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Using the coherent state representation of Wigner operator and the technique of integration within an ordered

product (IWOP) of operators, this paper derives the Wigner function for the Hermite polynomial state (HPS). The

tomogram of the HPS is calculated with the aid of newly introduced intermediate coordinate-momentum representation

in quantum optics.
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1. Introduction

The Wigner function!’? in phase space is an im-
portant statistical method for studying fields in quan-
tum optics. Recently, various photon states have been
generated by the micromaser(®l and Wigner functions
of some cavity fields can be measured in the whole
phase space by a scheme based on interaction between

[4.5] Therefore, it is very inter-

cavity fields and atoms.
esting to construct and measure the Wigner functions
of quantum states by using some theoretical schemes.
In this work, we shall calculate the Wigner function
of the Hermite polynomial state (HPS) which is the
minimum uncertainty state for the variables which de-
scribe amplitude-squared squeezing.

The HPS

equation:!©!

satisfies the following eigenvalue

(Y1 +1iAY2)[m, A) = x[m, A), (1)
where A is real, x is complex,
x=i(1=A)Y2(m41/2), for 0<A<1,  (2)
x=MW=1D)Y2(m+1/2), for A>1, (3)
and
Yi=(a®+a™)/2, Ya=(a"—a")/(20), (4)

a (a™) is the usual annihilation (creation) operator.
The state |m, \) is taken as

Im, A) = Cn (\)S(§) Hrm (17(X)a™)[0). (5)

Where H,,(x) is the m-order Hermite polynomials, its

expansion formula is!”]

and S(¢) = exp[(€a™ — £*a?)/2] is the single-mode

squeezing operator, !

1 .
S(€) = sech'/rexp [§a+26‘29 tanh 7’}
x exp[atalncoshr]
1 .
X exp {—iaQe_‘% tanh r} , (7)

where & = rexp(if) is the squeezing parameter. The
parameters r and 6 are defined as
(i) for 0 < A < 1,

0 =m/2, tanhr = (1;—;)1/2,
Y(N) = explim/4)[(1 = N*)1/2/2]'/2, (8)

(ii) for A > 1,

A—1\1/2
=0, tanhr= ()\——I—l) )
YO = [\ = 1)/ 2N)]2. (9)

Cin () is the normalization constant of the state |m, A)
given by

[Con ()] 72 = (0] Hin (=i (N)a) Hin (i7(N)a™)[0)
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/2 214 (A 2] 20
N z_%( (zn[—hQ(n))!'(n],!)Q ' (10)

The state is of interest because it can be generated by
a degenerate parametric amplifier.?) Especially, the
state |1,A) can be produced by using a one-photon
number state as the input for a degenerate paramet-
ric amplifier because it is a squeezed one-photon state.
We want to derive the Wigner function characterizing
the HPS, and examine how this Wigner function varies
with A and m respectively. We also want to obtain
the tomogram of the HPS. To simplify the calcula-
tions, we shall use the coherent state representation
of Wigner operator and introduce the so-called inter-

mediate coordinate-momentum representation.

2. The coherent state representa-
tion of squeezed Wigner oper-
ator
The Wigner function of the state |m, \) is

W(a, a®) = (m, A|A(e, a)|m, A)
= (OO Ho(—in" (V)51 (€)
x A, ") S(E) Hm (i7(N)a™)|0),  (11)
where A(a, *) is the coherent state representation of
the Wigner operator, a = (x + ip)/v/2.

Using the original definition of the Wigner

function/1°]

Ao, a™) /d2zexp[z(a+—a*)—z*(a—a)], (12)

" 22

and the following Glauber disentanglement theo-
rem!!!]

exp(A+ B) = exp(A)exp(B)exp(—@), (13)

as well as the technique of integration within an or-
dered product (IWOP) of operators, we can deduce
the normal ordering form of the following Wigner op-

erator
Aaa®) = 55 [ @ sexp[-g P
+z2(at —a*) — 2*(a — a)} :
= % : exp[—Z(aJr —a)(a—a)] (14)

where : : denotes normal ordering.

