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In this paper, the improved Jacobian elliptic function expansion approach is extended and applied to constructing

discrete solutions of the semi-discrete coupled modified Korteweg de Vries (mKdV) equations with the aid of the symbolic

computation system Maple. Some new discrete Jacobian doubly periodic solutions are obtained. When the modulus

m — 1, these doubly periodic solutions degenerate into the corresponding solitary wave solutions, including kink-type,

bell-type and other types of excitations.
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1. Introduction

Since the work of Fermi, Pasta, and Ulam in
the 1950s,/!! differential-difference equations (DDEs)
which describe many important phenomena and dy-
namical processes in many different fields, such as
particle vibrations in lattices, currents in electrical
networks, pulses in biological chains, nonlinear fibre
arrays, nonlinear charge and excitation transport in
biological macromolecules, elastic energy transfer in
harmonic crystals and so on, have been a focus of
many nonlinear studies.?~¢ In the theory of lattice
soliton, there are such systematic methods to ob-
tain exact solutions of DDEs as the inverse scatter-
ing transformation,!”) Bicklund transformation,® the
symmetry reduction,! bilinear method,™® the Wron-
skian or Casorati determinant technique,!™] numerical
method,"? improved Jacobian elliptic function expan-
sion approach, '3 and so on.["*~19 Recently, Tsuchida
et al®® have extended the inverse scattering method
to the study of DDEs, Qian et al[?") have modified the
multilinear variable separation approach to solving a
special DDE. More recently, Baldwin et all??l have
presented an algorithm to find exact travelling wave
solutions of DDEs in terms of tanh function and found
kink-type solutions in many spatially discrete nonlin-
ear models such as the celebrated Toda lattice3] and

Ablowitz Ladik lattice,*4 etc.

In this paper, we extend the improved Jacobian
elliptic function expansion approach!™® by means of
a new general ansatz, which is more powerful than

[14-16,22] iy terms of

those methods mentioned above
uniformly constructing some new discrete exact so-
lutions of DDEs.

obtain not only the single Jacobian elliptic function

By use of the approach, we can

doubly periodic solutions, but also the rational formal
Jacobian elliptic function doubly periodic solutions
and corresponding degenerative solutions. For illus-
tration, we apply the approach to exploring the semi-
discrete coupled modified Korteweg de Vries (mKdV)

equations?"]

M
ug(n) = |14 Z ikt (n)uk(n)

jik=1
X (ui(n+1) — ui(n — 1)),
i=1,2,... M (1)

and successfully construct some new formal discrete
Jacobian doubly periodic solutions. When the modu-
lus of Jacobian elliptic function m — 1, these doubly
periodic solutions degenerate into the corresponding
solitary wave solutions, including kink-type, bell-type
and other types of excitations.
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2. The extended Jacobian elliptic function expansion approach to

nonlinear DDEs
Given a system comprising M polynomial DDEs,

At g, (), -+ oy Ungpy (), Uy, (), Uy (), ,ug}rm (x),... ,uﬂm (z)) =0, (2)

where the dependent variable w has M components u;, the continuous variable  has N components x;, the
discrete variable n has ) components n;, the k shift vectors p; € Z%, and u(T)(cc) denotes the collection of
mixed derivative terms of order . We suppose that any arbitrary coeflicients parameterizing the system are
strictly positive and denoted by lower-case Greek letters.

Step 1 When we seek after the travelling wave solutions of Eq.(2), the first step is to introduce the wave
transformation

Un+p, (:E) = Un+p, (gn)(s =12,..., k)v and §, = Z din; + Z ¢ + 9, (3)

where the coeflicients d; and ¢; and the phase ¢ are all constants to be determined later. In this way, Eq.(2)
becomes

Alttnipy (§n)s s Uty (6)s Uy gy (G o5 W ()il (Gn)s vl (€0)) = 0. (4)

