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The impulsive control of chaotic systems, which are subjected to unbounded exogenous perturbations, is considered.

By using the theory of impulsive differential equation together with the fuzzy control technique, the authors propose

an impulsive robust chaos controlling criterion expressed as linear matrix inequalities (LMIs). Based on the proposed

control criterion, the procedure for designing impulsive controllers of common (perturbed) chaotic systems is provided.

Finally, a numerical example is given to demonstrate the obtained theoretical result.
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1. Introduction

From the end of the last century on, chaos con-
trol, one of the most interesting and challenging tasks
in nonlinear science, has attracted more and more
Ott et
all’l have proposed a chaos controlling method, called

attention of both engineers and scientists.

OGY method, which has sparked a great number of
schemes on controlling chaos.?—1]

Impulsive control has arisen from a variety of
applications!'%17) including the successful application
to various chaotic systems.['8=21 In Ref.[21] is dis-
cussed the impulsively asymptotical stabilization us-
ing the Lyapunov stability theory, and Refs.[18,21]
proposed impulsive control criteria by using the com-
parison theorem. However, all the above-mentioned
control laws are difficult to design!'®9! or inapplicable
to the common chaotic systems.?!) On the other hand,
the Takagi—-Sugeno (T—S) fuzzy model can represent
a highly nonlinear dynamic system by combining its
simple local linear dynamic systems with their linguis-
tic descriptions,/??! thus enabling the well-established
linear system theory to be applied to the study of the
properties of those systems. Since chaotic systems are
typically nonlinear ones, a vast literature dealing with
them is based on the fuzzy T-S model.?3:24 There-
fore, this paper is devoted to discussing the control of
chaotic systems with exogenous perturbations based

on the T-S fuzzy model via impulsive control.

The remainder of this paper is organized as fol-
lows. On the basis of the T—S fuzzy model of chaotic
systems with exogenous perturbations, an impulsive
control criterion is proposed which is expressed as lin-
ear matrix inequalities (LMIs), based on which a gen-
eral procedure is developed to design impulsive control
laws for such chaotic systems. It is noticeable that
this paper concentrates on the exponential stability
instead of asymptotical stability of the controlled sys-
tems as reported in a vast literature.

Notation A > 0(< 0) means A is a symmetrical
positive (negative) definite matrix, and A > B(A <
B) refers to A— B > 0(A— B < 0). AT represents
the transpose of A, and ||z(t)|| denotes the Euclidean
norm of vector z(t). All the matrices each have an
appropriate dimension, unless otherwise specified.

2. Problem formulation

Consider an autonomous chaotic system de-
scribed as follows:

&(t) = f(z(t)), (1)

where z(t) € R™ is the state variable, and f €

C[R™ R". Using the technique introduced in
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Ref.[22], we can construct a fuzzy model for system
(1) as follows:

Rule ¢ IF 21 is w1, ..., and 2, is p,, THEN
z(t) = Ajx(t), in which zq, ..
variables, 1, ...

., Zp are the premise
, Wip are fuzzy sets, A; € R™™ is
a constant matrix. Then the overall fuzzy system is
represented as

i(t) = 37 hi() A (0), (2)
=1

where 7 is the number of fuzzy rules, h;(t) =
wi(t)/ Yoy wit), wi(t) = Tl pa(z(t), and
wir(zi(t)) is the grade of membership of z;(t) in py.
Of course, we have h;(t) > 0 and Y.;_, hi(t) = 1.
System (2) can exactly represent system (1) locally.

If system (1) is subjected to an exogenous per-
turbation g(z(t),t) € R™, then the perturbed chaotic
system can be represented as

i(t) = Z hi(t)Asz(t) + g(x(t),t), (3)

where g(z(t),t) satisfies ||g(z(t),t)]| < e||lz(t)|, with
e being a positive scalar. The aim of this paper is to
design an impulsive control law to stabilize the per-
turbed system.

