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The entanglement in an anisotropic spin-1 Heisenberg chain with a uniform magnetic field is investigated. The

ground-state entanglement will undergo two different kinds of transitions when the anisotropy A and the amplitude of

the magnetic field B are varied. The thermal entanglement of the nearest neighbour always declines when B increases

no matter what the value of the anisotropy is. It is very interesting to note that the entanglement of the next-nearest

neighbour can increase to a maximum at a certain magnetic field. Regardless of the boundary condition, the nearest-

neighbour entanglement always decreases and approaches to a constant value when the size of the system is very large.

The constant value of open boundary condition is much larger than that of periodic boundary condition.
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1. Introduction

As a fundamental kind of quantum resource,
entanglement plays an important role in quantum
computation and quantum communication.!=6 Es-
pecially in recent years, much attention has been
paid to the study of the entanglement properties of
two-level solid state systems.[”=12! Tt is theoretically
shown that the quantum computation3~15 and per-
fect quantum state transfer'® can be realized via
the entanglement in a solid-state system. In con-

(717,18] are

densed matter systems, spin-1/2 models
considered to as natural candidates of qubit systems
where various forms of entanglement exist at low tem-

peratures. Using the spin-1/2 chain to implement

(191 Such quan-

quantum teleportation was discussed.
tum systems includes finite spin clusters?°=23] and
infinite spin systems!!7-24=28] where quantum phase
transition can be detected at the ground state.[?7-28]
The entanglement in any thermal equilibrium state
has also been widely studied.[":17:29:30] The effects of
the inhomogeneous magnetic field!'®! and the frus-
trate interaction®" on the entanglement in spin-1,/2
Heisenberg models have been considered. To detect
the entanglement experimentally, the witness, which

can provide a sufficient condition for the presence of

the entanglement?":32:33] has been used. However,

7,34—36]

many real solid state systems! have compli-

cated energy levels that are always modelled by spin-

s quantum systems ([ s > % Because of the inher-
ent structures, high-dimensional quantum systems are
clearly different from two-dimensional ones. For spin-
1 Heisenberg quantum systems, their phase diagrams,
magnetic and thermal properties are unique,l®* It
is necessary to analyse their entanglement proper-
ties, which is helpful to the high-dimensional quantum
computation and quantum communication. Mean-
while, the negativity!?1:37) can also been used to conve-
niently evaluate the entanglement of spin-1 Heisenberg

chain.

In this paper, the general form of an anisotropic
spin-1 Heisenberg chain in a uniform magnetic field is
investigated. In Section 2, two-spin ground state is de-
rived. With the variation of the magnetic field B, the
transitions of the entanglement are discussed. The ef-
fects of the thermal temperature T and the anisotropy
A on the entanglement are studied in Section 3. For
a many-spin Heisenberg chain, the nearest-neighbour
entanglement and the next-nearest-neighbour entan-
glement are numerically calculated when the magnetic
field is varied. In Section 4, the effects of the boundary
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conditions and the size of the system are presented. A
discussion is given in Section 5.

2. Entanglement transitions of

ground state

Since the ground state is very important in many
quantum systems, it is necessary to investigate the
ground-state entanglement. The general condition of
an anisotropic spin-1 Heisenberg chain with the num-
ber of spins L is considered. The Hamiltonian H in
uniform magnetic field B can be described by

.