Step 2 We assume that the travelling wave solutions of Eq.(4) can be expanded as follows:

fa X
=ap + Z of 5 ) (@j fa(€n) +bjgn(&n) + cjhn(&n)) (5)
with
fn(gn) = snéy, gn(gn) =cng,, and hn(gn) = dng,, (6)
where ag,a;,b; and ¢;(j = 1,...,1) and p are all constants to be determined later, ! is given according to

the homogeneous balance principle, sn§, cné and dn¢ are the Jacobian elliptic sine function, the Jacobian
elliptic cosine function, and the Jacobian elliptic function of the third kind, respectively. Other Jacobian elliptic
functions denoted by Glaisher symbols[?®! are generated by these three kinds of functions, namely

1 1 1 1 sné,
n = —7 n = —7 d n - —7 n - = —7
= e M T e M T @ N T e T e,
1 sn{n 1 Cngn
d n pr— p— 5 d n pr— p— 5 7
5060 = g~ ang,” % T qeg, T dne, (™)

which have the closed relations

sn?¢, +en?g, =1, dn%¢, =1 —m2sn%E,, ns’6, = m? +ds’¢,, ns?é, =14 cs?é,,

sc?€, +1 =nc’¢,, m?sd*¢, + 1 =nd%,, dc®¢, =m?+ (1 — m?)nc%¢,, (8)

and

sn'é, = enépdné,, cn’€, = —sné,dné,, dn'é, = —mZsné,ené,, ns'é, = —csépdséy,
CS/Sn = _nsé-nngna ds,gn = _nS§nCS§nu SC/fn = anndCé-nu dclgn = (1 - mz)scé-nncé.na
nc’é, = scé,deé,, sd'€, = cdé,ndé,, nd'¢, = m?sdé,cds,, cd'é, = —(1 — m?)sdé, ndé, (9)
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with the modulus m (0 < m < 1). In addition, we know that
sn(6r £ &) = 1 _sn&yenéadnés & snéacnéidndy
! 2= ns({l + 52) o 1— m28H2€1SH2€2 ’
1 cn{lcngg F sn{ldn&snégdngg
:l: == =
ol £4) nc(ér + &) 1 — m?sn2§;sn?&y ’
1 dn&;dnés F m2snéienéisnéaenés
d + = =
n& %) nd (&1 + &2) 1 —m?sn?£;sn26y ’
os(€1 4 &) = 1 _cnéienés F snérdndysnéoadnés
TS T (6 £ &) snéenéodng, £ snépenéidné;
1 dné;d 2
ds(ér + &) = _ né;dnés F msnéjcnéysnéacnés
sd(§1 £62) snéienéadnés + snéaenéidnéy
1 d d
cd(§1 4 52) _ — B CH§1CH§2 F sn{l n{lsn@ 1152 (10)

Then, we can obtain

L (&)
= (1frtp, (€n) +1)7

with

(&1£ &) dn&rdnés F m2snéienégsnéacndy”

(aj frtps (§n) + bjgntp, (€n) + Cjhnp, (€n))

sné,cnpdnps + snpgené,dné,

Frtp.(&n) = sn(én + ¢s) =

)

1 — m?2sn2§,sn2p;

Cngn CNYs — Sngndngnsn@sdn@s

In+ps (gn) = Cn(gn +ps) =

_ dn&,dnps — m2sn§ncn§nsngoscncps

)

1 — m?2sn2,sn2p;

hn-i—ps (gn) = dn(gn + (Ps) -

where @ satisfying

Ys = psldl + p52d2 + - +pstQ (13)
Meanwhile, it is important to note that w,4p, (&n) is
a function of &, but not &, ..

Step 3 Substituting the ansatzes (5) and (11)
along with Egs.(6) and (12) into Eq.(4), clearing
the denominator and setting the coefficients of power
terms like Jacobian elliptic functions to zero, a sys-
tem of algebraic equations with ag,a;,b; and ¢; (j =
1,...,1) and p are obtained. From these equations,
we can obtain the corresponding undetermined coeffi-
cients.

Step 4 Substituting the obtained constants
ag,aj,b; and ¢;(j = 1,...,1) and p into ansatz (5)
along with Eq.(6), a series of explicit and exact Jaco-
bian doubly periodic solutions of DDE (2) are derived.
The solitary wave solutions are also derived, when the
modulus of Jacobian elliptic function m — 1.

