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This paper investigates the electronic transport properties in an Aharonov–Bohm interferometer with a quantum

dot coupling to left and right electrodes. By employing cluster expansions, it transforms the equations of motion of

Green’s functions into the corresponding equation of motion of connected Green’s functions, which provides a natural

and uniform truncation scheme. With this method under the Lacroix’s truncation approximation, it shows that the

asymmetric line shape of zero bias conductance manifests itself as the Fano effect, and the Kondo effect has been

observed in the narrow peak of differential conductance curve of the system. Our numerical results also show that the

building of Fano state suppresses the amplitude of Kondo resonance.
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The Kondo problem has been studied for more

than three decades.[1] The observations[2,3] of the

Kondo effect in quantum dot (QD) systems have re-

newed experimental and theoretical interest in this

many-body effect. In the Kondo regime, a Kondo sin-

glet is formed between the localized spin in a QD and

electrons in the electrodes, which provides a new chan-

nel for the mesoscopic current. The Kondo effect has

been investigated extensively in QD systems such as

semiconductor QDs,[2,3] carbon nanotubes,[4] and sin-

gle molecules contacted by metal leads.[5,6]

The Fano effect, which results from interference of

discrete and continuum levels,[7] is a ubiquitous phe-

nomenon observed in a large variety of experiments

including atomic photoionization,[8] electron and neu-

tron scattering,[9,10] Raman scattering,[11] and photo-

absorption in quantum well structures.[12,13] In QD

systems, existence of the asymmetric conductance line

shapes as a symbol of the Fano effect requires two con-

ditions: (i) that a discrete resonant path and a con-

tinuum nonresonant path coexist; (ii) that these two

scattering paths interfere.

Recently, interest in the Fano effect has been

renewed because of two well-known experiments.

One is the scanning tunnelling microscope (STM)

experiment[14] designed to study the Kondo effect, in

which the tunnelling spectra manifest themselves as

Fano resonance. The other is the single-electron tran-

sistor (SET) experiment,[15] in which the Fano effect

has been observed in conductance through SET, while

the nature of the nonresonant path has not yet been

fully clarified.[16]

An Aharonov–Bohm interferometer (ABI) with a

QD coupling to left and right electrodes[17] has an ad-

vantage in which the resonant and the nonresonant

paths to induce the Fano effect can be separated spa-

tially beyond the STM and SET systems. It is just

the model we intend to investigate (see Fig.1). The

Hamiltonian of the model had been solved by some

methods,[18−23] however in previous papers the rela-

tionship between the Kondo effect and the Fano effect

of the system were not investigated. In this paper,

employing the cluster expansions, we transform the

equations of motion (EOM) of Green’s functions into

the corresponding EOM of connected Green’s func-

tions, which provides a natural and uniform trunca-

tion scheme. With the method under the Lacroix’s

truncation approximation, we show that the asymmet-

ric line shape of zero bias conductance manifests itself

as the Fano effect, and the Kondo effect has been ob-

served in the narrow peak of differential conductance

curve of the system. Our numerical results also show
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that the building of Fano state suppresses the ampli-

tude of Kondo resonance.

Fig.1. Schematic display of Aharonov–Bohm interferom-

eter with an embedded quantum dot. The Aharonov–

Bohm phase φ = 2πΦ × e/hc is include in the tunnelling

matrices as VLTLRVR = |VLTLRVR|eiφ. Φ is the magnetic

flux enclosed in the Aharonov–Bohm ring.

An ABI with a QD coupling to left and right elec-

trodes can be modelled by the following Hamiltonian:

H =
∑

αkσ

εαkC†
αkσCαkσ +

∑

σ

εdσd†σdσ +
U

2

∑

σ

nσnσ̄

+
∑

αkσ

(Vαd†σCαkσ + V ∗
α C†

αkσdσ)

+
∑

kk′σ

(TLRC†
LkσCRk′σ + T ∗

LRC†

Rk′σ
CLkσ), (1)

where α = L, R denotes the left or right electrode,

and σ =↑, ↓ denotes spin up or down. The first term

describes electrons in the left and the right electrodes,

and the second one describes electrons of the quantum

dot. The third one corresponds to the on-site Coulomb

interactions, and U is the on-site Coulomb repulsion.