The Wigner operator A(a,a*) is also expressed

aS[10]

2
A(a,a*>=/%laﬂﬂa—zle“*‘“ﬁ (15)

since the normal ordering form of Eq.(15) is the same
as that of Eq.(14), i.e.,

d? N
Ao, ™) = /W—2Z|a+z><a—z|eo‘z R

d?z
= /? :exp{—|2|2+(a+z)a+
+(0" = =a—a*a+ax " — o} :
1
= —:exp[—2(a" —a*)(a —a) (16)
T

where |a + 2) is the coherent state.?!
On the other hand, the squeezed operator S(&)

yields
S71(€)aS(€) = acoshr + atel? sinhr, (17)
S71(€)aTS(€) = at coshr + ae™ ¥ sinhr, (18)
where
[acoshr+aTe? sinhr, a* cosh r4+-ae™ sinhr]=1.(19)
Therefore, from Eqs.(12), (13), (17) and (18) we have

STHE A, a")S(€)

_ 1 2. 2( o2 1)
=53 d z.exp{ H (smh r+2

+z(ae" ¥ sinhr + a™ coshr — o)

—2*(a*el? sinhr 4 acoshr — a)

1 . .
+§(226719 + 2*%e1%) sinh r cosh r} :
1 + * —if o;
= —:exp[—2(a™ — a” coshr + ae™'? sinhr)
7T
x(a — accoshr + a*e'? sinh 7)) : . (20)

Comparing Eq.(20) with Eq.(14), we obtain the coher-
ent state representation of squeezed Wigner operator

A(B,B*) = 5716 A(a, a*)S(€)
2
:/%|g+z><g_z|e&“zﬁ*, (21)

where
B = acoshr — a*el? sinhr. (22)

So the Wigner function of the state |m, A) becomes

W (e, o) = [Crn (V)0 Hin (i7" (N)a)
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« / dW_QQZ 18+ 2)(8 — z|eﬁz*_zﬁ* Using the generating function formula of H,, (x)!*?!
0" g
< Hon(i(Na") [0} (23) (@) = e 2)
and the following integral formula:
R R T
o . ——exX
3. The Wigner function of the T P K g
_ 2 2
state |m, \) - 21 exp| Cntigtn f}, (26)
V2 —Afg ¢C—4fyg
Now in terms of Eq.(23) we obtain with
) a2 Re(C+ f+g) <0,
W(aa®) = [Ca W [ 5 Hu(=i0" ()5 + ) o
—*Jg
. * * Re( ———) < 0. 27
X Hyn(1(V) (5~ 2°)) (G=750) (27)
x exp[—|B]* — |2|> + 82" — 26*]. (24)  we find that Eq.(24) becomes
|
* I d*z 2 _igax 2
W(a,a™) = [Cn(N)] Jmapm ?GXP[—|Z| — 29N (B+2)t -t
+i2y(N) (8" = 2")t = 2|8 + 82" — 267]|e=v~o0
2m
= [Cm()\)]zWexp[—4|7(/\)|2tt/ +id(y(N) B = v (N)Bt) — 17 — " =2|B]i=r=0
" /m an . N
— G Y () [ (2005 ~ 20 (0P
n=0
gm—n ] .
X expl-idy ()t — =215 o (28)
|
Then using the well-known recurrence relations of  different values of A (A = 1,1.02 and 1.2). When
H, ()] A =1 (Fig.1(a)), we clearly see that the Wigner func-
l . tion W (a, o*) displays a single peak and has Gaussian
d H,(z) = 2t H,_(x), (29)  shape, which is similar to that of the Wigner func-

dal (n—1)!

tion of vacuum state, centred at the origin of phase

we finally obtain the Wigner function of the state  space. This is reasonable and accurate because the

|m, A) in the following form: HPS becomes the vacuum state for taking A = 1. By
increasing the parameter ), the single peak begins to

W, a*) = [Con (V)2 i 2"(m!)? split into two peaks and they are compressed along
oy nl[(m —n)!? the Ima: (or p) direction as can be seen in Figs.1(b)

. and 1(c). The features result from the squeezed pa-
< [Hy (<25 () Pesp[-2/32], (30) ©
rameter  # 0. By reason that A\ plays the role of a

where £ is given by Eq.(22). squeezing parameter, the two peaks are further com-

Now we would like to discuss changes of the pressed with increasing A. Here from the phase space

Wigner function with varying parameters A and m point of view the squeezed properties of the HPS can

from Figs.1 and 2. In Fig.1 there are plots of the be well interpreted and described. The greater the

