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Considering two identical two-level atoms interacting with a single-mode thermal field through two-photon pro-

cesses, this paper studies the atomic coherence control on the entanglement between two two-level atoms, and finds that

the entanglement is greatly enhanced due to the initial atomic coherence. The results show that the entanglement can

be manipulated by changing the initial parameters of the system, such as the superposition coefficients and the relative

phases of the initial atomic coherent state and the mean photon number of the cavity field.
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1. Introduction

Quantum entanglement is one of the most strik-
ing features of quantum mechanics and plays a key role
in quantum information and quantum computation, !

2l quantum teleportation, !

quantum cryptography,
quantum dense coding,[¥ and spin squeezing,® etc.
Thus the issue of creating and controlling two-particle
entanglement in various composite systems has great
practical importance in actual quantum information
processing and has attracted much attention in the-

6-21] Quite recently,

ory and experiment technology.!
it has been shown that the existence of relative phase
between two Rabi frequencies can be used to con-
trol entanglement of the two-qubit system at will.[?
Schemes for controlling the entanglement of a two-
qubit system by a local magnetic pulse have also been

proposed. 23]

As is well known, entanglement is intrinsically re-
lated to the superposition principle of quantum me-
chanics. Thus the problem of creating or controlling
the entanglement is greatly related to the atomic co-
herence of population between different levels. Atomic
coherence,? which results from a coherent superpo-
sition of different states of a single atom, can lead
to many different quantum optical phenomena, such
as correlated spontaneous emission laser, 2526 sponta-
neous emission cancellation, 2”28 and electromagnet-

[29]

ically induced transparency,*” etc. In recent years,

atomic coherence has been shown to play an impor-
tant role in inducing, enhancing and controlling en-
tanglement. For example, Li et al showed that the
atomic coherence can always induce the entanglement
between two thermal fields, no matter how high the
temperature of the field is.*%l In Ref.[31], Wang et al
discovered that the two important concepts, entangle-
ment and the atomic coherence, are closely related.
On the other hand, many authors investigated the
entanglement between two two-level atoms interact-
ing with a single-mode thermal field[2:33:3%] or with
two-mode thermal field,®¥ but they did not involve
the influence of the atomic coherence. In this pa-
per, we study the atomic coherence control on the en-
tanglement of the two atoms (ETA) interacting with
a single-mode thermal field through two-photon pro-
cesses. Our results show that ETA is greatly enhanced
due to the initial atomic coherence, and can be ma-
nipulated by changing the initial parameters of the
system, such as the superposition coefficients and the
relative phases of the initial atomic coherent state and
the mean photon number of the cavity field.

2. The model

We consider two identical two-level atoms simul-
taneously interacting with a single-mode thermal field
through two-photon processes. For simplicity, we ig-
nore the stark shift in the two-photon process. The
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cavity mode is assumed to be resonant with the atomic
transition frequency. Under the rotating wave approx-
imation, the Hamiltonian of this system in the inter-
action picture can be expressed as (assuming i = 1)

HI =g Z (CL+2O'; + 01201-4»), (1)
i=1,2

where a™(a) is the photon creation (annihilation) op-
erator for the cavity field and g is the atoms-field

coupling constant, o; = [g)i(e|(i = 1,2) and o] =
le)i{g|(i = 1,2) are the atomic transition operators,
while |g); and |e); denote the ground and excited
states of the ith atom respectively.

Using the above Hamiltonian and Taylor expan-
sions of sine and cosine functions in the atomic basis
lee), |eg), |ge), |gg) (In this paper, matrices are all in
this basis), we can obtain the exact time evolution
operator Up(t) for this system:

a’Cpat?+1 —id?S, —ia?S,, a®C,a?
t 2.t
—iSp,at?  cos® = —sin? Tn —iS,a?
Ui(t) = 0 : (2)
—iS,at?  —sin? = cos? Tn —iS,,a?

at?C,at?

where 2, = 2¢gvataata+ata+1 and the time-
dependent operators C,, = 2¢%£,?(cos 2,t — 1) and
Sp = g8 sin 2,t.

