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Evidence is presented for the nonchaotic random behaviour in a second-order autonomous deterministic system.

This behaviour is different from chaos and strange nonchaotic attractor. The nonchaotic random behaviour is very sen-

sitive to the initial conditions. Slight difference of the initial conditions will generate wholly different phase trajectories.

This random behaviour has a transient random nature and is very similar to the coin-throwing case in the classical

theory of probability. The existence of the nonchaotic random behaviour not only can be derived from the theoretical

analysis, but also is proved by the results of the simulated experiments in this paper.
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1. Introduction

Chaos provides a link between the determinis-
tic system and the random system,[!] but it is not
the only one that exists. There is another relation-
ship which is called the nonchaotic random behaviour.
The nonchaotic random behaviour comes from a de-
terministic system and is very sensitive to the initial
conditions,!? but it is different from chaos and strange
nonchaotic attractor.>~® Under different initial con-
ditions, the phase trajectory motions in the determin-
istic system are completely different. The parameter
space that generates the nonchaotic random behaviour
is not zero, and it will not generate strange attrac-
tor. The nonchaotic random behaviour is similar to
the coin-throwing case in classical theory of proba-
bility. Since people know that random phenomenon
can be generated in a deterministic system, the non-
chaotic random behaviour also shows how a random
phenomenon is produced in a deterministic system.

2. Initial conditions and motion

in the deterministic system

The second-order autonomous differential equa-
tions are given by

du . .
OE =1= Q(%U)7
ds ) .
2=~ (t () =Piw), (1)

where P(i,u), Q(i,u) € C°, L and C are constants.
Equation (1) is the variance of Liénard equation,
with f(7) being a nonlinear function

16) = . 2)
Thus, Eq.(1) becomes

2L% = —(u+1?), (3a)
du
— =i b
Odt i (3b)

Obviously, its equilibrium state is the focus-
origin.

By comparing these two equations, the equation
of tangent to the phase portrait of the system is ob-
tained:

2_dz:—C(u.—|—z2)' )
du Li
This equation is easily integrated as compared with
Eqs.(3a) and (3b).[]
The solution of this equation is i = u(i; A), where
A is the integration constant. For different A, a group
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of curves on the i—wu plane are obtained, and expressed
as follows:

(i2 +u— é) e = A; (5)

for each point on the curves, the slope of its tangent
is determined by Eq.(4).

Integration constant A is determined by the initial
condition (ig, ug) of the system expressed as Eq.(3).
For the convenience of studying the influence of A on
the characteristics of the solutions, let C = L = 1,
thus Eq.(5) becomes

(i*+u—1)e" = A (6)
When A = —1, we have
(*+u—1)e" =1, (7)

its phase trajectory corresponds to an isolated point
(u =0, ¢ = 0), which is also the singular point (0,0)
of the equation.

When

—1< (®+u—1)e* <0, (8)

the phase trajectories of Eq.(8) are the closed curves
encircling the singular point, and they correspond to
the dotted closed phase trajectories in Fig.1. These
closed phase trajectories show that the system un-
When time t — o0, the
waveforms of the periodic oscillation can be observed

dertakes periodic motions.

in time domain. They are named the quadratic-type
oscillation.

Fig.1. The different phase trajectories described by
Eqs.(7)—(10).The boundary phase trajectory is expressed
by the solid line, it divides the plane into two portions;
closed phase trajectories are expressed by the dotted lines,
while the divergent phase trajectories by dashed lines.

When A > 0, we have

(i +u—1)e" > 0; 9)

the phase trajectories of Eq.(9) are divergent curves
complying with 4, and they correspond to the dashed
curves in Fig.1. They are called divergent phase tra-
jectories.

When A =0,

o1 (10)

the phase trajectory is a parabola with a truncated
length equal to 1, it is the solid curve in Fig.1.

When lim|A| — 0, Eq.(10) is a homoclinic phase
trajectory of the closed phase trajectories and diver-
gent phase trajectories.[”) This homoclinic phase tra-
jectory is also the boundary line. The closed phase
trajectories lie inside the boundary, while the diver-
gent phase trajectories lie outside, as shown in Fig.1.

