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Nanofluids or liquids with suspended nanoparticles are likely to be the future heat transfer media, as they exhibit

higher thermal conductivity than those of liquids. It has been proposed that nanoparticles are apt to congregate

and form clusters, and hence the interaction between nanoparticles becomes important. In this paper, by taking into

account the interaction between nearest-neighbour inclusions, we adopt the multiple image method to investigate the

effective thermal conductivity of nanofluids. Numerical results show that then the thermal conductivity ratio between

the nanoparticles and fluids is large, and the two nanoparticles are close up and even touch, and the point-dipole theory

such as Maxwell-Garnett theory becomes rough as many-body interactions are neglected. Our theoretical results on

the effective thermal conductivity of CuO/water and AloOgz/water nanofluids are in good agreement with experimental

data.
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1. Introduction

Nanofluids, being a new class of solid/liquid sus-
pensions, are likely to be the future heat transfer me-
dia in many branches of industry, including energy
supply and production, transportation and electron-
ics, because their thermal conductivities are signif-
icantly higher than those of the parent liquids.['~7
Traditional theory for composites such as Maxwell-
Garnett theory (MGT) for effective physical proper-

ties givesl®!
K. K,+2Ky+2f(K, — Ky) (1)
Kn  Kp+2Kn— f(Kp— Km) '

where K, Ky, K. stand for the thermal conductivity
of nanoparticles and the matrix, and the effective ther-
mal conductivity of the nanofluid, respectively, and f
is the volume fraction of the dispersed particles. It is
well known that MGT is a kind of point-dipole (PD)
model, valid for composite systems, in which spheri-
cal particles are randomly embedded in a continuous
medium. To derive MGT, one always assumes the
particles to be sufficiently far from one another, so
that many-body and multipolar interaction can be ne-
glected. It was found that the enhancement of thermal
conductivity achieved in nanofluids is far in excess of

the levels predicted by the conventional theories.? !

studies,[!=7]

mechanisms and models have been proposed for study-

Following experimental various
ing the anomalous enhancement of effective thermal
conductivity. For instance, considering the effect of
the solid/liquid interfacial layer, researchers proposed
that the enhancement of effective thermal conductiv-
ity is due to the ordered layering of liquid molecules

near the solid particles.[9—11

Later, the convection
caused by the Brownian motion of nanoparticles was
proposed as the physical mechanism.'?='4 To our
knowledge, all the above models neglected the many-
body and multipolar interaction. However, recent ex-
perimental studies have shown that nanoparticles are
apt to congregate and form clusters.['516] Tt was be-
lieved that clustering could affect the enhancement of
effective thermal conductivity prominently.l'®) On the
other hand, the thermal conductivity ratio between
nanoparticles and the matrix in nanofluids is usually
high. Therefore, the many-body and multipolar in-
teraction must be taken into account. In this paper
we adopt the multiple image method with consider-
ation of the interaction between nearest-neighbour
nanoparticles to investigate the thermal conductivity
of nanofluids.
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2. Theoretical considerations

We consider spherical inclusions with thermal
conductivity K; and radius Ry suspended in a fluids
with thermal conductivity K. When the nanofluid
is subject to two thermal sources with a definite tem-
perature difference along z-axis, the heat flow in the
spherical inclusions and the fluid can be given by

Q=KF in (2)

and

Qm = KmFm in *va (3)

where (2 and (2, are the domains occupied by the
inclusions and fluids respectively, while F; and Fy, in-
dicate the negative gradient of temperature within the
inclusions and fluid, i.e.,

F,=—-VT; and F,, = —VT,. (4)
T; and Ty, can be expressed as

T, = Z (cnR™ +d,,/R" )P, (cos b), (5)

Twm=Y_ (anR" +by/R" ) Py(cosh),  (6)

n

where P, (cos f) is the associated Legendre function of
order n with argument cosf. When a negative tem-
perature gradient Fj on nanofluid is applied along the
z-axis, the boundary conditions will be

Tilr=co = —FyRcosf and Ty,|.—0 = const. (7)

OTm oT;

or o ®
Substituting Eqgs.(7) and (8) into Eqgs.(5) and (6),

one gets

Tm|T:R0 :E|r:R0 and Km

ag=-F , a,=0, (n#l)u
FoRg(Kp—Km)
bp=—7F—"75——=, b, =0, 1),
L Ky + 2Ky (n#1)
—3KnFy
S R — 1).
¢ K, 1 2Ky 1 (n#1)

