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Theoretical investigation of exchange bias∗
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The exchange bias of bilayer magnetic films consisting of ferromagnetic (FM) and antiferromagnetic (AFM) layers

in an uncompensated case is studied by use of the many-body Green’s function method of quantum statistical theory.

The effects of the layer thickness and temperature and the interfacial coupling strength on the exchange bias HE are

investigated. The dependence of the exchange bias HE on the FM layer thickness and temperature is qualitatively

in agreement with experimental results. When temperature varies, both the coercivity HC and HE decrease with the

temperature increasing. For each FM thickness, there exists a least AFM thickness in which the exchange bias occurs,

which is called pinning thickness.
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1. Introduction

Exchange bias (EB) is a shift of a hysteresis loop

due to a unidirectional anisotropy. This anisotropy

is caused by the exchange coupling at the interface

between ferromagnetic (FM) and antiferromagnetic

(AFM) materials after the sample has been cooled

in a magnetic field through the Néel temperature of

the AFM.[1,2] The phenomenon of EB was observed

in many different systems containing FM–AFM inter-

faces, such as magnetic oxides,[1] inhomogeneous bulk

materials[3] and thin films.[4−6] Possible applications

of EB include permanent magnets, magnetic recording

media or domain stabilizers in recording heads. The

application prospect of EB has aroused both exper-

imental and theoretical interest for decades. In this

paper, we will study the EB of the FM/AFM bilay-

ers, because they are believed to be more amenable

to the development of devices than other FM/AFM

systems.

To explain the EB effect, theoretical models such

as the phenomenal model,[1] random-field model,[7]

micromagnetic theory,[8] spin-wave theory,[9] domain

state model,[10] etc, have been suggested. Kiwi[11]

reviewed the relevant theoretical work. Each model

may explain one or more aspects of EB, but cannot

be well supported by experiments in other aspects.[11]

These theoretical results are often two or three orders

of magnitude larger than those observed in most of the

FM/AFM systems. Studies on the EB in FM/AFM

bilayers have therefore been developed in two trends,

as pointed by Thuy et al.[12] One is to bring the exper-

imental values of HE closer to those predicted by the-

ories. This has been realized by improving the prepa-

ration techniques and looking for novel materials hav-

ing larger unidirectional anisotropy. The other is to

develop theoretical computation to give numerical re-

sults closer to the experimentally obtained EB values.

In this paper, we evaluate the EB values one order

of magnitude larger than experimental ones, which is

thought as an improvement in theoretical work. We

confess that the model used in this paper is ideal, and

the technical magnetism cannot be considered. The

question of how to consider the technical magnetism

theoretically in studying EB is still open.

The model to be suggested is guided by the follow-

ing two considerations. On the one hand, for qualita-

tive description, the model should be as simple as pos-

sible. As pointed out by Kiwi,[11] the insight derived

from the understanding of simple systems can well

prove to be transferable to more complex cases. On

the other hand, we believe that a quantum-mechanical

model should be an appropriate means to explore the

microscopic origin of EB. In this paper, we show that a

simplest Heisenberg model can reveal physical charac-

teristics of EB. In our model we use only the fact that
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an FM layer is deposited by an AFM layer without

need to resort to the technical magnetism of the ma-

terials, spin flop[13] and the spiral spin structures.[14]

Quantum statistical theory is used to calculate the

coercivity HC and the loop shift HE as functions of

layer thickness, temperature and the coupling strength

across the FM/AFM interface.

There are two kinds of cases in considering the

spin arrangement of AFM films. One is called uncom-

pensated case (UCC), in which there is a net mag-

netization in the AFM surface. The other is called

compensated case (CC), in which there is no net mag-

netization in the AFM surface. In this paper, we re-

strict ourselves to the case of UCC.