=1

ro|

(SFSii1 + 57 SH,

i1 248757 ) + BSF,

(1)
where S’ijE are the lifting and lowering operators for
the ¢th spin and S7 is the z-component of spin opera-
tor. For convenience, |1), |0) and | —1) are assumed to

be the eigenstates of S7 with corresponding eigenval-
ues of 1,0, and —1 respectively. The parameter B is
the amplitude of the magnetic field along the z-axis,
J is the exchange interaction and A is an anisotropy
coefficient which is less than one. The antiferromag-
netic and ferromagnetic cases correspond to J > 0 and
J < 0 respectively. In order to enter into the entan-
[21,37]

glement between any two spins, the negativity is

introduced as follows:

NG =13 gl @

where f1; is the negativity eigenvalue of p’*, which is
the partial transpose of the matrix p. Without losing
the generality, the simplest case of L = 2 is consid-
ered. In the space expanded by {|1)|1), |1)|0),
DI=1), 0)[1), [0)[0), [0}—1), [~ 1)[1), |—1)[0),
| —1)| — 1)}, the matrix expression of the Hamiltonian
H can be given by

2B+2JA 0 0 0 0 0 0 0 0
0 B 0 2J2J 0 0 O 0
0 0 -2JA 0 0 0 0 0 0
0 2J 0 B O 0 0 0 0

H= 0 0 2J 0 0 0 2J 0 0 (3)

0 0 0 0 0-B 0 2J 0
0 0 0 027 0 2JA 0 0
0 0 0 002/ 0 -B 0
0 0 0 00 0 0 0 2B+2JA

Because the total spin S* = ». 57 is conserved in this model, i.e. [H,S*] = 0, the eigenstates [¢;) and

corresponding eigenvalues F; can be expressed as

1),
(11)10) +10)[1)),

(I)10) = 10)[1)),

(10)] = 1) + [ = 1){0)),
(10} = 1) = = 1)[0)),
(D=1 = 1=DI1),

DI =1) +[ = DI1)) +6+]0)[0),
D=1 + = 1I1) +5-0)|0),

By =2B+2JA, |¥) =|1)|
1
E, =2J + B, |W2>=ﬁ
1
Es = —2J + B, |%>:E
1
E, =2J - B, |¢4>:ﬁ
1
Es = —2J — B, |W5>=ﬁ
1
Eg = —2J A, | W) = 7
E; =4JX,, | W7) = ay(
Es =4JX_, |Ws) = a—(
Ey = —2B+2JA, | W) = | — 1) — 1),
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1
where the parameters Xy = Z(_A + VA2 +8), by =1/4/1+2X3, and ayx = by Xy. From Eqgs.(2)-(4), the

negativity N(p) of the ground-state entanglement for two spins can be obtained.

16 (b)
12 R
Q 8-

R>

4_
Ry

0 v T v T v T ¥

-1.0 -0.5 0 0.5 1.0

Fig.1. The ground-state entanglement and transitions.(a) The ground-state entanglement for L = 2, J =4
versus magnetic field B and anisotropy A. (b) The ground state transitions shown by three regions in the
plane of B and A.

The effects of the anisotropic coefficient A and  of the ground state |¢)grouna. According to Eq.(4),
magnetic field B on the negativity N are clearly shown  [¢)grouna can change from [¢g) to [|¢5), then to [t)g)

in Fig.1. From Fig.1(a), it is seen that the ground-  when B is increased from zero. For the antiferromag-
state entanglement will experience two kinds of tran- netic case of J > 0, the transitions of [¢))ground are
sitions with the increase of B for a certain value of A.  given by

This unique property can be explained by the change

[s), 0< B < —2J+J(A+VAZ£3),
[V)ground = § |5), —2J+J(A+VA2+8) < B<2J(1+A4), (5)
W), B> 2J(1+ A).
In Fig.1(b), the transitions of the ground state are illustrated in the parameter plane of B and A. In the region
R, the ground state is |¢)s) where the maximal entanglement is obtained. In the region Ra, |¢)5) is the ground
state and it is still entangled. There is always no entanglement when the parameters are in the region R3 for

the ground state is a separable (unentangled) state of |19). It is clearly seen that the transitions of the ground
state are closely dependent on the anisotropy A and magnetic field B.