Then, the temperature distributions take the form

— K FoR}cos®

K
T = —FyRcosf P 9
o4t COS +Kp+2Km R2 ) ()
3Ky
T=—— 2 _F 0. 1
K, 12k, oR cos (10)

The second term on the right-hand side of Eq.(9) can
be taken as the contribution from the point dipole
Py(= bKnFyR3), where b is a dipole factor, given by

b= (Kp— Kn)/(Kp+ 2Ky,).
rewritten as

In this regard, T, is

P, R

T = —FyRcosf + PR (11)
The effective thermal conductivity K, can be defined
as follows:
k- @ Q) (- NKWR
(F) f@)+ 01—k

From Eq.(12), one has (Q;) = 3KwnFo/(Kp + 2Kn),
and hencel®] % 3fb
=1+ .
K 1—fb
Equation (13) is the traditional MGT equation which
neglects the interaction between nearest-neighbour in-

(13)

clusions. When the spheres are close up, we can take
the single sphere as a point dipole, they will be fur-
ther polarized by mutual polarization. As a result, the
point-dipole approximation breaks down and we must
consider the multipole moments.

We next consider a pair of spheres with equal ra-
dius a, separated by a distance r. The sphere 1 is
taken as a dipole Py, which induces an image Pl(l) in

2; at the same time, Pl(l)

sphere induces yet another
image dipole in sphere 1, and hence an infinite series of
image dipoles are formed. The multiple image obeys
a set of difference equations, which can be solved ex-
actly. By using the idea of multiple image, we can
deduce the total dipole moment of spheres (normal-

ized to Py) for a transverse field!'S!

PT_POZ

For a longitudinal field

3

(%) G

0 . 3
P = PO{ [Z o [%}

n=0

sinh (3 sinh? (nﬁ)} }
sinh®(n +1)8

{Z 5sinh B sinh(n, 6)}

sinh®(n +1)3

(15)

oo

" )

n=0

Here 7 = (K, — Ku)/(Kp + Ku), and the parame-
ter 0 is related to the reduced separation between the
particles or clusters with cosh 8 = r/2a.

For touching pairs, the series can be evaluated ex-
actly in terms of polylogarithm functions, which have
analytic continuations to the value of 7. The results
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for longitudinal fields and transverse field are respec-

tively
2Li3(7’) LiQ(T)Q
P, = P, _
b 0 T TLiy (7))’
I:T = —FQLig(—T)/T. (16)

Here we should mention that, for simplicity, we
have assumed that the two spheres have the same
size. Since the pairs are generally randomly ori-
ented, the average value (P) can be expressed as
(P) = (P, +2Pr)/3. Then, the effective thermal con-
ductivity can be written as

K. 3f6(P)/Po

K 1o u(P)/Ry

(17)

Equation (17) is a new formula which contains the
size, the separation of the nanoparticles and in-
cludes the interaction between nearest-neighbour in-
clusions. For point-dipole model, the average value
(P) = Py, we can obtain the classic MGT formula
Eq.(13). Equation (17) is more suitable for study-
ing the effective thermal conductivity of nanofluids,
because in real nanofluids, not in the solid/solid sys-
tem, the nanoparticles are apt to congregate and form
clusters.['>16] In consequence, the interaction between
nearest-neighbour inclusions becomes important. In
this connection, we should adopt Eq.(17) instead of
Eq.(13) to study the effective thermal conductivity in
nanofluids.

The analytic multiple image results of Eq.(17) can
be used to compare the various models according to
the number of terms retained in the multiple image ex-
pression: (a) classical Maxwell-Garnett model (point—
dipole model) with n = 0 term only and (b) multiple-
induced-dipole (MID) model with n = 0 to co terms.

3. Numerical results

In Fig.1 we plot the effective thermal conductiv-
ity enhancement K./K,, as a function of K,/K,, at
It is evident that
the MID theory for touching pairs generally gives
higher enhanced K./K,, than do the others. For small
K,/ Ky, the difference between MGT and MID the-
ories is small. For large K,/K,, which is the com-

the volume fraction f = 0.05.

mon case for nonofluids, the difference between these
theories becomes significant. For instance, the max-
imum enhancement K,./K,, is about 120% for MID
theory and the minimum K,/K,, is about 115% for
MGT. We conclude that, the MID theory results in

larger enhancement of effective thermal conductiv-
ity as we take into account the interaction between
nearest-neighbour inclusions.