The fourth one describes the tunnelling through the

QD, and Va represents the s–d hybridization. The last

one describes the tunnelling of electrons between two

electrodes via the direct channel, and TLR is the direct

electron transmission.

Following Zubarev,[24] the retarded Green’s func-

tion 〈〈A(t); B(t′)〉〉 is defined as

〈〈A(t); B(t′)〉〉 = −iθ(t − t′)〈[A(t), B(t′)]±〉. (2)

By Fourier transformation of time variable, the re-

tarded Green’s function satisfies the following equa-

tion:

ω〈〈A; B〉〉 = 〈[A, B]±〉 + 〈〈[A, H ]−; B〉〉. (3)

Equation (3) is named as EOM of Green’s function for

the Hamiltonian (1), which can be expressed specifi-

cally as follows:

ω〈〈dσ; d†σ〉〉 = 1 + εdσ〈〈dσ; d†σ〉〉

+
∑

αk

Vα〈〈Cαkσ ; d†σ〉〉 + U〈〈nσ̄dσ; d†σ〉〉. (4)

Gdσ(ω) = 〈〈dσ ; d†σ〉〉 is the Green’s function of the QD,

and for the high-order Green’s function

ω〈〈nσ̄dσ; d†σ〉〉 = nσ̄ + (εdσ + U)〈〈nσ̄dσ; d†σ〉〉

+
∑

αk

Vα〈〈nσ̄Cαkσ; d†σ〉〉

+
∑

αk

Vα〈〈d
†
σ̄Cαkσ̄dσ; d†σ〉〉

−
∑

αk

V ∗
α 〈〈C†

αkσ̄dσ̄dσ; d†σ〉〉, (5)

instead of employing directly Lacroix’s decoupling

scheme,[25,26] we make use of a cluster expansions

to separate the connected part of the Green’s func-

tion. As an example, the high-order Green’s function

〈〈nσ̄dσ; d†σ〉〉 is expressed as follows:

〈〈nσ̄dσ; d†σ〉〉 = 〈nσ̄〉〈〈dσ ; d†σ〉〉 + 〈〈nσ̄dσ; d†σ〉〉c,

where 〈〈· · ·〉〉c represents a connected Green’s func-

tion and it is straightforward to derive the EOM, we

just write down the EOM of the connected Green’s

function 〈〈nσ̄dσ; d†σ〉〉c as follows:

(ω − εdσ − U(1 − nσ̄))〈〈nσ̄dσ; d†σ〉〉c

= Unσ̄(1 − nσ̄)〈〈dσ; d†σ〉〉

+
∑

αk

Vα〈〈nσ̄Cαkσ ; d†σ〉〉c

+
∑

αk

Vα〈〈d
†
σ̄Cαkσ̄dσ; d†σ〉〉c

−
∑

αk

V ∗
α 〈〈C†

αkσ̄dσ̄dσ; d†σ〉〉c. (6)

It is not difficult to obtain the EOM of the other con-

nected Green’s function such as

〈〈nσ̄Cαkσ; d†σ〉〉c, 〈〈d†σ̄Cαkσ̄dσ; d†σ〉〉c,

〈〈C†
αkσ̄dσ̄dσ; d†σ〉〉c, 〈〈d†σ̄Cα′k′σ̄Cαkσ ; d†σ〉〉c,

〈〈C†
α′k′σ̄dσ̄Cαkσ ; d†σ〉〉c, 〈〈C†

α′k′σ̄Cαkσ̄dσ; d†σ〉〉c.

