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1. Introduction

Solitary waves/solitons are found in a variety of

nonlinear systems.[1−9] For the integrable systems,

e.g. the Korteweg de Vries (KdV) equation and the

standard nonlinear Schrödinger equation, the inverse

scattering method is a powerful tool, and there ex-

ist infinite conservation laws.[5] However, the num-

ber of conservation laws for the non-integrable sys-

tems decreases greatly. An important issue relevant

to experimentally realizing solitons in non-integrable

systems is about the soliton stability, which intrinsi-

cally depends on the structures of the conservation

laws of the nonlinear systems.[6] In the present work

we investigate several important conservation laws of

the generalized nonlocal nonlinear Schrödinger equa-

tion (NNLSE). For a special case, such a generalized

NNLSE will reduce to the standard nonlocal nonlin-

ear Schrödinger equation that has been successfully

applied to some nonlinear systems, e.g. the nematic

liquid crystal.[7] The details of the derivations of such

conservation laws, i.e. the number of particles, the

momentum, the angular momentum and the Hamil-

tonian, are presented. Correlatively, the Lagrangian

constantly applied to analysing the evolutions of the

waves/beams[8] is presented.

Structurally, the remainder of the present work is

laid out as follows: in Section 2 we outline the con-

servation laws and the Lagrangian of the generalized

NNLSE; the details of the derivations of conservation

laws of the number of the particles, the momentum

and the angular momentum are presented in Section 3

and the derivation of the conservation law of Hamilto-

nian is described in Section 4; some discussion on the

Lagrangian is presented in Section 5; finally a brief

summary is given in Section 6.

2. The conservation laws and the

Lagrangian

We consider the following generalized nonlocal

nonlinear Schrödinger equation(NNLSE):

i
∂ψ

∂t
= Ĥ(ψ)ψ, (1)

where

Ĥ(ψ) = −
1

2
∇2

⊥ − f(|ψ|2) − g(|ψ|2)

×

∫

R(|r − ρ|)G(|ψ(ρ, t)|2)d2ρ, (2)

and r = xex+yey, ρ = ξex+ηey, ∇⊥ = ex
∂
∂x

+ey
∂
∂y

,

R(|r − ρ|) is the real nonlocal response function and

f(x), g(x), G(x) are continuous real functions. In the

present work we assume

dG(x)

dx
= g(x), g(0) = 0, G(0) = 0, (3)

∗Project supported by the National Natural Science Foundation of China (Grant Nos 10474023 and 10674050) and Specialized

Research Fund for the Doctoral Program of Higher Education (Grant No 20060574006).
†E-mail: guoq@scnu.edu.cn

http://www.iop.org/journals/cp http://cp.iphy.ac.cn



2332 Ouyang Shi-Gen et al Vol. 16

and

f(0) = 0. (4)

It is worth noting that when g(x) = G(x) = 0, the

NNLSE (1) will reduce to the generalized nonlinear

Schrödinger equation,[9] and specially when f(x) = x,

the generalized nonlinear Schrödinger equation will

turn into the standard nonlinear Schrödinger equation

(NLSE).[5] On the other hand if f(x) = 0, g(x) = 1

and G(x) = x, the NNLSE(1) will become the stan-

dard nonlocal nonlinear Schrödinger equation.[7]

In the present paper we prove that if ψ(r, t) is

a vector of Hilbert space (which implies that when

|r| → ∞, we have ψ(r, t) = 0 and ∇⊥ψ(r, t) = 0),

there exist several important invariants with respect

to the coordinate t, which in the quantum mechanical

analogy are the number of particles

N =

∫

|ψ(r, t)|2d2r, (5)

the momentum

P =

∫

ψ∗(−i∇⊥)ψd2r, (6)

the angular momentum

Lz =

∫

ψ∗

[

−i

(

x
∂

∂y
− y

∂

∂x

)]

ψd2r, (7)

and the Hamiltonian

H =

∫
[

−
ψ∗∇2

⊥ψ

2
− F (|ψ|2)

]

d2r −

∫∫

R(|r − ρ|)

2
G(|ψ(r, t)|2)G(|ψ(ρ, t)|2)d2rd2ρ, (8)

where

dF (x)

dx
= f(x), and F (0) = 0. (9)

Correlatively, the Lagrangian for the generalized NNLSE(1) is

L =
i

2

(

ψ∗ ∂ψ

∂t
− ψ

∂ψ∗

∂t

)

−
1

2
|∇⊥ψ|

2 + F (|ψ|2) +
1

2
G(|ψ|2)

∫

R(|r − ρ|)G(|ψ(ρ, t)|2)d2ρ. (10)

As will be shown, the variational problem

δ

∫∫

Ld2rdt = 0 (11)

will lead to the generalized NNLSE (1) again.