Exchange bias is essentially an interfacial effect.[2]

For UCC, the intuitive picture of exchange bias is

clear. In Ref.[15], based on the experimental results

in Ref.[16], Wang et al suggested a frozen model that

simplified the AFM layer into a magnetic moment of

a single monolayer (ML). The spins of this ML were

frozen in a wide temperature range under its Néel

point and did not vary with the magnetic field. The

effect of this net magnetization was to apply an ex-

change bias field (EBF) to the FM layer. Unfortu-

nately, this model was too simple. Actually, the net

magnetization of AFM surface at the interface should

depend on the temperature and external field. In this

paper, we consider that the AFM layer has a finite

thickness, so that the model is closer to the practical

physical systems. Because there exists a net magne-

tization at the AFM surface, the conception of the

EBF can still be applied as was done in Ref.[15]. Ob-

viously, the EBF is dependent on the temperature,

external field, and thickness of AFM layer, unlike the

case of Ref.[15] where it was fixed.

In the following, we introduce the model Hamilto-

nian and the method used in Section 2, and then nu-

merically calculate the magnetization of the FM/AFM

film under the variation of the temperature and the

film thickness in the absence of external field in Sec-

tion 3. We think that it is helpful for our discus-

sion to define a total magnetization and an averaged

magnetization. The main part of this paper is for

the investigation of the exchange bias. Exchange bias

HE and coercivity HC are calculated, and the effects

of temperature, layer thickness, interfacial exchange

strength are also investigated. The last section, i.e.

Section 4, is for our summary.

2. Hamiltonian and method

The model studied is depicted in Fig.1. It is

consistent with the physical picture in Nogues and

Schuller’s review article.[2] The system contains L

MLs. The thicknesses of the FM and AFM layers are

L1 and L2 MLs, respectively. L1 + L2 = L. The crys-

tal structure is assumed to be a simple cubic lattice.

The normal of the film is [100]. The Hamiltonian is

H = −

L∑

α=1

Jα

∑

(i,j)

SαiSαj −

L−1∑

α=1

∑

i

Jαα−1SαiSα+1j

−

L∑

α=1

Kα

∑

i

(Sz
αi)

2 −
∑

i

BSz
αi. (1)

On the right-hand side of the above expression, the

first term is the Heisenberg exchange energy in each

ML. Greek letter α labels MLs, and i and j denote

the spin sites in each monolayer. Jα is the FM ex-

change parameter in each ML. Here only the neigh-

bouring exchange is considered. The second term

is Heisenberg exchange energy between neighbouring

MLs. The L1th ML and the (L1+1)th ML are in-

terfaces. The couplings between neighbouring MLs in

FM layer are ferromagnetic and those in AFM layer

are antiferromagnetic. The third term describes the

single-ion anisotropic energy which shows that the z-

axis is the easy axis. The strength of K is usually be-

lieved to be two orders of magnitude less than J .[17,18]

The last term is the Zeeman energy when an external

field is applied along the z-direction.

Fig.1. UCC model of the FM/AFM bilayer.

The many-body Green’s function method

(MBGFM) of quantum statistical theory is used to

calculate the magnetization. This method is valid in

the whole temperature range and takes into account

the spin fluctuation. The retarded Green’s function is

defined as[19]

Gij(t − t′) = 〈〈Ai; Bj〉〉

= −iθ(t − t′)〈AiBj − BjAi〉, (2)
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where 〈A〉 represents the statistical average of the

physical quantity A in a canonical ensemble. The

Green’s function is time Fourier transformed and then

we obtain the equation of motion

ω〈〈Ai; Bj〉〉 =
1

2π
〈[Ai, Bj ]〉 + 〈〈[Ai, H ]; Bj〉〉. (3)

Now we choose Ai = S+
i . The following derivation

process is somewhat similar to that in Ref.[20]. The

higher-order Green’s functions are decoupled by ran-

dom phase approximation as follows:

〈〈Sz
l S+

i ; Bj〉〉 = 〈Sz
l 〉〈〈S

+
i ; Bj〉〉, l 6= i. (4)

As for the higher-order Green’s function concern-

ing single-ion anisotropy, we adopt the Anderson

and Callen’s decomposition,[21] instead of the Lines’

decoupling[22] as used in Ref.[20],

〈〈Sz
i S+

i + S+
i Sz

i ; Bj〉〉 = 2C1〈S
z
i 〉〈〈S

+
i ; Bj〉〉, (5)

where

C1 = 1 −
1

2S2
[S(S + 1) − 〈(Sz)2〉]. (6)

This is a widely applied decomposition form,[23,24] and

it is applicable to any spin quantum number. The

Monte Carlo calculation[25] showed that this decou-

pling way was a comparatively good approximation

when K was not large.