In order to truncate the EOM, if let

〈〈d†σ̄Cα′k′σ̄Cαkσ ; d†σ〉〉c, 〈〈C†
α′k′σ̄dσ̄Cαkσ ; d†σ〉〉c,

and 〈〈C†
α′k′σ̄Cαkσ̄dσ; d†σ〉〉c involving with the corre-

lation of two conduction electrons to be zero, one

reaches Lacroix approximation. After a lengthy but

direct calculation, in the limit of U → ∞ and
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under Lacroix approximation, the Green’s function

〈〈dσ; d†σ〉〉 is obtained finally as

Gdσ(ω) =
(

1 − nσ̄ −
∑

αk

Vα〈d
†
σ̄Cαkσ̄〉

ω − εαk

)

×
(

ω − εdσ −
∑

αk

VαV ∗
α

ω − εαk

+
∑

αk

VαV ∗
α

ω − εαk

∑

αk

Vα〈d
†
σ̄Cαkσ̄〉

ω − εαk

−
∑

αk

∑

α′k′

VαV ∗
α′〈C

†
α′k′σ̄Cαkσ̄〉

ω − εαk

+
∑

αk

VαT ∗
LR〈d

†
σ̄Cαkσ̄〉

ω − εαk

)−1

, (7)

and the average functions 〈d†σ̄Cαkσ̄〉 and 〈C†
α′k′σ̄Cαkσ̄〉

can be calculated by spectral theorem as follows:

〈d†σ̄Cαkσ̄〉 = −
1

π

∫

f(ω)Im〈〈Cαkσ̄ ; d†σ̄〉〉, (8)

〈C†
α′k′σ̄Cαkσ̄〉 = −

1

π

∫

f(ω)Im〈〈Cαkσ̄ ; C†
α′k′σ̄〉〉, (9)

where f(ω) = 1/[exp((ω − EF)/T ) + 1] is the Fermi-

distribution function. The EOM of the corresponding

Green’s functions are

(ω−εαk)〈〈Cαkσ̄ ; d†σ̄〉〉=
(

Vα−
VαT ∗

LR

ω − εαk

)

Gdσ̄(ω), (10)

(ω − εαk)〈〈Cαkσ̄ ; C†
α′k′σ̄〉〉

=
(

δαα′kk′ −
VαV ∗

α′

ω − εαk
+

VαV ∗
α′TLR

ω − εαk

)

Gdσ̄(ω). (11)

For the sake of simplicity, we have considered the non-

magnetic case, i.e., nd↓ = nd↑ = n/2, where n is total

d electron number

n = 2nσ̄ =

∫

f(ω′)ρ(T, ω′)dω′, (12)

and ρ(T, ω) = −(1/π)ImGd(ω) is the density of states

with finite temperature. Equations (7)–(12) consti-

tute a closed set of equations, which can be solved

self-consistently and numerically.

The current from the left to the right electrode

can be calculated from the time evolution of the oc-

cupation number of the left electrode:

JL(t) = −e
〈dNL

dt

〉

= −
ie

h
〈[H, NL]〉, (13)

where NL =
∑

k,σ C†
kL,σCkL,σ. Using the Green’s

function of the Keldysh type,[27] G<
dLkσ(t, t) and

G<
CLkσ,CRk′σ(t, t) corresponding to the states at the

dot and in the left electrode and the states in both

the electrodes respectively, we can express the current

as

IL = 〈JL(t)〉 = −
2e

h
Re

[

∑

k,σ

VLG<
dLkσ(t, t)

+
∑

k′kσ

TLRG<
CLkσ,CRk′σ(t, t)

]

. (14)

According to the Langreth’s rule and using steady-

state condition I = (IL − IR)/2, we can express the

current as

I =
2e

h
Γ

∫

dωρ(ω)[fR(ω) − fL(ω)]ImGdσ(ω), (15)

where

Γ = π(|VL|
2 + |TLR|

2).