Wigner function of the HPS with m = 10 and for value of A, the smaller the value of two peaks, the fur-
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ther the distance between the two peaks and finally
two independent peaks occur. Similarly, when the pa-
rameter A decreases from 1 to 0, the Wigner function
W (a, a*) obeys the same rule. Comparing Fig.1(c)
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with Fig.2, we also find that the greater the value of
m, the greater the value of two peaks and the further
the distance between the two peaks.
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Fig.1. The Wigner function of the HPS for m = 10 and (a) A =1, (b) A =1.02, (¢c) A =1.2.
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Fig.2. The Wigner function of the HPS for m = 6 and
A=1.2.

4. Tomogram of the state |m, \)

In recent years, tomogram approach, whose prop-
erty is a standard positive probability distribution
function describing the quantum state in quantum
statistics and quantum optics, has brought much in-
terests of physicists. As is well-known, x-ray or op-

tical tomographic imaging techniques (classical to-
mography) derive two-dimensional data from a three-
dimensional object to obtain a slice image of the in-
ternal structure and thus have the ability to peer
inside the object noninvasively. In the context
of phase space theory of quantum statistics Vogel
and Risken!" pointed out that the probability dis-
tribution for the rotated quadrature phase Xy =
[aTexp(i0) +aexp(—i0)]/v/2 can be expressed in terms
of Wigner function, and the reverse is also true (named
as Vogel-Risken relation), i.e., one can obtain the
Wigner distribution by tomographic inversion of a set
of measured probability distributions, Py(xg), of the
quadrature amplitude. Smithey et all*! also pointed
out that once the distribution Py(xg) is obtained, one
can use the inverse Radon transformation familiar in
tomographic imaging to obtain the Wigner distribu-
tion and density matrix. Thus tomographic approach
of quantum theories offers a description in terms of
tomographic probabilities. In this section we continue
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to derive the tomogram of |m, \), which is defined as x (m, \|A(z', p’)|m, \)
2
T(z, f,g) //dp da'6(z — fa' — gp )W (', p'). (31) = [f,g(zlm, N7, (33)

However, it will be very difficult to evaluate the inte-
gration if we directly substitute Eq.(30) into Eq.(31),
fortunately we use the following relation between the
Wigner operator and the projector of intermediate

coordinate-momentum!*3!

unmfﬂ@w=//dﬁdw&x—ﬁﬂ—wwAucﬁ»@m

Thus the tomogram of |m, \) is

9) = // dp/da’s(z — fa' — gp')

f,g<x|m, )‘> = C

By virtue of Egs.(6), (7) and (18) we have

Nratel [ L2 ais@tninmers o [ L.

which shows that for tomographic approach there
exists the intermediate coordinate-momentum state
|z) s, and the Radon transforms of the Wigner
operator are just the pure-state density matrices

%) 1.9 .9 (2]
states can be considered as the module-square of the

As a result, the tomogram of quantum

states’ wave function in this representation. This is a
new way to derive tomogram of quantum states. Us-
ing the coherent state’s completeness relation we can
obtain

d? .
£.0{@m, A = Cp(N)sech?r; (x| / ) (@] Hm (iy(N) (a* coshr — ae™1 sinh 7))
o

<[ L) pre |-

1 .
3 at2e%? tanh 7| |0)

2
= C’m()\)sechl/2rj'1g<x| / d—a|o¢>Hm(i*y(/\)(o¢* coshr — Be%sinhr))
7T

d?p

1 ; 1
X | ——exp [——6*26219 tanhr — |8]? — =|a|* + a*3
m 2 2

[m/2] [m—2n]

=Cn sech1/2r Z Z
n=0 =

x (coshr)k(—e™1? sinhr)m*Q"*k/—

d? 1 .
X / —66m*2”*kexp [—56*26219 tanhr — |3]% + 04*6]
T

Then using the following integral formula:*°!

d?z 1
/ Tz"exp((|z|2 +&z4+nz* +g2*?) =

and the intermediate coordinate-momentum state

2

(34)
(m Qn) (—)mml[i2y(XN)]m 2"
nl(m — 2n)!
2
T2 (alajatesp(-[af)
(35)

[n/2]

2n+1 n!
_(Z) exp[cg(gé —(&n)] Zﬁ(%g )" (g¢?)", (36)