3. Entanglement at any finite temperature
Due to the unavoidable effect of thermal temperature, it is necessary to study the entanglement at any

finite temperature in a Heisenberg spin-1 chain. The general thermal state at an equilibrium temperature T
can be expanded by the eigenvalues E; and eigenstates |1;) as follows:

3L
p(T) = 3 exp(—Eu/T)i) (] (6)
i=1

where Z is the partition function and is given by Z = >, exp(—E;/T'). Similarly, the case of L = 2 is considered.
According to the analytical results of E; and |¢;) for two spins in Eq.(4), the thermal equilibrium state p can
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be easily obtained. To quantitate the thermal entanglement, the partial transpose of p can be derived in the

space H and expressed as

A1 0 0 0 A, 0 0 0 Aj
0 A4 0 0 0 A5 0 0 O
0 04 0 O O O O O
0 0 0A4 0 O O A7 O
1
pTl:Z A, 0 0 0 A3 0 0 0 Ao |, (7)
0 A5 0 0 0 Ap O 0 O
0000 0O 0 A 0 O
0 0 0A7z 0 O 0 Ap O
A3 0 0 0 A9 O 0O 0 Apy
where the parameters A; are given by
Ay = e QBJ’}QJA, Ay = %e_ 2048 1. —2§+B7
Az = —%e# + aie*‘u;(+ +a%e” == , Ag= %ef Rt %ef 72#3,
4JX 47X _ 1 .. 47X 4TX _
As = aybie” ™ fa_b_e T , Ag= §e# —i—aie* ™ fgle T ,
4JX 4JX _ 4JX 4JX _
A7 = aybie” ™ La_b_e T , Ag= bﬁ_e* ™ pp2e T ,
Ay = 367 2048 %QQJ;B, Ay = %Ef 28 n %GZJ;:B7 Ay = e —2B+274 (8)

In the above equations, X1,a4, and by are the
same as those in Eq.(4).

The dependence of negativity N on temperature
T and anisotropy A is plotted in Fig.2. It is seen
that the entanglement always decreases as tempera-
ture T increases and finally vanishes at a certain tem-

perature. The temperature at which the negativity N

vanishes increases as the anisotropy A increases. In
Fig.2(a), the negativity N is plotted as a function of
T and A when B = 5 < 2J. For low temperatures,
there are two peaks in IV, whose values are about 0.5
and 1.0, located at about A =~ —0.3—0.3 and 0.4—1.0
respectively. The ground state may change from |t)g)
to |¢5), and then to |tg).

12779

Fig.2. The thermal entanglement N for L = 2,J = 4 versus temperature T and anisotropy A when the

magnetic field is varied from (a) B =5 < 2J to (b) B

=10 > 2J.
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After the mixture of other unentangled components,
the thermal entanglement will decline. Therefore, the
entanglement decreases from two different peaks sep-
arately. In Fig.2(b), the N is plotted as a function of
T and A when B = 10 > 2.J. For low temperatures,
there is only one peak in N, whose value is about 0.5,
located at about A ~ 0.25 — 1.0. The ground state
only changes from [1¢5) to [1)g). When the amplitude
of magnetic field B is varied, the relations between N
and A are quite different, which is clearly shown in
Figs.2(a) and 2(b). This is the reason why the ground
state changes for the different values of magnetic field
B.

If the spin number L > 2, the negativity N can
be obtained only numerically. Through the numerical
calculations under periodic boundary condition, the
values of negativity N of the nearest and the next-
nearest spins against magnetic field strength B for sev-
eral values of anisotropy in Fig.3. The IV of the nearest
spin is plotted as a function of B in Fig.3(a), with A
take as a variable parameter. From Fig.3(a), it is seen
that the entanglement between the nearest spins in-
creases as the anisotropy A increases but decreases as