For the zero bias voltage we find the conductance

G = −
2e2

h
Γ

∫

dωρ(ω)
βeβ(ω−εF)

[eβ(ω−εF) + 1]2
ImGdσ(ω). (16)

Fig.2. Zero bias conductance as a function of ∆ε with

TLR = 0 (a), TLR = 0.0001 (b) and TLR = 0.01 (c).

For finite temperatures the zero bias conductance

G can be calculated numerically through Green’s func-

tion Gdσ(ω) at the impurity. Because only the con-

duction electrons near the Fermi level εF participate

in the transport current, the DOS for conduction elec-

trons is taken to be a constant ρ(ε) = 1/(2D) as

−D < ε < D, and the QD level broadening is given

by ∆ = π|Vα|
2ρ(ε).[28] The Fermi energy εF (meV)

is reference mark of the unit of energy.[17] The pa-

rameters are considered as following. The hopping

matrix element Va between the QD and the electron

reservoirs is taken to be 0.1 and the magnetic flux Φ

enclosed in the ring is taken to be zero. The total

number of the d electron is taken to be 0.8, which de-

termines self-consistently the chemical potential. The
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half width D is assumed to be 1meV, which defines

the energy scale. The temperature T is taken to

be 10−5
∆, which is lower than Kondo temperature

(Tk = (D∆)1/2exp(π(εd − εF)/(2∆)).[28] The relative

position of the level ∆ε = εF−εd can be varied by the

gate voltage applied to the QD. Figure 2(a) presents

the zero bias conductance G as a function of ∆ε for

the pure Kondo dot (TLR = 0), in which the line shape

of the conductance is symmetric. An asymmetric line

shape of the conductance is built in Fig.2(c) when the

direct transmission TLR = 0.01, which comes from the

Fano effect.

Fig.3. Differential conductance of the device with TLR =

0 (a), TLR = 0.0001 (b) and TLR = 0.01 (c).

In a similar way we calculate the source-drain

voltage properties of the device. It assumes that the

potential V is applied to the left electrode and the

potential at the right electrode is kept zero. The rel-

ative position of the level ∆ε = εF − εd is held at

0.04 meV, which lies in the Kondo regime. The hop-

ping matrix element Va is taken to be 0.1 and the mag-

netic flux Φ enclosed in the ring is taken to be zero.

The temperature T is taken to be 10−5
∆ lower than

the Kondo temperature. Figure 3 presents the differ-

ential conductance dI/dV as a function of V at the

different direct tunnelling matrix elements TLR. The

case for the pure QD (TLR = 0) is shown in Fig.3(a).

Because the relative position ∆ε of the level of the

QD lies in the Kondo regime, the differential conduc-

tance curve shows a very narrow peak at low voltage,

which is just the Kondo resonance observed experi-

mentally as reported in Refs.[2,3]. The broad maxi-

mum shown in Fig.3(a) comes from the Lorentzian res-

onance tunnelling when the chemical potential εF+eV

approaches εd. The influence of the direct channel is

shown in Figs.3(b) and 3(c).

To combine Figs.2 and 3, we find that the direct

electron transmission enhances the differential con-

ductance but suppresses the Kondo resonance peak.

When the direct transmission TLR becomes 0.01 from

zero, the Fano state builds (see Fig.2) while the am-

plitude of the Kondo resonance descends strongly (see

Fig.3). It shows that the building of the Fano state

suppresses the amplitude of the Kondo resonance.

In conclusion, by employing the cluster expan-

sions, we provides a natural and uniform trunca-

tion scheme for decoupling of hierarchy of EOM. Un-

der the Lacroix’s truncation approximation, we have

calculated the electronic transport properties in an

Aharonov–Bohm interferometer with a quantum dot

and shown that the asymmetric line shape of zero bias

conductance manifests itself as the Fano effect and the

Kondo effect has been indicated in the narrow peak of

differential conductance curve of the system. Our nu-

merical results also show that the building of Fano

state suppresses the amplitude of Kondo resonance,

which may come from the decoherence effect of Kondo

dot. It is just the topic that we intend to investigate

in future.
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