3. The derivations of the conservation laws of N , P and Lz

It is easy to prove that if ψ(r, t) satisfies the generalized NNLSE(1) and ε, α, β, ϕ are real numbers, the

following three functions:

ψ1(r, t) = ψ(r, t)eiε = P̂1(ε)ψ(r, t), (12)

ψ2(r, t) = ψ(x+ α, y + β, t) = P̂2(α, β)ψ(r, t), (13)

ψ3(r, t) = ψ(x cosϕ− y sinϕ, x sinϕ+ y cosϕ, t) = P̂3(ϕ)ψ(r, t) (14)

satisfy the generalized NNLSE (1) too. Equations

(12), (13) and (14) are three symmetry transforma-

tions. Transformation (12) implies that the states

with a difference of a phase factor eiε describe the same

state. Transformation (13) is the translational trans-

formation and exα+eyβ is a translational vector. And

transformation (14) is the rotational transformation,

and ϕ is a rotational angle. When ε, α, β, ϕ −→ 0, we

have
P̂1 = 1 + iεÎ1, (15)

P̂2 = 1 + i(exα+ eyβ) · Î2, (16)

P̂3 = 1 + iϕÎ3, (17)
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where

Î1 = 1, (18)

Î2 = −i∇⊥, (19)

Î3 = −i

(

x
∂

∂y
− y

∂

∂x

)

. (20)

In the quantum mechanical analogy, Î2 and Î3 are

the operators of momentum and angular momentum

respectively.[10] We will find there exist the following

three identities about the three operators:

〈Îkψ, Ĥ(ψ)ψ〉 − 〈Ĥ(ψ)ψ, Îkψ〉

=
〈

ψ,
[

Îk, Ĥ(ψ)
]

ψ
〉

= 0, (k = 1, 2, 3) (21)

where 〈u(r), v(r)〉 =
∫

u∗(r)v(r)d2r is the inner prod-

uct of complex functions u(r) and v(r), and
[

Â, B̂
]

≡

ÂB̂ − B̂Â is a commutator. We begin the procedure

of the proving of (21) with identities Î †
k = Îk which

imply Îk are Hermitian operators. Another important

Hermitian operator in this paper is the operator of

Hamiltonian Ĥ(ψ) in the quantum mechanical anal-

ogy. Now we consider the case of k = 1. In view of

the commutator
[

Î1, Ĥ(ψ)
]

= 0, we have

〈Î1ψ, Ĥ(ψ)ψ〉 − 〈Ĥ(ψ)ψ, Î1ψ〉

=
〈

ψ,
[

Î1, Ĥ(ψ)
]

ψ
〉

= 0. (22)

Now we consider the case of k = 2. Firstly, since
[

Î2,−
∇2

⊥

2

]

= 0, we have

〈

Î2ψ,−
∇2

⊥

2
ψ

〉

−

〈

−
∇2

⊥

2
ψ, Î2ψ

〉

=

〈

ψ,

[

Î2,−
∇2

⊥

2

]

ψ

〉

= 0. (23)

By using Eq.(9), we obtain

〈Î2ψ, f(|ψ|2)ψ〉 − 〈f(|ψ|2)ψ, Î2ψ〉

= i

∫

f(|ψ|2)∇⊥|ψ|
2d2r

= i

∫

∇⊥F (|ψ|2)d2r

= 0. (24)

On the other hand there exists the following identity:

∇⊥rR(|r − ρ|)

≡

(

ex

∂

∂x
+ ey

∂

∂y

)

R(|r − ρ|)

= R′ r − ρ

|r − ρ|

= −

(

ex

∂

∂ξ
+ ey

∂

∂η

)

R(|ρ − r|)

≡ −∇⊥ρR(|ρ − r|). (25)

Keeping in mind this identity and Eq.(3), we obtain

〈

Î2ψ,

[

g(|ψ|2)

∫

R(|r − ρ|)G(|ψ(ρ, z)|2)d2ρ

]

ψ

〉

− C.C.