0.20 1

0.15 1

0.10 1

Niit1

0.05 1

the magnetic field B increases. For A > 0, the nearest-
neighbour entanglement NN, ;1 is always dominant in
the entanglement between any two spins. The negativ-
ity N of the next-nearest spins is plotted as a function
of B in Fig.3(b), with A taken as a variable parame-
ter. From Fig.3(b), it is seen that there is a peak in
N. The location of the peak shifts to large values of B
as A increases. The height of the peak decreases as A
increases. When the anisotropy A < 0, the maximum
peak appears in the next-nearest-neighbour entangle-
ment N; ;2. From Fig.3, it is seen that the value
of N; i+1 gradually decreases to zero as B increases.
When the anisotropy A increases, N; ;41 is enhanced.
While the value of N; ;12 can arrive at a maximum
when B increases to a certain value with a suitable
anisotropy A. When A increases nearly to 0.3, two
peaks with different values may occur in NV; ;42. When
A is approximately smaller than —0.4, the monotoni-
cally descending of NN; ;42 may occur. It is clear that
the entanglement N;; between the ith and the jth
spins decreases rapidly when the separation |j —¢| be-
tween the spins increases.

0.020 4

0.0154

0.0104

Niiyo

0.005 1

Fig.3. The negativity of many-spin chains for L = 6,J = 4 versus magnetic field B for the different

values of anisotropy A. (a) The nearest-neighbour entanglement INV; ;41 and (b) the next-nearest-neighbour

entanglement N; ;12.

4. Effects of boundary condition

and system size

In a strongly correlated quantum spin system,
the entanglement properties are closely related to the
boundary condition and the system size.[38=40 Tt is
necessary to investigate the effects of boundary con-
dition on the entanglement when the spin system size

L increases. For the spin-1 Heisenberg model, there
One is the
periodic boundary condition (PBC) and the other is

are two kinds of boundary conditions.

the open boundary condition (OBC). Under these two
kinds of boundary conditions, the quantum state of
the isotropic spin-1 Heisenberg chain is always SU(2)
invariant.!*!) Therefore, the entanglement at any state
between the nearest-neighbour spins can be obtained
regardless of the boundary condition
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Nise1 = max {L‘;W - 1,0} )

For the ground state of large finite system size L, the
correlation functions are dependent on different kind
of boundary condition. Thus, the entanglement N; ;1

e ()
0.8
[ ]
~ 0.6 °
Z, ® o o o
0.4 1
a
a
0.2 1 B o o o
O 1 T 1 ] ] 1
0 2 4 6 8 10 12 14
L

with the OBC is different from that with the PBC.
Using numerical calculations, the entanglements
versus system size and versus spin site for two kinds
of boundary conditions are plotted in Fig.4 sepa-
rately. The entanglement N; o versus system size L

for the two different boundary conditions is plotted in
Fig.4(a).

Niit1

Fig.4. The entanglements versus system size and versus spin site separately. (a) The entanglement N1 o at

the ground state for A = 1, J = 4 versus system size for two kinds of boundary conditions. The solid circle
denotes the N1 2 with the OBC and the open square denotes that with the PBC. (b) Under the OBC, the
nearest-neighbour entanglement N; ;41 versus spin site . The dash line denotes the constant value Nc ~ 0.2
of PBC. The solid circle represents the N; ;41 with L = 14.

It is clearly seen that the entanglement always de-
creases and approaches to a constant value N, as sys-
tem size L increases. That is, the entanglement can
exist in an experimental system with large finite size
L. From Fig.4(a), it is seen that the entanglement
with the OBC is the same as that with the PBC for
L = 2. While for a very large system size L, the en-
tanglement with the OBC is much larger than that
with the PBC. This is consistent with the previous

