) with different initial posi-
tions y;,/D. The Reynolds number, the elastic con-
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stant of the spring and blockage ratio are set to be
Re =10.83, k = 7.2 x 107° dyn/cm (1 dyn = 107°N)
and d/D = 0.1 respectively in our simulations. Fig-
ure 2(a) shows that the dumbbell migrates inwards
when the dumbbell is placed near the wall, while
outwards when the dumbbell is situated close to the
channel centre initially. All of them settle a same
equilibrium position between the channel centre and
the channel wall. A cylinder (sphere) migrating in a
Poiseuille flow also shares this feature,?343:44] which
is called Segré-Silberberg effect. The orientations 6
of the dumbbell also reach their equilibrium values as
shown in Fig.2(b). Numerically the orientation of the
dumbbell is 11.5°, which implies that the cylinder near
the centre drags another cylinder forward. The ver-
tical velocities v, and angular velocities w of the two
cylinders all reach their steady state separately inde-
pendent of the dumbbell initial positions as shown in
Figs.2(c) and 2(d). The magnitude of the angular ve-
locity of the upper cylinder in steady state is smaller
than that of the lower one.
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Fig.2. The centroidal trajectories (a), time-dependent orientations (b), time-dependent vertical velocities vy (c)

and angular velocities w (d) of the two cylinders of the dumbbell for different initial positions yi, /D at Re = 10.83,

k=7.2x 1075 dyn/cm and d/D = 0.1.
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3.2. The flow Reynolds number depen-
dence of the dumbbell motion

Figure 3 displays the dumbbell equilibrium posi-
tions for different flow Reynolds numbers with elastic
constant k = 7.2 x 107 dyn/cm and blockage ratio
d/D = 0.1. It is clear that the dumbbell equilibrium
positions keep almost invariably for flow Reynolds
number Re less than 10. The dumbbell equilibrium
positions move towards the wall as the flow Reynolds
numbers increase in case of Re > 15.
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Fig.3. The equilibrium positions of the centroid of the
dumbbell for different Reynolds numbers at k = 7.2x10~°
dyn/cm and d/D = 0.1.

3.3. The blockage ratio dependence of
the dumbbell motion
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Fig.4. The equilibrium positions of the centroid of the
dumbbell for different blockage ratios at Re = 10.83 and
k=7.2x 1075 dyn/cm.

Figure 4 displays the effect of blockage ratio d/D
on equilibrium position with a fixed flow Reynolds
number Re = 10.83 and elastic constant k = 7.2x107°
dyn/cm. The free length Iy of the dumbbell is set to
be 0.20 cm, 0.25 c¢m, 0.30 cm, 0.35 cm, 0.40 cm, 0.45

cm for d/D = 0.10, 0.15, 0.20, 0.25, 0.30, 0.35 respec-
tively in order to keep sufficient space between the
two cylinders. The simulation results show that the
dumbbell equilibrium position y*/D increases as the
blockage ratio d/D increases and vice versa.

3.4. The elastic constant dependence of
the dumbbell motion

Figure 5 displays the dumbbell equilibrium posi-
tions varying with the elastic constants k£ at Reynolds
number Re = 10.83 and blockage ratio d/D = 0.1.
The numerical simulation results show that the dumb-
bell equilibrium position versus k obeys an exponen-
tial decay, i.e. y*/D = 0.41 4+ 0.099¢~*/6-1, The dif-
ference of the dumbbell equilibrium position between
k=2.88x10"* dyn/cm and k = 2.16 x 10~* dyn/cm
is less than 0.1%, implying that we can obtain the
converged simulation results when k is larger than
2.16 x 10~* dyn/cm. So a critical elastic constant
ko = 2.16 x 10~* dyn/cm is introduced. The larger
elastic constant k favours the dumbbell equilibrium
position near the channel wall while smaller elastic
constant k favours the dumbbell equilibrium position
near the channel centre on the condition of k < kg.
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Fig.5. The equilibrium position of the centroid of the

dumbbell versus k at Reynolds number Re = 10.83 and
blockage ratio d/D = 0.1.

4. Conclusion

We applied the lattice Boltzmann method to in-
vestigate the motion of the dumbbell in a pressure-
driven Poiseuille flow with the hydrodynamic force ex-
erted on the dumbbell computed by stress-integration
method. The dumbbell trajectories, time-dependent
orientations and time-dependent velocities and angu-
lar velocities of the components are studied numeri-
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cally. The equilibrium values of the dumbbell posi-
tions, orientations, velocities and angular velocities of
two cylinders are independent of their initial positions.
It is also found that the dumbbell equilibrium position
depends on the flow Reynolds number, blockage ratio
and elastic coefficient.

Our study should be helpful in understanding the
mechanism of the polymers, i.e. dynamics of poly-
mer solutions, polymer synthesis and reaction, pro-

tein crystallization, etc. Because of the complexity

of the polymers themselves, more models and factors
must be considered to understand the properties of
the polymers. We are working in this direction.
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