The calculation of the density operator follows the
traditional route in quantum optics, using the evolu-
tion operator, we can generate the density operator
evolution of the system at time ¢:

p(t) = Ur(t)[ps(0) @ ps(0)]UL(t), (3)

where p¢(0) = >, P,|n)(n| denotes the single-mode
thermal radiation field with its mean photon number
n = (e —1)71, B = 1/kgT, kg is the Boltzmann
constant and w is the frequency of the field.

We are only interested in the evolution of the
atoms. Hence the system density operator (atom-—
atom density operator) can be obtained by tracing

over the field variables:

ps(t) = Tre[p(t)]
=Y Pu{m|Us(t)n)ps (0)(n|Ur(t) m). (4)

m,n
We use the negativity (¢) to measure ETA: ¢ is
defined in terms of the negative eigenvalues of the par-

tial transposition of the density matrix[36:37]

5:—22;1;. (5)

Where ;" is the ith negative eigenvalue of the partial
transposition of pg(t). When ¢ = 1 the two atoms are
maximally entangled and when ¢ = 0 the two atoms
are separable or do not become entangled.

—iat2S,

—ia*?S, at?C,a?+1

|
3. The results

We investigate three kinds of initial coherent
states for the two atoms. The first one is |¥1(0)) =
Ale) + T ADei#rlg) and [#5(0)) = Asle) +
V(1 — A2)el#2|g), the latter two of which are | ¥(0))
Aleg) + \/TT= A)ei?|ge) and [#(0)) = Blee) +

(1 — B2)el?|gg). Here, Ay, Ay, A and B are all
real superposition coefficients and @1, w2, ¢ and ¢’

are the relative phases.

3.1.The entanglement between the
atom 1 in |¥;(0)) = Ajle) + /(1 — A?)
¢'?|g) and the atom 2 in |¥,(0)) =
Azle) + /(1 — Af)e'*2|g)
In this case, the initial density matrix for the two

atoms can be written as

p11(0)  p12(0)  p13(0) p14(0)

_ | 12(0)  p22(0)  p23(0)  p24(0)
p:(0) = pi3(0)  p33(0)  ps33(0)  psa(0) |’ (6)

£14(0)  p34(0) P§4(0) p44(0)

where the matrix elements are expressed as follows:

p11(0) = ATAZ,

p13(0) = AlAgy/ 1-— A% e—igm’
plg(O) = A%Ag\/ 1-— A%e—ﬂpz,
/1 — A2y /1 — A3 emilertea)

p14(0) = A1 A
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pa2(0) = A2(1 — A2), Substituting Eqs.(2), (6) and (7) into Eq.(4), we can
2 > (o) write down the density matrix of the two atoms at
p23(0) = A1A2\/ 1-— Al\/ 1— A2 € P12 s time #:
p33(0) = A5(1 — A7), P11 P12 P13 Pl4
; Pia P22 P23 P24
p24(0) = Apy/1— A3(1 — A3) e7i¥1, ps(t) = "2 , ©)
P13 P23 P33 P34
p34(0) = Ap(1 — AP)\/1— AF e7'¥2, Pia P34 Pia Paa
pa1(0) = 1 = p11(0) — p22(0) — p33(0). (7)  where

pi1 =D Pu{[p22(0) + p23(0) + p32(0) + p3s(0)Jn(n — 1)

+p11(0)[(n + 1)(n 4+ 2)Cryz + 1° + paa(0)n(n — 1)(n — 2)(n = 3)C7_,},
p12 =30 P proO)](n + 1)+ 2)Ciz + 1] cos? (5.2.1)

— 13(0)[(n + 1) (n + 2)Crupo + 1] sin (%Qnt) + [p24(0) + p3a(0)]n(n — 1)Snsn,2},
pa=y. Pn{—plg(O)[(n +1)(n+ 2)Crs + 1] sin? (%W)

+ p13(0)[(n + 1)(n + 2)Chrya + 1] cos? (%Qnt) + [024(0) + p34(0)]n(n — 1)snsn,2},
o1 =" Pu{pra(O)[(n + 1)(n +2)Cryz + ln(n — 1)Cors + 1]},
P22 = Z P, {p22 (0) cos? (% Qnt) — [p23(0) + p33(0)] cos? (% Qnt) sin? (% Qnt)