= i

∫∫
[

∇⊥rG(|ψ(r, t)|2)

]

R(|r − ρ|)G(|ψ(ρ, z)|2)d2rd2ρ

= −i

∫∫
[

∇⊥rR(|r − ρ|)

]

G(|ψ(r, t)|2)G(|ψ(ρ, z)|2)d2rd2ρ

= i

∫∫
[

∇⊥ρR(|ρ − r|)

]

G(|ψ(r, t)|2)G(|ψ(ρ, z)|2)d2rd2ρ

= 0, (26)

where C.C. stands for the complex conjugation of its foregoing term. By substituting Eqs.(23), (24) and (26)

into identities (21), we have

〈Î2ψ, Ĥ(ψ)ψ〉 − 〈Ĥ(ψ)ψ, Î2ψ〉 =

〈

ψ,

[

Î2, Ĥ(ψ)

]

ψ

〉

= 0. (27)

Now we consider the case of k = 3. Firstly we have
〈

Î3ψ,−
∇2

⊥

2
ψ

〉

−

〈

−
∇2

⊥

2
ψ, Î3ψ

〉

=

〈

ψ,

[

Î3,−
∇2

⊥

2

]

ψ

〉

= 0, (28)

〈Î3ψ, f(|ψ|2)ψ〉 − 〈f(|ψ|2)ψ, Î3ψ〉 = i

∫
(

x
∂

∂y
− y

∂

∂x

)

F (|ψ|2)d2r = 0. (29)
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Keeping in mind the following identity

(

x
∂

∂y
− y

∂

∂x

)

R(|r − ρ|) = R′ yξ − xη

|r − ρ|
= −

(

ξ
∂

∂η
− η

∂

∂ξ

)

R(|ρ − r|), (30)

we have

〈Î3ψ,

[

g(|ψ|2)

∫

R(|r − ρ|)G(|ψ(ρ, z)|2)d2ρ

]

ψ > −C.C.

= i

∫∫
[(

x
∂

∂y
− y

∂

∂x

)

G(|ψ(r, t)|2)

]

R(|r − ρ|)G(|ψ(ρ, z)|2)d2rd2ρ

= −i

∫∫
[(

x
∂

∂y
− y

∂

∂x

)

R(|r − ρ|)

]

G(|ψ(r, t)|2)G(|ψ(ρ, z)|2)d2rd2ρ

= i

∫∫
[(

ξ
∂

∂η
− η

∂

∂ξ

)

R(|ρ − r|)

]

G(|ψ(r, t)|2)G(|ψ(ρ, z)|2)d2rd2ρ

= 0. (31)

By substituting Eqs.(28), (29) and (31) into identities

(21), we obtain at once

〈Î3ψ, Ĥ(ψ)ψ〉 − 〈Ĥ(ψ)ψ, Î3ψ〉

=

〈

ψ,

[

Î3, Ĥ(ψ)

]

ψ

〉

= 0. (32)

Here and above, identities (21) have been completely

proven. In quantum mechanics, if an operator is

not explicitly time dependent and commutes with the

Hamiltonian operator, its mean value in the state

is a constant of motion. However, generally speak-

ing, for the generalized NNLSE (1), the commutators
[

Îk, Ĥ(ψ)
]

are not equal to zero, but their mean values

in the state
〈

ψ,
[

Îk, Ĥ(ψ)
]

ψ
〉

are zero. In this paper,

we say that an operator commutes with the Hamil-

tonian operator in the sense that their commutator’s

mean value in the state is equal to zero. So in this

sense, operators Îk all commute with the Hamiltonian

operator Ĥ(ψ).