If the integration constant A is considered as vary-
ing and passing through the zero point (e.g. A varies
from —0.1 to 0.5), then Eq.(6) will lead to a three-
dimensional curved surface as shown in Fig.2. This
curved surface has the shape of a big truncated funnel
with a large opening. According to the value of A, the
projection on the v — ¢ plane can be closed curves or
divergent curves.

'mlllfv

”AW’_ 7

Fig.2. The three-dimensional curved surface of the so-
lution of Eq.(3),obtained when the initial condition A is
considered as varying and passing through the zero point.

The value of A is determined by the initial condi-
tion (g, ug), and it determines the shapes of the phase
trajectories of the solution related to the differential
It can be seen from Fig.1 that, if the
initial condition (i, ug) lies in the internal region of

equation (3).

the homoclinic phase trajectory, the phase trajecto-
ries of the solution are limiting cycles (closed curves);
if the initial condition (ig, ug) lies outside the homo-
clinic curve, the phase trajectories of the solution are
divergent curves.
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3. The deterministic character
and stochastic property of a

system

System (1) has deterministic properties, and this
indicates that its parameters and variables are all de-
terministic. When |A| > 0, the initial points lie far
away from the homoclinic line, the future states or
shapes of the phase trajectories are also deterministic.
When A = 0, the initial points lie on the homoclinic
line, the future states or shapes of the phase trajecto-
ries will be undetermined, i.e. the stochastic property
appears.

By mapping the phase trajectories of Egs.(8)-
(10), we have

L™ ={ui:—-1< (®4+u—-1)e*>0}, (lla)
and this shows a set of closed phase trajectories of
quadratic-type oscillation;
Lt ={u,i: (i* +u—1)e" >0},
this shows a set of divergent phase trajectories;
LY = {u,i:i* =1—u},

(11b)

(11c)

this is the homoclinic phase trajectory (boundary
line between L~ and L™).

All the points (A = 0) which satisfy the ini-
tial conditions for L are lie on a line on the two-
dimensional v — ¢ plane. In the actual system or nu-
merical calculation, the motions, under the initial con-
dition for LY, are not stable, even belong to a stochas-
tic system described by the classical probability the-
ory. The motion may deviate from the phase trajec-
tory of L?, because in an actual system there may ex-
ist interferences (electromagnetic and heat noises and
truncation errors in numerical calculations).

In numerical calculation, when \/C—/L is irra-
tional, the points satisfying the initial condition of L°
cannot consistently move on L° from start to finish,
in fact, there are much more irrational numbers than
rational ones. For example, when L/C = 1/3, Eq.(5)
becomes

(2 +u—3)es = A (12)
When A =0,

i =3 —u; (13)

at u =0, 2 =3, i =43
tion, the value of ¢ is obtained as an initial condition,

In numerical calcula-

however due to the limitation of numerical value for
length and the truncation error, igp # /3 is always
true. When 49 > /3, the phase trajectories tend to
move from L° to L™; if iy < v/3, the phase trajectories
tend to move from L° to LT.

Let Aa be the interference in an actual electric
circuit or the truncation error in the numerical calcu-
lation, then Eq.(6) can be expressed as

(i* +u—1)e" = (A+ Aa). (14)

When A = 0, it becomes

(*+u—1)e" = Ag; (15)

so long as A« # 0, Eq.(1) will not be expressed as the
homoclinic phase trajectory.

Taking the case of throwing a coin in the classical
probability theory as an example. Let the backside
of the coin represent the phase trajectories of L™, the
front side represent the phase trajectories of L*, and
the edge of the corn represent the phase trajectory of
LY. Suppose the coin is rolling on a plane, then three
possible cases will happen:

(i) standing steadily on its edge; (ii) lying down
with the front side upward; ( iii) lying down with the
backside upward. Through mapping, the result of the
above deterministic dynamic system is similar to that
of throwing a coin in classical probability theory.