By using the commutator of S+
i and the Hamil-

tonian, and the Fourier transformation of the Green’s

function in the two-dimensional space of film plane,

we obtain the following linear equations from which

the spin wave energy spectrum can be solved:

[ωI − Pk]G = F. (7)

Here, we have defined vectors

GT = (G+
1 , · · ·G+

µ , · · ·G+
L)

FT = [(S+
1 , · · ·S+

µ , · · ·S+
L ), B],

, (8)

where the subscripts indicate MLs. Now we choose

Bj = (Sz
j )nS−

j . (9)

Then we can calculate the magnetization 〈Sz
µ〉 of each

ML by using the Green’s function. On account of the

translation invariant in each ML, 〈Sz
µi〉 = 〈Sz

µ〉. But

the magnetization is different from ML to ML, so sub-

script µ remains there. Choosing n = 0, 1, 2 . . ., in

Eq.(9), we can calculate the magnetization for the spin

quantum number S = 1/2,1,3/2, . . .. Therefore, this

method enables us to calculate the magnetization of

arbitrary S.

The method described above is only for cal-

culating the z-direction magnetization. Recently

a new technique has been developed to calculate

magnetization with three components by use of the

MBGFMn.[17,24−27] In this paper, we do not need to

calculate all the three components of the magnetiza-

tion. Therefore, the method described above is more

than sufficient for the present purpose.

The total magnetization of AFM layer is zero

when L2 is even. For the whole system, we find that

to define two kinds of magnetizations is useful in the

discussion below. One is the total magnetization Mt

of the FM layer, i.e.

Mt =

L1∑

α=1

〈Sz
α〉. (10)

Mt varies with the FM thickness and temperature.

Obviously, the thicker the FM layer and the lower the

temperature, the larger the value of Mt. The other is

the averaged magnetization M , i.e.

M =
Mt

L1
. (11)

We will see that Mt and M are closely related to HE

and HC, respectively.

In this paper, the parameters in Hamiltonian ex-

pression (1) are set as follows: S = 1, Jα = 200T

and Kα = 1T, α = 1, 2, . . ., L; in the FM layer,

Jα,α+1 = 100T, α = 1, 2, . . ., L1; in the AFM

layer, Jα,α+1 = −100T, α = L1 + 1, L1 + 2, . . .,

L. The interfacial coupling strength are taken as

JF−AF = JL1,L1+1 = 1 T except those in Fig.12. The

interfacial coupling is set to be two orders of magni-

tude less than Jα in FM and AFM layers. The magne-

tizations M and Mt are in units of spin, so that they

are dimensionless quantities.

3. Numerical results and discus-

sion

3.1. Transition temperature and magne-

tization

Mt and M as functions of FM thickness and tem-

perature are calculated when the AFM thickness is

fixed and the external field is absent. Figure 2 shows

M vs T curves for different values of L1 with L2 =
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6MLs. M decreases with temperature rising. At a

transition temperature, referred to hereafter as TS, M

becomes zero. In this system, the FM layer has a

Curie point TC and the AFM layer has a Néel point

TN. Both are called transition temperature. However,

the transition point TS is not simply equal to either

TC of FM layer or TN of AFM layer. Figure 3 shows

the TS as a function of the FM thickness.

Fig.2. Averaged magnetization M as a function of T for

different FM thicknesses.

Fig.3. Transition point TS as a function of L1.

On the one hand, when the FM thickness becomes

thicker, TS increases, and the increase gradually be-

comes slower. On the other hand, when the FM thick-

ness becomes thinner, TS decreases, and the decrease

becomes slower when L1 is close to 1ML. When L1 =

1ML, TS = 251K. This is different from the case of

pure FM film. For a pure FM film, TC rises rapidly

from the 1ML thickness and TC rises more and more

slowly with the FM thickness increasing,[24] which is

in agreement with experimental results in Ref.[28]. It

does not tend to a certain value as the thickness de-

creases to 1ML. The numerical results in this paper

reflect the effect of the AFM layer. When L1 is much

larger than L2, TS is close to the Curie point TC of the

FM layer. On the contrary, when L1 tends to 1ML,

Ts is close to TN of the AFM layer. This is because

the interfacial coupling is assumed to be rather weak:

it is two orders of magnitude less than the exchange

coupling in FM and AFM layers.