Now consider the derivative of the mean value of

an Hermitian operator F̂ with respect to t as follows:

d

dt
〈ψ, F̂ψ〉 =

〈

ψ,
∂F̂

∂t
ψ

〉

+ i

〈

i
∂ψ

∂t
, F̂ψ

〉

− i

〈

ψ, F̂ i
∂ψ

∂t

〉

=

〈

ψ,
∂F̂

∂t
ψ

〉

+ i
〈

Ĥ(ψ)ψ, F̂ψ
〉

− i
〈

ψ, F̂ Ĥ(ψ)ψ
〉

=

〈

ψ,
∂F̂

∂t
ψ

〉

+ i
〈

ψ,
[

Ĥ(ψ), F̂
]

ψ
〉

. (33)

Specially, when F̂ is not explicitly time dependent, we

have
d

dt
〈ψ, F̂ψ〉 = i

〈

ψ,
[

Ĥ(ψ), F̂
]

ψ
〉

. (34)

For example, when F̂ = r, we have

d

dt
〈ψ, rψ〉

= i〈ψ,
[

Ĥ(ψ), r
]

ψ〉

= i〈ψ,

[

−
1

2
∇2

⊥, r

]

ψ〉

= 〈ψ,−i∇⊥ψ〉. (35)

That is the Ehrenfest theorem.[10] Now keeping in

mind identities (21), we have

d

dt
〈ψ, Îkψ〉 = i

〈

ψ,
[

Ĥ(ψ), Îk

]

ψ
〉

= 0. (36)

So 〈ψ, Îkψ〉 (k = 1, 2, 3) are invariants with respect to

t and result in the invariants N in Eq.(5), P in Eq.(6)

and Lz in Eq.(7).
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4. The derivations of the conservation law of H

We begin the derivation of the invariant H in Eq.(8) by introducing

I0 =

∫ 1

0

[

〈Ĥ(λψ)λψ, ψ〉 + 〈ψ, Ĥ(λψ)λψ〉

]

dλ. (37)

The derivative of I0 with respect to the coordinate t leads to

i
dI0
dt

=

∫ 1

0

[ 〈

Ĥ(λψ)λψ, i
∂ψ

∂t

〉

− C.C.+

〈

ψ, Ĥ(λψ)i
∂λψ

∂t

〉

− C.C.+

〈

ψ, i
∂Ĥ(λψ)

∂t
λψ

〉

− C.C.

]

dλ

=

∫ 1

0

∂

∂λ

[

〈

Ĥ(λψ)λ2ψ, Ĥ(ψ)ψ
〉

− C.C.

]

dλ

= 0. (38)

So I0 is an invariant with respect to the coordinate t. Now we directly calculate the I0,

I0 =

∫ 1

0

[

〈ψ, Ĥ(λψ)λψ〉 + C.C.

]

dλ

=

∫ 1

0

{
∫

ψ∗

[

−
1

2
∇2

⊥ − f(λ2|ψ|2) − g(λ2|ψ|2)

∫

R(|r − ρ|)G(λ2|ψ(ρ, t)|2)d2ρ

]

λψd2r + C.C.

}

dλ

=

∫ 1

0

d

dλ

∫
[

− λ2ψ
∗∇2

⊥ψ

2
− F (λ2|ψ|2)

]

d2rdλ

−

∫ 1

0

[
∫∫

R(|r − ρ|)G(λ2|ψ(ρ, t)|2)
dG(λ2|ψ(r, t)|2)

dλ
d2ρ d2r

]

dλ

=

∫
[

−
ψ∗∇2

⊥ψ

2
− F (|ψ|2)

]

d2r −

∫∫

R(|r − ρ|)G(|ψ(ρ, t)|2)G(|ψ(r, t)|2)d2ρ d2r

+

∫ 1

0

[
∫∫

R(|r − ρ|)G(λ2|ψ(r, t)|2)
dG(λ2|ψ(ρ, t)|2)

dλ
d2ρ d2r

]

dλ

=

∫
[

−
ψ∗∇2

⊥ψ

2
− F (|ψ|2)

]

d2r −
1

2

∫∫

R(|r − ρ|)G(|ψ(ρ, t)|2)G(|ψ(r, t)|2)d2ρd2r. (39)

That is just the Hamiltonian H in Eq.(8). In quantum mechanics, a Hamiltonian of a system is the mean value

of the Hamiltonian operator. However, for the generalized NNLSE (1), since the Hamiltonian operator Ĥ(ψ)

explicitly depends on the state ψ, the Hamiltonian of a system is no longer the mean value of the Hamiltonian

operator.