+ pa3(0) sin’ (%Qnt) + pa(0)(n+ 1) +2)8245 + paa(O)n(n — 1535},
P23 = Z Pn{p23 (0) cos* (%Qnt) — [p22(0) + p33(0)] cosz(%ﬂnt) sin? (%Qnt)

+ pis3(0) sin* (%Qnt) + paa(O)n(n = 1)S2_, + pua (0)(n + 1)(n +2)S2 .},
por =3 P{ p2a(0)[n(n — 1)Cn s + 1] cos? (%.Qnt) + p12(0) (1 + 1) (1 + 2) S0 S

— p3a(0)[n(n — 1)Cp_s + 1] sin? (%Qnt) + p13(0)(n + 1) (n + 2)SnSn+2},
P33 = Z Pn{—p§3(0) cos? (% .Qnt) sin? (% .Qnt)

— p23(0) cos? (% Qnt) sin? (% Qnt) + p33(0) cos? (% Qnt)

+ p22(0) sin* (%Qnt) + paa(0)n(n — 1)S2_y + p11(0)(n + 1)(n + 2)35+2},
p=> Pn{p34(0)[n(n —1)Cp_3 + 1] cos? (%Qnt)

— poa(0)[n(n — 1)Cp_s + 1] sin? (%Qnt) + [p12(0) + p13(0)](n + 1)(n + 2)s§+2},

paa =1 — p11 — p22 — p33. 9)
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It is difficult to obtain the analytical results of the
eigenvalues of the partial transposition of the system
density matrix corresponding to Eq.(8). Therefore,
we numerically calculate the corresponding eigenval-
ues, and illustrate the atom—atom negativity in Fig.1
for different 7 and the relative phases. The time evolu-
tion of atom—atom negativity is plotted by the dotted
lines (which is the same as Ref.[32]) for the two atoms
initially in the incoherent states and by the solid lines
for them initially in the coherent states. From these
figures we can find that, firstly, ETA is enhanced ow-
ing to the atomic coherence comparing the dotted line
with the solid line in Figs.1(a)—(c). The maximum of
atom-atom negativity reaches 0.5 for small value of
the mean photon number 7 = 0.01 due to the atomic
coherence while it is only 0.2 (the same as that shown
in Ref.[32]) when the two atoms are initially in the in-
coherent state (as shown in Fig.1(a)). Secondly, with
increase of the mean photon number (see Figs.1(a) to

1(c)), which means that the weight factor P, of the
single-mode thermal field becomes flat (which washes
out the entanglement feature), the value of atom—-atom
negativity decreases (as shown in Figs.1(b),(c)). Fi-
nally, when the mean photon number is small, there
are some disentangled states of the two atoms, while
for large 7, such as 7 = 5.0 (as shown in Fig.1(c)),
there are not disentangled states and the two atoms
are entangled at all times except at ¢ = 0 for the solid
line. Our results also show that ETA decreases with
increase of the relative phase Ay (Ap = |p2 — ¢1]) of
the two initial coherent states, while the case is com-
pletely contrary for 7 = 5.0, which means that ETA
depends not only on the initial atomic states and the
mean photon number but also on the relative phase
Ay of the two initial atomic coherent states. Hence
we can control ETA by changing the proper super-
position coefficients and relative phases in the initial
atomic states.
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<
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Fig.1. The time evolution of atom—atom negativity.

(a) n =
|91(0)) = J5(le) + lg)) and | #2(0)) = 5 (le) + |g))(solid). (b)
|91(0)) = 5 (e) +19)) and |2(0)) = 5 (le) +1g)) (solid). (c) 7 = 5.0, [#1(0)) = [e) and [¥2(0)) =

10 5
gt
— Je) and |#2(0)) = |g) (dotted),
1.0, |#1(0)) = |e) and |¥2(0)) = |g) (dotted),
) g) (dotted),

0.01, | #1(0))

n
n

|210)) = 5 (Ie) + 1g)) and [#2(0)) = L (le) — |g)) (solid).