The Curie point of a 1 ML FM film is about TC

= 150K. The Néel point of a 6 ML AFM layer is TN

= 250K. When the two layers couple to each other,

the magnetization of the FM layer does not reach zero

until T = 251K (see dashed line in Fig.2 which shows

a tail). The same analysis applies to the other curves

such as L1 = 2MLs in Fig.2.

As already mentioned, the thicker the FM layer

is, the larger the total magnetization Mt is. Figure 4

shows that Mt increases with L1 linearly. As for the

averaged magnetization M , it can be seen from Fig.2

that a thinner FM layer has a smaller M when the

temperature is between zero and TS. Figure 5 plots

the M vs L1 curves at different temperatures. At each

temperature, as L1 becomes large, M approaches a

saturation value, which is the magnetization of the

bulk material at this temperature.

Fig.4. The total magnetization Mt versus the FM thick-

ness L1 at different temperatures.

Fig.5. Averaged magnetization M versus the FM thick-

ness L1 at different temperatures.
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3.2.Coercivity HC and exchange bias HE

The hysteresis loops are calculated when an ex-

ternal field is applied. Figure 6 shows the hysteresis

loops for various FM thicknesses. The exchange bias

HE is determined by the separation between the cen-

tre of the hysteresis loop and B = 0. The half-width

of the hysteresis loop is the coercivity HC. As shown

in Fig.6, HE decreases with L1, while HC and the area

of the loops increase with L1. The reason is that Mt

and M become smaller and more easily affected by

the field when L1 is smaller. Although the magnetiza-

tions of MLs are different from each other, all of them

reverse uniformly. That is to say, all MLs of the FM

layer have the same HC and HE.

Fig.6. The hysteresis loops for different FM thicknesses

at temperature 200K.

Figure 7 shows the hysteresis loops at various

temperatures with L1 = 5MLs. As the temperature

becomes higher, the areas of the loops, HC and HE

become smaller. This is because higher temperatures

result in smaller values of Mt and M , and the mag-

netizations are more easily affected by the magnetic

field.

Fig.7. The hysteresis loops at various temperatures when

L1=5MLs.

In spite of our model being ideal, the calculated

hysteresis loops are quite similar to those obtained

from experiments (see, e.g., the hysteresis loop curves

in Ref.[6]).

From the calculated hysteresis loops, we can eval-

uate exchange bias HE and coercivity HC. Figure 8

shows HC versus L1 at various temperatures. As the

FM thickness increases, HC increases rapidly and then

tends to a saturation value. When M is smaller, the

magnetic field needed to reverse the magnetic moment

is smaller. So the thinner the FM layer is, the lower

the HC is. M tends to a saturation value when the FM

layer is thick enough. Correspondingly, HC also tends

to a saturation value. The behaviours of approaching

saturation values are the same for both Figs.5 and 8.

Therefore, we think that HC is closely related to the

averaged magnetization M .

Fig.8. The coercivity HC versus the FM thickness at var-

ious temperatures.

The exchange bias is induced by the AFM layer

through the interfacial coupling. We regard this cou-

pling as equivalent to the EBF exerted on the FM

layer. Here we present an approximate expression of

the EBF. In fact, Hamiltonian expression (1) can be

written as H = HF + HAF + HI, where HF and HAF

are the Hamiltonians of FM and AFM layers, respec-

tively. The interfacial coupling Hamiltonian between

FM and AFM layers is as follows:

HI = −JF−AF

∑

i

SL1i · SL1+1i. (12)

It can be approximately written as

HI = −JF−AF

∑

i

Sz
L1i〈S

z
L1+1i〉 = −hex

∑

i

Sz
L1i.

(13)

The quantity hex is equivalent to a field applied to

interfacial FM ML, which is the so-called EBF. Both
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the definition given here and that defined in Ref.[15]

are proportional to 〈Sz
L1+1〉, the magnetic moment of

the interfacial AFM ML. However 〈Sz
L1+1〉 in Ref.[15]

is assumed always to be unchanged in direction and

in magnitude so that it is simplified into a parameter

in Hamiltonian. While in the present case, 〈Sz
L1+1〉

is calculated from the statistical average of spin op-

erator. Therefore, the magnitude of 〈Sz
L1+1〉 varies

with temperature. The effect of the EBF is mainly

embodied in the calculated HE shown in Figs.9–11.