5. The variational principle problem and the Lagrangian

For convenience, we introduce the notations ∂iQ ≡
∂Q(x1, x2, · · · , xi, · · ·)

∂xi

and ux(x, y) ≡
∂u(x, y)

∂x
in this

section. Now we consider the following variational principle problem:

δ

[
∫∫

Jd2rdt+

∫∫∫

Kd2ρ d2rdt

]

= 0, (40)

where

J = J
(

t, r;ψ(r, t), ψt(r, t), ψx(r, t), ψy(r, t);ψ∗(r, t), ψ∗
t (r, t), ψ∗

x(r, t), ψ∗
y(r, t)

)

, (41)

K = K
(

t, r,ρ;ψ(r), ψx(r), ψy(r);ψ∗(r), ψ∗
x(r), ψ∗

y(r);ψ(ρ), ψξ(ρ), ψη(ρ);ψ∗(ρ), ψ∗
ξ (ρ), ψ∗

η(ρ)
)

. (42)
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It can be proved that if J∗ = J and K∗ = K, we will obtain the following generalized Euler–Lagrangian

equation:

∂7J −
∂

∂t
(∂8J) −

∂

∂x
(∂9J) −

∂

∂y
(∂10J)

+

∫
[

∂7K(t, r,ρ;ψ(r), · · ·) −
∂

∂x

(

∂8K(t, r,ρ;ψ(r), · · ·)
)

−
∂

∂y

(

∂9K(t, r,ρ;ψ(r), · · ·)
)

]

d2ρ

+

∫
[

∂13K(t,ρ, r;ψ(ρ), · · ·) −
∂

∂x

(

∂14K(t,ρ, r;ψ(ρ), · · ·)
)

−
∂

∂y

(

∂15K(t,ρ, r;ψ(ρ), · · ·)
)

]

d2ρ = 0. (43)

In view of the variational problem (11), we have

J =
i

2

(

ψ∗ ∂ψ

∂t
− ψ

∂ψ∗

∂t

)

−
1

2
|∇⊥ψ|

2 + F (|ψ|2), (44)

K =
1

2
R(|r − ρ|)G(|ψ(r, t)|2)G(|ψ(ρ, t)|2). (45)

By substituting Eqs.(44) and (45) into Eq.(43), we obtain the generalized NNLSE (1) again. So L in Eq.(10) is

just the Lagrangian of the generalized NNLSE (1). Now we consider the action of the system as follows:

S =

∫∫

L d2rdt

=

∫∫

i

2

(

ψ∗ ∂ψ

∂t
− ψ

∂ψ∗

∂t

)

d2r dt+

∫∫
[

−
1

2
|∇⊥ψ|

2 + F (|ψ|2)

]

d2rdt

+

∫∫∫

1

2
R(|r − ρ|)G(|ψ(r, t)|2)G(|ψ(ρ, t)|2)d2ρ d2rdt

=

∫∫

i

2

(

ψ∗ ∂ψ

∂t
− ψ

∂ψ∗

∂t

)

d2rdt+

∫∫
[

ψ∗∇2
⊥ψ

2
+ F (|ψ|2)

]

d2r dt

+

∫∫∫

1

2
R(|r − ρ|)G(|ψ(r, t)|2)G(|ψ(ρ, t)|2)d2ρ d2rdt

=

∫∫

i

2

(

ψ∗ ∂ψ

∂t
− ψ

∂ψ∗

∂t

)

d2rdt−

∫

Hdt. (46)

Equation (46) constructs relations between the action

S and the Lagrangian L and Hamiltonian H .

6. Summary

The derivations of several important conservation

laws of the generalized nonlocal nonlinear Schrödinger

equation are presented. These invariants are the num-

ber of particles, the momentum, the angular momen-

tum and the Hamiltonian in the quantum mechanical

analogy. The mean value of a commutator of a mo-

mentum operator with a Hamiltonian operator and

that of an angular momentum operator with a Hamil-

tonian operator both are equal to zero, which results in

the conservation laws of the momentum and the angu-

lar momentum. The number of the particles is always

conserved provided that the Hamiltonian operator is

an Hermitian operator. The Ehrenfest theorem ap-

plies to the generalized nonlocal nonlinear Schrödinger

equation too. Differing from the quantum mechanics,

a Hamiltonian of a system is no longer the direct mean

value of the Hamiltonian operator. The relation be-

tween the action and Lagrangian and Hamiltonian is

also presented.
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