No. 8

Atomic coherence control on the entanglement of two atoms in two-photon processes 2411

3.2. The entanglement between the two

atoms in |¥(0)) = Aleg)+

V(1= A%)e'?|ge)

Here A is the real coefficient and ¢ is the relative
phase. It should be noticed that the two atoms in this
initial state are initially entangled when A # 1 or 0
and maximally entangled when A = 1/4/2. The initial
density matrix for the two atoms can be expressed as

0 0 0 0
0 A? AV1 — A2e7iv
0 AV1 — A2¢1% 1-A 0
0 0 0 0

We can obtain the density matrix of the two atoms at
time ¢ when we substitute Eqs.(2), (10) into Eq.(4):

pn 0 0 O
0 p22 p23 O

ps(t) = : (11)
0 p33 p33 0

0 0 0 pas

where the corresponding matrix elements are defined
as follows:

P11 :Z P14+ AV1 — A2e71%
+ AV — A2619]
P22 = Z Pn{A2 cos® (5 Qnt)
+ (1 — A?) sin4(%(2nt)
— (A1 — A2e71% 4 A\/1 — A26'%)
X oS> (%Qnt) sin® (%Qnt) },
P23 = Z P.{- cos? (%Qnt) sin? (%Qnt)
+ AMe_i“’cos‘l(%Qnt)
+ A\/—A2 ¢ gin? (; Qnt) ,
033 :ZP"{(l — A2 COS4(;Qnt)

+ AZsin? (% Qnt)

nin—1 52

— (A1 — A2 4 A1 — A2619)
X cos> (%Qnt) sin? (%Qnt) },

pas =1 — p11 — p22 — p33. (12)

The numerical results of atom—atom negativity
according to Egs.(11) and (12) are displayed in Figs.2
and 3. Figure 2 shows how the mean photon number 7
and the coefficient A affect ETA, while Fig.3 describes
the dependence of the atom—atom negativity on the
coefficient A and the relative phase ¢. From these fig-
ures, we can conclude the following: (1) Comparing
the solid lines and the dashed lines with the dotted
lines in every figure, we find that the atom-atom neg-
ativity of the two atoms in the initial coherent states
is always larger than that of the two atoms initially in
the incoherent states, which means that it is possible
to get strong entanglement between the two atoms
by means of the initial atomic coherence. (2) With
increase of the coefficient A from 0 to 1/ \/5, ETA is
enhanced and becomes largest when A =1/ \/5, which
indicates that, the stronger the coherence of the ini-
tial states, the larger ETA. (3) The influence of the
relative phase on the entanglement can be observed
from Fig.3. It is clear that, with increase of the rela-
tive phase from 0 to 7 (corresponding to the dotted,
dashed, dash-dotted and solid lines in the figures), the
ETA increased. When ¢ = 0 the two atoms are peri-
odically disentangled, while when ¢ # 0 the two atoms
are entangled at all time. In addition, from Fig.3(a),
we find that the atom—atom negativity becomes larger
than its initial value for ¢ = 27/3 and ¢ = 7, which
means that ETA can be amplified by changing ap-
(4) The
entanglement dynamics between the two atoms tends

propriate initial parameters of the system.

to harmonic oscillation when 7 = 0.1 (as shown in
Figs.2(a) and 3), this stems from the fact that the non-
linear interaction behaviour is suppressed when the
mean photon number is very small. (5) For i = 40,
corresponding to the high temperature, ETA is still
strong and its time evolution displays approximately
period with the period 7 (as shown in Fig.2(c)). Simi-
lar dynamics appears for the other values of the mean
photon number if only 7 > 5. This denotes that one
can prepare atom—atom entanglement under high tem-
perature by use of the atomic coherence.
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Fig.2. The time evolution of atom-atom negativity induced by interacting with a thermal field for (a) 7 = 0.1,
(b) @ = 1.0 and (c) 7 = 40 when the atoms are initially prepared in |¥(0)) = |eg) (dotted), |¥(0)) = 0.4|eg) +
0.9165¢271/3|ge) (dashed) and | ¥(0)) = %(\eg) +¢271/3|ge)) (solid).
0.4

(a)

Negativity

Negativity

Fig.3. The time evolution of atom-atom negativity induced by interacting with a thermal field for (a) 7 = 0.1,
A =0.1and (b) 7 =0.1, A= 1/v/2 and the phases are ¢ = 0 (dotted), p = 7/2 (dashed), ¢ = 27/3 (dash-dotted)

and ¢ = 7 (solid).