For system (3), an impulsive control law is defined
as a series: {ty, Crz(tx)}, kK € N, N is a set of natural
numbers, 0 =ty < 1 <ty < -+ <t <tpy1 < -,
tr — oo as k — oo, C} is a constant matrix to be
determined. Then we obtain the following impulsive
differential system:

i(t) = ; hi(t) Asa(t) + g@(t), 1), ¢ # b,

Ax(t) = Cra(t), t = tg,

where Az(ty) = z(t)) — z(ty),
limy_ o+ 2(tx + h), and k € N.
The following definition and lemma are needed.
Definition 1% Let V : R, — R, , where R, is

o(ty) =

DtV (z(t)) = lim supé V(z(t+s)) —V(z()].

s—0t

Lemma 1126/ Assume 2,y € R™. For any scalar
e > 0, the following inequality holds:

1
20Ty < exla + gyTy.

3. Main result

In this section, we propose a stability criterion for
system (4), and then provide a procedure for design-
ing an impulsive controller for system (3) according to
the proposed condition.

Theorem 1 Given {{y},k € N. If there ex-
ist an arbitrary matrix C,k € N, and scalars a >
0, 8 >0, ¢>0, v>0, b >0, such that
[, <:bx <exp(=pt), Vvt > 0 and the following in-
equalities (5), (6), and (7) hold, then system (4) is
exponentially stable:

(0%
0=—<p, 5
5 (5)

byl I+CT
TS co ke, (6)

I1+C, -1

V(A + AT + (e —a) I el
vyel —el
1=1,2,...,r (7)

<0.

Proof Choose the following Lyapunov function
candidate:

V(x(t) = ya' (H)a(t).

a set of all the nonnegative real numbers. The upper First, assume that ¢t € (ty—1, tx], k& € N, and we
right-hand derivative of V'(x(t)) is will have
|
DYV (x(t)) = 2y’ (1)a(t)
) <Z ha(t) Asa(t) + 9w (2), t>>
i=1
= Y B0 (1) (Ai + AT )a(t) + 292" (1)g(a(t), 1) (8)

=1
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Since € > 0 and v > 0, &/ > 0. The following inequality is obtained from Lemma 1:

2y (t)g(x(t), 1)

IN

7 (24700 + 267 wl0).00000.0))

= < (0a(t) + L g (#(0). gl (0). 1)

2,2
< exT(t)a(t) + 78 I (t)H2
2,2
= ez (t)x(t) + 76 x (t)z(t) ©)

Combining Eq.(8), expression (9) and the fact Y,_, h;(t) = 1, we have

TV (x - (DT ; T gl T
DHVE®) £ S h" 0 (14 4D + (24 ) 1) ) (10)

According to the Schur complement, inequality (7) is equivalent to

2,2
V(Ai+A;r)+(€—a+%>I<O, i=1,2,...r

ie.
2.2

e
W(Ai+A;r)+<6+7T)I<aI, i=1,2,...,r. (11)
Based on inequalities (10) and (11), one can easily obtain

DYV (x(t)) < ax™ (t)z(t) = =V (2(t)) = 0V (x(t)), t€ (tx—1, tx], k€ N. (12)

a

v

Again, by the Schur complement, it follows from (6) that (I + C}l) (I + Ck) — bpd < 0 which implies
(I+Cp)(I+Cy) <byl. (13)

So we obtain
V(:z:(tz)) = fy:zT(t) (I + C’g) (I+Cp)a(t) < 'yxT(t)kax(t) = bV (x(t)). (14)

When ¢ € (to, 1], given 2(0) = xo, from inequality (12), one has V' (x(t)) < V (xo) exp(6t). Then, it follows from
inequality (14) that V(z(t])) < b1V (2(t1)) < b1V (20) exp(6t1). In a similar way, we can acquire

V(z(t)) < b1V (zo) exp(6t),t € (t1,t2], and V(z(t])) < bV (2(t2)) < b1baV (o) exp(fta).

Repeating this process, we obtain the following result finally:

V(z(t) < [] oxV(20) exp(6t), t>0.

tp<t

Since [[,;, ., bx < exp(—pt),Vt > 0, the following expression can be directly obtained:
Yllz(®)]* = 72T @) (t) = V(@(t)) < V(zo) exp(—(8 = 0)t), ¢ > 0. (15)
Arbitrarily choose 6 > 0 and let ||zg|| < d, then we will have

Ylz(t)|? < yag wo exp(—(8 — O)t) < 782 exp(—(8 — O)t).
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So

()] < & exp (@) . (16)

B — 6 > 0 holds because of inequality (5), which to-
gether with inequality (16) implies that system (4) is
exponentially stable. The proof ends here.