Figure 9 shows HE versus L1 for various tempera-

tures. With temperature rising and L1 increasing, the

exchange bias HE descends. But as the FM layer is

thick enough, HE seems hard to decrease further and

the curves become flat. We think that this manifests

the EB as an interfacial effect. Roughly speaking, the

acting effect of EBF may arrive at some depth, say,

l, in the FM layer. When L1 is smaller than l, the

whole FM layer is affected. When L1 is larger than

l, only a part of the FM layer is affected, so that the

effect of the EBF becomes weaker and HE becomes

flat. The depth l should vary with temperature. For

example, it is seen from Fig.9 that at T = 240K the

curve becomes flat at about 10MLs. Similarly, the

acting depth at a lower temperature, say, T = 120K

is more than 15MLs.

Fig.9. The exchange bias HE versus the FM thickness at

various temperatures.

Figure 10 shows that HE is nearly linearly

proportional to 1/L1 and decreases with temper-

ature rising, which accords with the results of

experiments.[2,16,29,30] In view of the total magneti-

zation Mt being proportional to L1, we deem that HE

is the inverse of Mt. Figure 10 shows that the higher

the temperature, the smaller the slope of line. The

reason is that at smaller values of L1, HE decreases

with temperature faster than at larger values of L1 as

can be seen in Fig.9. This feature is also indicated in

Fig.11.

Fig.10. The dependence of HEon 1/L1 at various tem-

peratures.

Fig.11. Temperature dependence of HE for various film

thicknesses.

Figure 11 shows the dependence of HE on temper-

ature for various values of L1. These curves are simi-

lar to those in Fig.2 of Ref.[16] and Fig.4 of Ref.[30].

HE decreases with temperature increasing when L1 is

fixed. The thicker the FM layer, the less the slope. For

larger values of L1 these curves become more compact.

The EBF hex defined in Eq.(13) consists of two

factors: 〈Sz
L1+1〉 and coupling parameter JF−AF. The

discussion above concerns the effect of factor 〈Sz
L1+1〉.

Now we examine the effect of JF−AF. Figure 12 shows

the HE versus the JF−AF with L1 = 5MLs and T =

200K. HE increases with JF−AF almost linearly.

Figure 12 also shows the HC versus the JF−AF.

The variation tendency of HC is contrary to that of

HE. This difference is also revealed in Figs.6 and 7.

The analysis in Ref.[15] about this characteristic is
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likely still to be applicable here. Note that when the

variation of temperature is taken into account, it dose

not hold true any more. The increasing of temper-

ature leads to both HE and HC to drop as seen in

Figs.8–11.

Fig.12. HC and HE versus the interfacial exchange cou-

pling parameter JF−AF with FM thickness L1=5MLs and

temperature T = 200 K.

Hereinbefore, the AFM thickness is fixed. Now

we discuss the influences of the change of the AFM

thickness on HC and HE. The calculated HC and HE

as functions of L2 are plotted in Fig.13.

As L2 is beyond a certain value, say, about 4-5

MLs in Fig.13, HE is almost invariant with the AFM

layer thickness. In our view, since the EB is primarily

an interfacial effect, the variation of the AFM thick-

ness does not change the configuration of interface

such as the net magnetization of the AFM surface and

the interfacial coupling strength. When L2 is less than

4 MLs, HE drops to zero. We ascribe this phenomenon

to a pinning effect of AFM layer. The pinning effect

means that the magnetic moments of the AFM sur-

face ML are fixed in one direction, independent of the

changing of FM magnetization, as long as the exter-

nal field is not too high. That is the physical reason

of EB. However, the pinning effect plays the role only

when L2 is above a certain value. When L2 is too

small, the magnetic moment in the interface of the

AFM layer is easily affected by the magnetic moment

of FM layer. This makes the orientation of 〈Sz
L1+1〉 fol-

low the change of the magnetization of the FM layer.