12
1 — m?2sn2€,sn2¢, ’ (12)

Remark The ansatz proposed here is more
general than the ansatzes in the improved Jaco-

(131 and

bian elliptic function expansion approach
other existing Jacobian elliptic function expansion
approaches, 2629 which can be recovered by our pro-
posed method. We can replace the Jacobian elliptic
functions sn¢, cn, dn¢ in the ansatz (5) with other
triples of Jacobian elliptic functions such as nsé, cs,
ds&; sc€, nc, dc&; sd€, cdf, nd¢. Similarly, other
new Jacobian doubly periodic solutions and solitary
wave solutions can also be obtained for some equa-
tions. Here we omit them.

3. Exact solutions of the semi-
discrete coupled mKdV equa-

tions

In order to seek after exact solutions of Eqs.(1),
we make the transformation



2162 Wu Xiao-Fei et al Vol. 16

ui(n) = uin(&n), uj(n) =win(&n), we(n) =upn(&n), & =din+ct+, (14)
ui(n 4+ 1) = Uinp1)(€n),  and  ui(n — 1) = uir—1)(&n)- (15)

And then Egs.(1) become

M

cuy, = [ 1+ Z CikUjntkn | (Witnt1) — Uin—1)), @ =1,2,..., M, (16)
J.k=1

where win, = Uin(€n), Ujn = Ujn(§n), Ukn = Ukn(§n)s Yins1) = Uitne1)(En), and i1y = Uin—1)(&n)-
In the following, we consider two cases: M =1 and M = 2.
(1) When M = 1, Eqgs.(16) reduce to

cuy,, = (1 + ciru,) (Ui(ng1) — Ui(n—1))- (17)

We expand the solutions of Eq.(17) in the form of ansatzes (5) and (11). In this case, ps = 1 or —1.
According to the homogeneous balance principle, we obtain [=1. Therefore, we have

B aisné, bicn&, c1dné,
Uip = Go + ) (18)
psngp, +1  psng, +1  psng, +1
Uy (nt1) = o + arsn(&, + dy) 1en(&n +dy) crdn(&, +dy) , (19)
psn(&n +di) +1  psn(§, +di)+1 0 psn(&n +di) +1
n—d b n—d dn(&, — d
Wity = a0 + asn(§ 1) 1en(§ 1) cidn(§ 1) (20)

psn(é, —dy)+1  psn(é, —di)+1  psn(é, —di) +1°

Substituting Eqs.(18)—(20) into Eq.(17), clearing the denominator and setting the coefficients of power

terms like sn”"&,cn®E,dn?é, (r = 0,1,...,6;5 = 0,1; A = 0,1) to zero, yield a set of algebraic equations in
ag, a1, b1,c1,p,dy and c. With the aid of symbolic computation system Maple, we can obtain the following
results:
Case 1
1
aw=bi=c=p=0, d=dy, a1 = :I:\/_—Tumsn(dl), and ¢ = 2sn(dy); (21)
Case 2
1
ag=a1=c1=p=0, dip=dy, b= :l:\/amsd(dl), and ¢ = 2sd(dy); (22)
Case 3
1
apy=a1=by=p=0, dy=dy, c1= :l:\/asc(dl), and ¢ = 2sc(dy); (23)
Case 4

(u?sn?(dy) + en(dq)dn(dy) — 1)p
\/011(M2m28n4(d1) — (ut +m2)sn(dr) — p?(cn?(dy)dn®(dy) — 1))
(4 + m2)sn(dy) + 242 (en(dy)dn(dy) — 1)
\/Cll(H2m28H4(d1) = (ut +m?)sn?(dy) — p?(en?(dr)dn®(dy) — 1))

by=c1=0, p=p, di=di, ap==

a1 =F , and

2sn(dy ) ((p* + m?)sn?(dy) + 2p?(cn(dy)dn(dy) — 1))
p2m2sni(dy) — (ut 4+ m2)sn2(dy) — p2(en2(dy )dn?(dy) — 1)

c=—
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From Eqgs.(18) and (14) and Cases 1-4, we obtain the following Jacobian doubly periodic solutions for
Eqgs.(1) with M = 1, namely