Now, we provide the following procedures to de-
sign an impulsive controller for a perturbed chaotic
system (3):

Step 1 According to the given system (1), de-
termine the system parameters A;(i = 1,2,...,r) and
bj(7 = 1,2,...,n). Determine the series of times
ty,k € N and define dy, = tp41 —tr, kK € N.

Step 2 Use inequality (7) to compute « and =,
then choose an arbitrary scalar 8 such that — < (.
Y

Step 3 Determine b,k € N such that by
< exp(—f(t1 + d1)), br < exp(—pdy), and k €
N\{1}. These scalars should satisfy the condition
[, < b < exp(=pt),Vt > 0.

Step 4 Utilize inequality (6) to compute Cy, k €
N. Thus, the final impulsive control law is given by
{(tx,Ck) ,k € N}.

4. Numerical simulation

The well-known Lorenz chaotic system, which
has been extensively discussed,16:18:19,21,27=30] ig de-

scribed as follows:
# = a(ze — 1),
Tg = €T1 — T2 — X173, (17)
Lil'3 = T1X2 — bwg,
where a,b,c are all positive parameters and when
a =10, b = 8/3, and ¢ = 28, system (17) has a
chaotic attractor. According to Ref.[21], we can de-
scribe system (17) as the following fuzzy T—S model

restricting x1 € [—d, d], where d is a positive scalar
and taken as 100 in this paper.

Rule i(i = 1,2): IF a1(t) is M;, THEN
(t) = Ajx(t), where x(t) = [21(t), z2(t), x3(t)]T,
) = 5(1+20) ) -
% (1 — xlb(t)) and

—aa 0 —aa 0

Ai=|c —-1-d|, A2=|c -1d

0 d -b 0 —d-b

Using fuzzy ‘blending’, the overall fuzzy system is rep-
resented as

System (18) can exactly represent system (17)
it z1 € [-d,d].
subjected to an exogenous perturbation g(x(t),t) =
[21(t) sin(t), w2(t) cos(t), ws(t)sin(t)cos(t)]”, so the
perturbed Lorenz system is represented as

It is assumed that system (18) is

2
B(t) =Y Mi(t)Ai(t) + g(a(), 1), (19)

=1

whose phase plot is shown in Figl.

—50

@1(t) ~207 50 @2(t)

Fig.1. Phase plot of perturbed Lorenz system.

Now, we will design an impulsive control law
{tk, Cra(ty)} for system (19). Let t, = 0.01k. Ac-
cording to Theorem 1, it is easy to obtain b; = 0.0600,
and b = 0.2449, k =2, 3,
ity (6), the following cases each satisfy the conditions

.... According to inequal-

in Theorem 1:

1) C1 = —0.75511, C) = —1.49491, k =
2,3,..;

2) C; = —1.2449I, C, = —-0.50511, k =
2,3,...;

3) Oy = —1.2449I, C) = —1.4949I, k =
2,3,..

4) ¢ = —0.7551, Cp = —0.50511, k =
2,3,.... The simulation results of cases 1) and 2),
which run under initial condition zo(t) = [—3,4, 2],

are shown in Figs.2 and 3 respectively.
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Fig.2. C1 = —0.75511, Cp = —1.49491, k=2.3,....
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Fig.3. C1 = —1.24491, Cy = —0.50511, k=2,3,....
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From these figures one can see that the designed
impulsive control law {tx, Cxx(tx)}, k € N is effective.

5. Conclusions

We have studied the impulsive control of a chaotic
system with an exogenous perturbation based on its
fuzzy T—S model. A criterion for designing the impul-

sive control law is proposed, and the procedure for de-
signing the impulsive controller is formulated. Finally,
a numerical example is provided to demonstrate the
obtained theoretical result. It is noticeable that this
criterion is applicable to common (perturbed) chaotic
We will
extend the obtained result to the synchronization of

systems and easy to numerically simulate.

chaotic systems in the future.
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