In the present case, the interfacial coupling is FM ex-

change. The ‘follow’ here means that the magnetic

moments of the (L1+1)th ML are always parallel to

those of FM layer. Thus, the EBF vanishes, and HE

becomes zero. The smallest thickness of an AFM layer

which generates a nonzero HE is called pinning thick-

ness. From Fig.13, it seems that the pinning thickness

is almost invariant with L1 increasing.

Fig.13. HE (solid symbols) and HC (open symbols) versus

the AFM thickness L2 with various FM thicknesses and

temperature T = 200 K. The lines are for guiding eyes.

We compare HE curves in Fig.13 with those in

Fig.10 of Ref.[2] obtained experimentally. Qualita-

tively, they are quite similar to each other, but quan-

titatively, there exist two differences. One is that the

pinning thickness in the experiment is much larger

than that shown here in Fig.13. The other is that in

the experiment, HC decreases with L2 when it is be-

yond the pinning thickness. However, different exper-

iments give different results. Both HE and HC curves

in Fig.13 are qualitatively the same as those in Fig.2

of Ref.[6]. We think that the films fabricated in ex-

periments contained domains, impurities etc, which

weaken the pinning ability of AFM layer, thus, lead

to thicker pinning thicknesses. In some experiments

a thicker film contains more grains, which makes HC

decrease.

Figure 13 shows two features of HC curves. One is

that, above the pinning thickness, HC is almost invari-

ant with L2. This is still ascribed to the fact that the

variation of AFM layer thickness does not change the

interfacial configuration. The other is that when L2

is just 1 ML less than the pinning thickness, HC rises.

The reason is as follows. Owing to the vanishing of the

pinning, the magnetic moments of the (L1+1)th ML

keep the same orientation as that of the FM layer, and

this is equivalent to adding one ML to the FM layer.

HC of an (L1+1) ML FM layer is higher than that

of an L1 ML FM layer. As the film thickness further

decreases, HC decreases as can be seen in Fig.8.
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4. Summary

In this paper, the exchange bias of the FM/AFM

bilayer system in an uncompensated case is investi-

gated by use of the MBGFM.

We first calculate the dependence of the mag-

netization on temperature and the thickness of the

FM layer L1, with no external magnetic field ap-

plied. When L1 is much greater than L2, the order-

to-disorder transition temperature TS of the bilayer

tends to the Curie point TC. When the thickness of

the FM layer is close to zero, TS tends to the TN of the

AFM layer. At each temperature, Mt is proportional

to L1 and M tends to a saturation value which is the

magnetization of the bulk material.

Then an external field is applied to compute the

hysteresis loops. At a fixed temperature, the thicker

the FM layer, the larger the HC and the smaller the

HE. When L1 reaches a large value, HC approaches a

saturation value, a behaviour that is consistent with

M . HE is linearly proportional to the reciprocal of L1.

Therefore, it is concluded that HE is inverse of Mt.

From our calculation, the EB is ascribed to the ef-

fect of an EBF. The EBF is approximately the prod-

uct of the magnetization in the surface of the AFM

layer and the interfacial coupling strength. Generally

speaking, the larger the EBF, the stronger the EB is.

The calculated results show that HE is nearly linearly

proportional to the interfacial coupling strength.

In most cases, the variations of HE and HC with

parameter are contrary as long as the temperature is

fixed. Both HE and HC decrease with temperature

rising.

The influence of AFM layer thickness L2 is also

discussed. It reveals that there exists a pinning thick-

ness of AFM layer, below which the EB disappears.

The calculated results in this paper are compared

with experimental results where available. It seems

that the dependence of HE on either FM or AFM layer

thickness is qualitatively in agreement with the exper-

imental results. As for HC, there are some differences

from experimental results. We think that the coerciv-

ity is easily affected by the factors such as domains

and polycrystals generated in the fabrication of FM

materials. Our present model does not contain such

kind of factors.

In this paper, we consider only the case that inter-

facial coupling is FM coupling. The case of interfacial

AFM coupling can also be discussed, and the conclu-

sions are the same except that the magnetizations of

the L1th and (L1+1)th MLs always point to opposite

directions.
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[25] Henelius P, Fröbrich P, Kuntz P J, Timm C and Jensen

P J 2002 Phys. Rev. B 66 094407
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