3.3. The
two atoms in
V(1= B2)e¥|gg)

In this section, the two atoms are initially in
|#(0)) = Blee) + /(1 — B%)e'? |gg), where B is the
real coefficients and ¢’ is the phase. By using the same

entanglement between the
|¥(0)) = Blee) +

method in section 3.2, the density matrix of the two

atoms at time ¢ can be obtained as follows:

pi1 0 0 pus
0 pa22 p23 O
Ps (t) = N )
0 pa3 p3z 0
pia 0 0 pas

where
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p11 =3 Pu{B((n+1)(n +2)Copz + 11 + VI = B2n(n — 1)(n — 2)(n — 3)C2_, ),

pra=Y PuBV1—B% ¥ [(n+1)(n+2)Coiz+ 1[n(n — 1)Crz + 1],

p =Y Pu{(1= B*)n(n—1)S2_y + B>(n + 1)(n +2)S2,,},

pas =y Pu{(1 = B*)n(n—1)S2_5 + B*(n +1)(n+2)S7 5},

P33 = an{(l — B*)n(n—1)S7_5 + B*(n+1)(n + 2)5721+2}=

pas =1 — p11 — p22 — p33.

Negativity

(14)

1.0 | ()

Negativity

\
0.2} Y Y \ v

gt

0.2
ok .
0 5 10 15
gt
1.0
(c)
0.8
Z
2
]
<
80
O
Z

Fig.4. The time evolution of atom—atom negativity induced by interacting with a thermal field for (a) 7 = 0.1, (b)
7 = 1.0 and (c) 7 = 10, the real coefficients are B = 0 (dotted), B = 0.4 (dashed) and B = 1/+/2 (solid).

The time evolution of the atom—atom negativ-
ity according to Eqgs.(13) and (14) is plotted in Fig.4
for different n and different values of the coefficient
B. Similarly, it is observed that the initial atomic
coherence greatly enhances ETA. It is noted that,
for n = 1.0, the maximum of the atom—atom neg-
ativity is less than 0.016 when the atoms are ini-
tially prepared in |gg) in Ref.[32], however, it is more
than 0.8 when the state of the two atoms is initially

v(0) = %(|ee>+|gg>) (as shown in Fig.4(b)). In addi-
tion, the two atoms are not entangled for 7 = 10 when
they are initially prepared in the incoherent states,
while they are entangled and the atom—atom nega-
tivity can almost reach 0.6 when they are initially in
the coherent states (as shown in Fig.3(c)). Hence the
two atoms can possibly be entangled in the both cases
when they are initially coherent and in the entangled
state. It should be noticed that, here, the atom—atom
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negativity only depends on the mean photon number
of the cavity field and the superposition coefficient of
the initial atomic coherent state, and does not depend
on the phase ¢'. This can be easily explained as fol-
lows. Only p14 of the corresponding matrix elements
defined by Eq.(14) is related to the relative phase ¢/,
and from Eq.(13), we obtain the negative eigenvalue
o = (p11 + paa) — /(P11 + paa)? — 4p11paa + 4]pas|?
if and only if |pa3]? > pr1pas, or = = (p22 +
p33) — /(p22 + p33)? — 4pazpss + 4]p1a]? if and only
if |p14|2 > poopss. It is clear that the two cases of

the negative eigenvalue do not depend on the relative
phase ¢'.

4. Conclusion

In this paper, we have studied the atomic coher-
ence control on the entanglement between two iden-
tical two-level atoms interacting with a single-mode
thermal field through two-photon processes. Our re-
sults show that ETA is greatly enhanced due to ini-
tial atomic coherence in comparison with the case
when the atoms are initially prepared in incoherent
states,? and it can be manipulated by changing the
system parameters, such as the superposition coeffi-
cients and the relative phases of the initial atomic co-
herent state and the mean photon number of the cav-
ity field. Our results are important for entanglement

control in quantum information processing.
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