5.[24:39401 If the system size L is very large,

analysi
the asymptotic value of the correlation function at the
ground state can be calculated. When the system size
is L — o0, the values of ((S1-52)?)1 00 ~ 2.4 for the
periodic boundary condition (PBC) and 2.9 for the
open boundary condition (OBC). According to Eq.(9),
the entanglement Ny 2(L — 00) ~ 0.2 (PBC) and 0.45
(OBCQC). Therefore, the constant value N, varies for
different boundary conditions. The nearest-neighbour
entanglement V; ;41 as a function of the spin site ¢
is plotted in Fig.4(b) when the system size is L = 14.
The entanglement N; ;41 with the open boundary con-
dition is represented by the solid circles and the zigzag

line. While the entanglement NN; ;41 with the periodic
boundary condition is shown by the dotted horizontal
line. For the open boundary condition, it is seen that
the value of IV; ;11 is symmetric about the middle site

L
3 The values of the entanglement Ny o = Np_; 1 at

the two ends of the spin-1 chain are maxima. Then
the value of NV; ;11 oscillates and approaches to N, at

L
3 when the spin site ¢ increases. When the system

size L becomes very large (L > 14), the value of the

L
entanglement with the OBC at the middle site i = 5

is very close to that with the PBC. This is due to
the fact that the interaction environment between the

L L L L
sites 5 1 and 5 or 5 and 5 + 1 with the OBC is
almost the same as that with the PBC between two
nearest-neighbour sites when the system size L is very
large. That is, there is almost no influence of the OBC
on the entanglement N; ;i1 at the middle site of the

spin-1 chain for very large L.
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5. Discussion

The negativity N is used to investigate the en-
tanglement of an anisotropic spin-1 Heisenberg chain
in a uniform magnetic field B. For the simplest case
of L = 2, the ground state experiences two kinds of
transitions when the field B and the anisotropy A are
varied. At a finite temperature, the entanglement de-
creases and then disappears as the temperature in-
creases. If B > 2J, there is one peak in N with a
maximum value of N = 0.5. If B < 2J, there are two
peaks with maximum values of N = 1.0 and 0.5 for
the different values of anisotropic coeflicient A. For
a many-spin chain of L > 2, the entanglement de-
creases rapidly as the separation |j — i| between spins
increases. Compared with the entanglement of the
nearest-neighbour spins, there is a peak in the en-
tanglement of the next-nearest-neighbour spins and
the peak increases when the anisotropy A < 0. The
next-nearest-neighbour entanglement can be improved
when the magnetic field B increases to a certain value.

The entanglement Nj o always decreases and ap-
proaches to constant values of N. as the spin num-
ber L increases regardless of the boundary conditions.
The constant value N, with the OBC is much larger
than that with the periodic boundary condition. For
the open boundary condition of very large system
size L, the nearest-neighbour entanglement N Lo L
or Nt 1 at the middle site of the spin chain is al-
most the same as that with the periodic boundary
condition. For a very large system size L, the effect

of the OBC on the middle site of the spin chain is ex-

tremely weak. Near the middle site, the entanglement
between the two spins is similar to that with the PBC.

From the results shown in Figs. 1 and 2, it is in-
teresting to note that the entanglement between two
spins can jump from zero to 0.5 and then to 1.0 by
varying the external magnetic field B, the tempera-
ture T, and the anisotropy A of the system. This
property may be used to construct two different kinds
of entanglement switches. One kind of switch may
control the entanglement change from 0 to 0.5, and
the other may vary the entanglement from 0.5 to
1.0. In solid-state quantum information processing,
this entanglement switch may be used to select and
keep some useful quantum states. The Heisenberg
spin systems may be used in information storage and
logic gate operation in quantum computation. Re-
cently, in polycrystalline NiFe magnetic elements of
nanometre-scale magnetic quantum-dot cellular au-
tomata systems, the nanomagnets have been arranged
in either ferromagnetically or antiferromagnetically
ordered state. The logic gate operation could be per-
formed in such spin-based systems.[*2) Meanwhile, the
collective spin configuration and the strength of the
coupling between the atomic spins in the atomic-scale
magnetic linear chains of 1-to-10 manganese atoms
have been measured and analysed by the Heisenberg
model for open chain of N coupled spins.[*3]
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