Fig.3. LT and L~ mapping into the front and back sides of
a coin respectively. The periphery of the coin represents Lg.

Let the probabilities of the three cases be

P(Li) =N
P(L+) = N,
P(L°) = na,

ny+ne +n3z =1. (16)
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The phase trajectory starting from any point of
LY is taken to be a fundamental event w, then all
phase trajectories starting from the points of L% form
a sample space {2, and ({2, w, n) constructs a stochas-
tic space, with X(w) being a stochastic variable in this
space. The study of the solutions (quantitative, quali-
tatively or numerical) of the deterministic differential
equation (3) turns into a study of the distribution and
digital characteristics of X (w).

The stochastic domain not only exists on phase
trajectory of L° but also on the phase trajectories of
L* and L~ under the conditions of disturbance when
they lie in the very vicinity of L°.

Let the maximum value of disturbance be
§(Ai, Au), and substituted into Eq.(10). We obtain

(i + Ai)? = 1 — (u+ Au) = i? + 2iAi + (Ad)?
=1—u—Au, (17)
P tu—1 = —2iAi — Au— (Ai)% (18)

So long as —2iAi — Au — (Ai)? # 0, the phase
trajectories will leave LY towards L~ or L.

From the above analysis, we can observe how the
parametric conditions and the initial conditions for a
second-order autonomous system can cause a stochas-
tic domain.

4. Results of the simulation ex-

periment

In order to verify the above views, a second-order
nonlinear autonomous circuit is used to carry out the
simulation experiments. The circuit is shown in Fig.4,
where the linear inductor L1 = 1 mH, the linear capac-
ity C; = 100 uF, and f(i) = i% is the u — i character
of the nonlinear resistor.

Fig.4. The second-order autonomous nonlinear circuit.

20T

—4 0 4

i
Fig.5. The u-i character of nonlinear component f(¢).

Let the current ¢ and the voltage u be the state
variables, then the circuit in Fig.4 can be represented

as
4
d_z = —(u+12) x 103, (19a)
d
d—lt‘ =i x 10°. (19b)

Substituting L; and Cp into Eq.(5), we have an
equation which meets the initial condition (ig, ug) of
homoclinic phase trajectory

L
i2+u—ﬁ:'2+u—520. (20)

Now replace (i, u) of Eq.(20) by one of the ini-
tial conditions (i9 = 0,up = 5). The initial con-
dition determines the value of A, and it also de-
termines the shape of the phase trajectory. When
190 = 0,up > 5, divergent phase trajectories appear,
and when i9 = 0,u9 < 5, quadratic-type oscillations
with closed phase trajectories are revealed. We use
the common software Pspice to simulate the circuitry
in Fig.4 (other software also can be used to carry out
the numerical calculation, such as Matlab, and Math-
ematica etc.). Three experiments have been carried
out.

The first experiment is to observe the dependence
of sensitivity of circuit state on the initial conditions
and the result shows that they are closely related.
All the given circuit parameters and parameters used
in numerical calculation are the same, and the max-
imum iterative step is 10 us. Let the initial condi-
tions (0, 5.00000198) and (0, 5.00000199) as the dis-
turbance parameters, both are very close to the homo-
clinic phase trajectory. The difference of them is only
1 x 1078, and they belong to the divergent phase tra-
jectories of Eq.(19). Figure 6 is the divergent phase
trajectories with initial value of (0, 5.00000199) af-
ter 2.2ms and Fig.7 are the quadratic-type oscilla-
tion closed phase trajectories with initial value (0,
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5.000000198) after 4.6ms. A tiny difference between
the initial conditions produces tremendous difference
in the state of the circuit shown in Fig.4. The re-
sults of this experiment show that when the initial
conditions are very close to the homoclinic phase tra-
jectory, we cannot tell the exact characteristics of the
solution of Eq.(19) with the initial conditions before
simulation. In this circumstance, it becomes a random
system described by Eq.(19).