1.20 A 3

L.10 4 line A (MID model for touching pairs)
line B (MID model with cosh = 1.003)
line C (Maxwell-Garnett model)

1.05 T T T T
0 200 400 600 800 1000

K])/Km

Fig.1. K./Km as a function of K,/Km at the volume
fraction f = 0.05.
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Fig.2. K¢/Km as a function of separation cosh 8(= r/2a)
at the volume fraction f = 0.05 and Kp/Km = 500.

Next, we study the enhancement K./K,, against
the reduced separation (cosh §) at K,/K,, = 500 and
f = 0.05, as shown in Fig.2. The enhancement pre-
dicted by the MID theory agrees with that by MGT
theory for large reduced separation. Actually, when
the separation between nanoparticles is large, the in-
teraction between nanoparticles is too weak to be
taken into account. However, when the separation
between nanoparticles reduces, the difference between
the two theories shows. This is due to the fact that,
for small separation between nanoparticles, the influ-

ence of mutual interaction becomes important, and we
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must take it into account to calculate effective thermal
conductivity enhancement.

To further verify the wvalidity of our formula,
we compare theoretical results with the experimen-
tal data of CuO/waterl® and Al,O3/water”] nanoflu-
ids. In the calculations, the thermal conductivity of
CuO, water, and Al;O3 are taken as 69, 0.604, and
46W /mK, respectively.l®7 In Fig.3, we find that the
theoretical results given by MID theory for touching
pairs are in good agreement with the experimental
data. The theoretical results of classic MGT theory
and MID theory for the reduced separation cosh 8 =
r/2a = 1.003 are all lower than the experimental data.

1.20 g g ‘ y
line A (MID model for touching pairs) A
line B (MID model with cosh = 1.003)
line C' (Maxwell-Garnett model)
115 1 ® (measured data)
<
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e
1.05 b
1.00 T T T T

Volume fraction/%

Fig.3. Comparison of our model with experimental data
for CuO/water nanofluids in Ref.[6].
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Fig.4. Comparison of our model with experimental data
for AloO3/water nanofluid in Ref.[7].

Next, we take one step forward to compare
our theoretical results with experimental data of

Al,O3/water nanofluids. Numerical results are shown
in Fig.4. Our theoretical results given by MID theory
for touching pairs also agree with the Al;O3/water ex-
perimental data. However, there exist certain discrep-
ancies. Actually, although the interaction of nearest-
neighbour nanoparticles is a key factor for enhanc-
ing the effective thermal conductivity, it appears that
other factors such as inclusion shape, the Brownian
motion and surface chemistry should be considered si-
multaneously.

Recently, Grechko and Pustovit!!” proposed a
new dipole—dipole model to take into account the pair
interaction between particles. The expression for ef-
fective physical properties is given by

- ST > (18)

2

Kesz<1+

Here, we compare our MID model with Eq.(18) based
on dipole—dipole (DID) model. Numerical results are
shown in Fig.5. It is evident that MID model yields
higher enhancement K./K,, than DID model does.
This demonstrates that strong interaction is usually
accompanied with large enhancement of effective ther-
mal conductivity.
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Fig.5. K¢/Km as a function of the volume fraction f at
Ky /Km = 500.

4. Conclusions

In summary, considering the many-body and mul-
tipolar interaction between nanoparticles or clusters,
we adopt the multiple image method to investigate
the effective thermal conductivity of nanofluids. Com-
pared with other conventional models, the multi-
ple image method contains the size, the separation
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of the particles or clusters and the interaction be-
tween nearest-neighbour inclusions. It is found that
strong many-body and multipolar interaction and
large K}, /K, ratio are usually accompanied with large
enhancement of effective thermal conductivity. Our
theoretical results on the effective thermal conductiv-
ity of CuO/water and Aly;Os/water nanofluids are in

good agreement with the experimental data. Since

the mechanism of the thermal behaviour in nanoflu-
ids is complex, although our theoretical results re-
veal that the multiple interaction between nearest-
neighbour nanoparticles is a key factor, it appears that
other factors such as the effect of solid/liquid interfa-
cial layer, the Brownian motion and the surface chem-
istry should be considered simultaneously.
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