V2 v+ fHig 2] [0),

21 = [7(f + g2)]/Hexp -

we find that Eq.(35) becomes

[m/2] [m—2n]

>

k=0

Con(N)sech'/?r

f.9(T[m, A) = (2 + g2

n=0

2(f2 +9?)

m — 2n) (=)mtn—t

TFoit T2 —ig)

m![i2y(A)]" 2" cosh® r
nl(m — 2n)!

k
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. a2 .
X (e_‘esinhr)m_zn_k/ S (1 — a*e? tanhr)
T
V2z f—ig 1 . x2
x exp|—|al? + - 2 —o*%e?tanhr — —————|. 38
@[+ e g 2 ST 3%)
Now using Eqgs.(25) and (26) we obtain the following integral in Eq.(38):
d’a 2 4 V2 f=1g 5 1 .5 9 a?
P — _ — —a* Wianhyr - —
- o exp{ |a]® + f—l—iga 2(f+ig)a 50 e tanhr 2(f2+92)}
9 d*a 2, V2z f—ig o 1 .5 2 a?
_ - _ _ Tk i tanhy — —— * ‘
(ap) - eXp[ o+ T T 3T 2 b s e } p=0
_( f+ig )1/2e [ 2620 tanh r }
\f+ig— (f —ig)e?f tanhr P (f +1ig)? — (f? + g?)e?? tanhr
(3)’“ [ —3(f —ig)p? + V2ap H
X (=) exp
Op f+ig— (f —ig)e?? tanhrl [p=0
_[2(f+19)}{ f—ig }<k+1)/26 {_ z2e?% tanh r
U =iy N g — (7~ ig)e®? tanh ] U 19 = (F2 + %)eP0 tanh
2z
H - 39
x k(fz—i—g?—(f—ig)zezletanhr)’ (39)

so the tomogram amplitude of the state |m, A) can be obtained as

V20, (N)(f2 + %)/ *sech!/?r x2e!?0 tanh r x2 }
)

TA(f —ig) exp - (F+i92— (2 + g)e tanhr  2(f% + g2

Follm, A) =

[m/2] [m—2n]

—<n —)"m!|i m—2n .
’ nz;) Z—: ( : >( )n!('7[7@2j(;\72,])! (coshr)¥ (—e ™ sinhr)m—2"F

f—ig (k+1)/2 2
* {2[f +ig—(f —ig)e'? tanhr]} {Hk([(f2 +92) — (f —ig)2ei2? tanhr])
i f—ig / 2z
+629tanhr(2[f+ig—(f—ig)ei%tanhr])l 2Hk+1([(f2+g2)—(f—ig)2ei20tanhr])}' (40)

Thus the tomogram of the state |m, \) is

T ‘ V20, (V) (f? + ¢2)*sech /2 . [ z?e'? tanh r z? }
(] ~ig) P+ - (P e tankr  2(P 4 g7)
m—2n)]

[m/2] | m—=2n\ (=)"mlli m—om |
X Z Z ( 2 ) ( ) nl(;[ffj(;i])' (Coshr)k(_e—le Sinhr)m_Z"—k
n=0 k=

[ —ig (k+1)/2 2x
) {Q[f +1ig — (f —1ig)e'? tanhr] } {Hk([(f2 +92) — (f —ig)2ei2? tanhr])

. f—lg / 2z 2
+629tanhr(2[f+ig— (f—ig)ei%tanhr])l 2Hk+1([(f2+g2) _ (f—ig)QeiQ"tanhr])} ‘ .(41)

Therefore, in experiment one can measure the  state |m,\) shall be measured.

module-square of the wavefunction |m, A) in the inter-

mediate coordinate-momentum representation, then In summary, we have used the coherent state rep-

the tomogram of the state |m, \) is obtained and the resentation of Wigner operator and the intermediate

coordinate-momentum representation to derive the
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Wigner function and tomogram of the HPS. It is found

that, in the phase space, the variations of the Wigner

function with the parameters A and m well reveal non-

classical properties of the HPS. The tomogram of the

HPS is calculated by virtue of the Radon transform

between the Wigner operator and the projection oper-

ator of the intermediate coordinate-momentum state

|) 7.g- The results may be useful for reference in doing

experiments.
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