—150

u/V

—50
i/A
Fig.6. The divergent phase trajectories of the first experi-

=]

ment. The maximum iterative step is 10us, and the initial
condition of disturbance is (0, 5.00000199), in 2.2 ms.

—120

u/V

10

—10 10

i/A
Fig.7. The quadratic-type oscillation phase trajectory of
the first experiment. The maximum iterative step is 10 us,

and the initial condition of disturbance is (0, 5.00000198),
in 4.6 ms.

Our second experiment shows that the sensitivity
of the circuit state is related to the disturbance of the

—100

u/V

(a)

—10 0

i/A

10

numerical calculation parameters. All the circuit pa-
rameters used are the same as above with the initial
condition being (0, 5.000001). Choosing the maxi-
mum iterative step as 7.5 us and 7.4 us, the difference
between them is only 0.1 us. As the initial conditions
are very close to the homoclinic phase trajectory, af-
ter 2.2ms, the states of the circuit in Fig.4 changes
greatly. Figure 8 shows the quadratic-type oscillation
in time domain and the phase trajectory at a step =
7.5 us. Figure 9 is the figure with divergent state vari-
ables in time domain and the phase trajectory at a
step = 7.4 us. The experiment shows that when the
initial condition is very close to the homoclinic phase
trajectory, a tiny difference in calculating condition
would produce great difference in the state of the cir-
cuit in Fig.4.

The third experiment shows that when the initial
conditions are far away from the homoclinic phase tra-
jectory, the circuit state is not sensitive to all the dis-
turbance parameters. Before simulating calculation
we can tell the exact characteristics of the solution of
Eq.(19) under the initial conditions. In this circum-
stance, the solution becomes a deterministic system
described by Eq.(19) (omitted, for the result is obvi-
ous).

The results of the three experiments confirm three
conclusions: (i) When the initial conditions of states
are very close to the homoclinic phase trajectory,
tiny changes of initial conditions will produce great
changes in phase trajectories. (ii) When initial condi-
tions of states are very close to homoclinic phase tra-
jectory, tiny changes in integral step (parameters used
in numerical calculation) will produce great changes in
phase trajectory. (iii) When initial conditions are far
away from the homoclinic phase trajectory, changes
of initial conditions or integral step will not produce
great changes in phase trajectories.

—100
>
~
3
10 "]
10
<
>
(b)
—10
0 4.6

t/ms

Fig.8. The quadratic-type oscillation phase trajectory and time domain waves graph of the second experiment. The

initial condition is (0, 5.000001) and the maximum iterative step is 7.5 us as disturbance parameter in 4.6 ms, phase

trajectory (a)and time domain (b).
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Fig.9. The divergent phase trajectory and time domain waves graph of the second experiment. The initial condition

is (0,5.000001) and maximum iterative step is 7.4 us as disturbance parameter in 2.2 ms, divergent phase trajectory

(a) and time domain (b).

5. Conclusion

From the theoretical analysis and the results of
the experiments, and by comparing chaos with the
nonchaotic random behaviour in a deterministic sys-
tem, we have found the following characteristics:

1. The nonchaotic random behaviour in a deter-
ministic system is sensitive to the initial conditions
as the chaos, even if there is only a tiny difference,
the motion of the system will change greatly. A set
of points with the initial conditions near the homo-
clinic phase trajectory will form a random region in
the deterministic system. When the initial conditions
are far away from the homoclinic phase trajectory, the
system will have all the characteristics of a determin-
istic system.

2. Since the divergent phase trajectories of L°

and LT cannot return to the starting point, it is im-
possible for them to form the strange attractors. This
is the transient random behaviour!® and very simi-
lar to the coin-throwing case in the classical theory of
probability.

3. Although the nonchaotic random behaviour in
a deterministic system is not rich as compared with

the chaotic phenomena, [©-10]

it can tell us clearly how
the random behaviour can appear in a determinis-
tic system and why sometimes a deterministic system

may have random behaviour and sometimes not.
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