1
ulyl(n) =+ \/Tumsn(dl)sn(dln + 2Sn(d1)t + 5), (25)
where ¢11 < 0,d; and 0 are arbitrary constants;
1
u12(n) =+ \/amsd(dl)cn(dln + 2sd(dy)t + 9), (26)
where ¢11 > 0,d; and 0 are arbitrary constants;
ur3(n) =+ sc(dy)dn(din + 2sc(dy )t + 6), (27)
C11

where ¢11 > 0,d; and 0 are arbitrary constants; and

aisn(din + ct +9)
psn(din+ct+6) +1°

u4(n) =ao + (28)

where ag, a1 and ¢ are determined by Eq.(24), u,dy and 0 are arbitrary constants.
When m — 1, the solutions (25) and (26) degenerate into kink-type and bell-type solitary wave solutions

1
up(n) ==+ \/Tlltanh(dl)tanh(dln + 2tanh(dy)t + 9), (29)
and
ur(n) ==+ — sinh(d; )sech(dyn + 2sinh(dy)t + §), (30)

respectively. The solution (28) degenerates into rational solitary wave solution

ajtanh(din + ct + 0)

/ = 1
ur4(n) = ao + ptanh(din + ct +0) +1° (81)
where
ag = =+ (4*tanh®(d1) + sech®(d1) — 1)p
\/cll(thanh4(d1) — (u* 4 1)tanh®(d;) — p2(sech®(d;) — 1))
w =7 (u* + 1)tanh®(dy) + 2p%(sech®(dy) — 1)
1= )
\/cll(thanh4(d1) — (u* 4 1)tanh®(d;) — p2(sech®(d;) — 1))
2tanh(d; )((u* + 1)tanh?(d;) 4 23 (sech®(dy) — 1))
~ p2tanh®(dy) — (ut 4 1)tanh?(dy) — p2(sech®(dy) — 1)
(2) When M = 2, Eqgs.(16) reduce to
cul, = (1+ c11uf, + (c12 + c21)uinuon + €22u3,) (U1 (nt1) — Ui(n—1)): (32)

cuh, = (1 + c11uf, + (c12 + c21)uinton + c22u3,,) (Ua(nt1) — Ua(n—1))-

By taking the procedure similar to the above, we can also obtain Jacobian doubly periodic solutions of
Eqgs.(1) with M = 2. These solutions are

uy1(n) = asn(din + ct + 9),

(33)
uz1(n) = Aysn(din + ct + 9),

where

_ —Ai(c12 + ca1) £ /A ((c12 + €21)% — 4ericaz) — derym®sn2(dy)
2c11

a1 , ¢==%2sn(dy),
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Aq,dy and 0 are arbitrary constants;
Ulyg(n) =ag + alsn(dln + ct + 5), (34)
ug,2(n) = Aisn(din + ct + 9),
where
~ VA¥(c12 + e21)? — derien) — deym®sn?(dy) _ Ai(cz + o)
ao =+ ;=
2611msn(d1) 2011
_ A2((c12 + c21)% — 4cr1c22)
2611m28n(d1) ’
Aq,dy and 0 are arbitrary constants;
u1,3(n) = ag + bien(din + ct + 9), (35)
ug 3(n) = Bien(din + ct + 9),
where
\/312(4011022 = (c12 + €21)?)dn*(dy) — derim?sn?(dy) Bi(ci2 + 1)
apg = + , - - = @ =7
2¢11msn(dy) 2¢11
. Bi(4ciica2 — (c12 + c21)?)dn(dy)
2¢11m?sn(d;) ’
Bi,d; and 0 are arbitrary constants;
uy 4(n) = ag + crdn(din + ct + 9), (36)
ug,.4(n) = Crdn(din + ct + 9),
where
_ \/012(4011022 — (c12 + 021)2)0112((11) — 40118n2(d1) _ Ci(c12 + 021)
ag =+ 5 , ¢ =—————""
cllsn(dl) 2611
o 012 (4611022 — (012 =+ 021)2)cn(d1)
20115n(d1) ’
C1,d; and ¢ are arbitrary constants; and
w1 s(n) = a aisn(din + ct +6)
LV = 0T sn(din+ et +0) + 17 (37)
Asn(din + ct + 9)
u2,5(n) - )
psn(din 4+ ct +6) + 1
where
(c12 + €21) A1 1 9 4
= - +/— d 2cn(dy)dn(dy) — 1
“ 2611 + 2cllsn(d1)cn(d1)dn(d1){ Cll(m St ( 1) + CH( 1) Il( 1) )
+sqrt[((cia + ¢21)? — 4er1ca0) A2sn%(dy )en? (dy )dn? (dy)
—c11(m2sn?(dy) (m?sn*(dy) + 4en(dy )dn(dy) — 2) + (2en(dy)dn(dy) — 1)H)]},
1 1
ag = :t\/Tll, c= :t\/_—Tll((Clg + 021)A1 + 2011a1)sc(d1)sd(d1), n= :I:ns(dl),
c11 < 0,A1,d; and § are arbitrary constants.
When m — 1, the solutions (33) and (34) degenerate into kink-type solitary wave solutions
/ = artanh(din + ct 4+ 9),
u11/(n) = artanh(din + ¢ ) (38)

ug1/(n) = Artanh(din + ct + 9),
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where

—Ai(c12 + 021) + \/A%((Clz + 021)2 — 4011022) — 4011tanh2(d1)

a1 =
2611

Ajq,dy and 6 are arbitrary constants; and

uy,2/(n) = ap + artanh(din + ct + 9),

where

, ¢= $2tanh(dy),

_ . \/A%((Cm + 021)2 — 4011022) — 4011tanh2(d1)

o 2011tanh(d1)

Ajq,dy and 6 are arbitrary constants.

The solution (35) degenerates into bell-type solitary wave solution

(39)
ug2(n) = Artanh(din + ct + 9),
_ Aq(c12 +c21)
;=
2611
_ Af((e12 + 1) — 4eriea)
2011tanh(d1) ’
u1,3(n) = ag + bysech(din + ct + 9), (40)

ug,3(n) = Bisech(din + ct + 9),

where

n \/B% (4011022 — (012 + 021)2)S€Ch2 (dl) — 4011tanh2 (dl)

Bi(c12 + c21)

40 = 2011tanh(d1)

by — —
) 1 2611

= B%(4011022 — (012 + 021)2)sech(d1)

2011tanh(d1) ’

Bi,d; and 0 are arbitrary constants.

The solution (37) degenerates into rational solitary wave solution

artanh(din + ct + 9)

u115/(n) = Qo —|—

ptanh(din +ct +9) + 1’ (41)
Altanh(dln +ct + 5)

Uz (n) = ptanh(din + ct +6) + 1’
where
(€12 + c21) Ay 1 4 2
a; = — ++v/—cy1(tanh”(dy) + 2sech”(dy) — 1
! 2c11 2c11tanh(d1)sech2(d1){ n( (@) (@) =1)
+sqrt[((c12 + co1)? — 4011022)A%tanh2(dl)sech4(d1)
—cq1 (tanh*(dy ) (tanh*(dy ) + 4sech?(d;) — 2) + (2sech?(dy) — 1)2)]},
1 1 .
0= i\/Tu’ ‘= i\/TH((Cu + c21) A1 + 2c11a1)sinh*(d1), @ = “coth(dy),

c11 < 0,A1,d; and § are arbitrary constants.

4. Conclusions

Based on a new general ansatz and the sym-
bolic computation, we have extended the improved
Jacobian elliptic function expansion approach to con-
structing discrete solutions of the semi-discrete cou-
pled mKdV equations, and obtained many new dis-

crete Jacobian doubly periodic solutions, kink-type
solitary wave solutions, bell-type solitary wave solu-
tions and rational solitary wave solutions. We believe
that these solutions will be useful in further numerical
analysis of various solutions for the semi-discrete cou-
pled mKdV equations, and this method can also be
applied to searching for new solutions of other nonlin-
ear DDEs.
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