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‘We propose a scheme for preparing four-particle Greenberger—Horne—Zeilinger states using two identical bimodal

cavities, each supports two modes with different frequencies. This scheme is an alternative to another published work
[Christopher C Gerry 1996 Phys. Rev. A 53 4591]. Comparisons between them are discussed. The fidelity and the
probability of success influenced by cavity decay for the generated states are also considered.
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1. Introduction

Entanglement, a fundamental feature of quan-
tum mechanics, has been recently seen as a useful re-
source for many researches in quantum information
processing.l!] In particular, certain entangled states
have been identified and thus can be directly used for
many such researches. Foremost among these are the
so-called Bell states (EPR states) and Greenberger—
HorneZeilinger states (GHZ states),[>3 which are not
only relevant to the study of foundations of quan-
tum mechanics, but also the fundamental ingredi-
ent of various quantum information protocols.!] As
shown by Bell,?! two particles in Bell states pos-
sess correlations that are incompatible with a local
realistic theory,!*) no matter what is the separation
between them. Greenberger—Horne—Zeilinger showed
that three or N-particle (N > 3) GHZ states possess
correlations that violate the local realistic theory much
stronger than Bell states.!3] Thus, how to demonstrate
such correlations becomes important, since it would
have profound significance for our understanding of
the physics world. Therefore, it is important to be able
to generate such states, especially N-particle GHZ
states in practical experiment. Three-photon,®! four
photon,[® and five-photon!”! GHZ states have been
realized and used to verify quantum nonlocality. Ex-
perimental realization of three-particle GHZ entangled
states in ion traps has also been reported.!®!

Cavity quantum electrodynamics (QED), with
Rydberg atoms crossing superconducting microwave
cavities, provides one of the candidates for gen-
erating entangled states and quantum information
processing.[?) Experimental realizations of two-atom
Einstein—Podolsky-Rosen (EPR) states through the
resonant atom-cavity interaction!'”) and two-atom
collision"!) have been reported. Based on the cavity
QED technique, a variety of schemes have been pro-
posed for generating GHZ entangled states involving

(12-15] Gerry has discussed a method

more particles.
for producing such entangled states, through the dis-
persive atom-cavity interaction.'? In the scheme, the
cavity is initially prepared in a coherent state. In order
to generate a three-atom GHZ state one should col-
lapse the cavity field into one of three coherent states,
of which the amplitudes should be large enough such
that they are orthogonal and can be distinguished.
Zheng has proposed an alternative scheme for realiz-
ing multi-atom GHZ states based on the dispersive
atom-—cavity interaction.[3 In the scheme, the cavity
must be also prepared in a coherent state, of which
the amplitude can be arbitrary; then an additional
atom can be sent to probe the cavity field, and then
detected directly to obtain the GHZ state. Cirac and
Zoller have proposed a scheme for generating multi-
atom GHZ states based on the resonant atom—cavity

(14]

interaction. The method requires that the cavity
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field must be firstly prepared in the superposition of
|0) and |n) states, which might be a great challenge
as it requires to send a sequence of atoms through the
cavity to prepare such states. Based on the Raman
atom—cavity field interaction, Zheng has proposed an-
other scheme for generating such GHZ states.'®/ The
scheme requires that the cavity field must be initially
prepared in the superposition of zero- and one-photon
states, and it requires an additional resonant atom
to absorb the photon in the cavity and finally to be
detected. Other cavity QED schemes have been pro-
posed for the generation of multi-atom or multi-cavity
GHZ states.[16—21]

Based on the protocol in Ref.[22], an experiment
has been performed by Haroche’s group to prepare
a three-particle GHZ states (composed of two atoms
and zero- or one-photon of a single-mode cavity).?
However, the fidelity of the engineered state needs to
be largely improved in order to be useful for testing
quantum nonlocality and quantum information pro-
cessing.

All the above cavity QED schemes use the cavi-
ties that support only one mode. Gerry has proposed
a distinctive scheme for preparation of four-particle
GHZ states,?¥ by employing two cavities both sup-
porting two modes with different frequencies (also
In the
scheme, a three-state atom is first sent through two

known in the literature as bimodal cavity).

identical bimodal cavities sequentially, the frequen-
cies for the atomic transition and the cavity modes
are chosen in such a way that the atom can make two-
photon transition in each of the two cavities (i.e. the
middle state of the three-state atom can be adiabat-
ically eliminated as the transition frequencies for two
pairs of the neighbouring states are respectively large-
detuned from the frequencies for the corresponding
cavity modes.). On the assumption that the velocity
of the atom is large enough, the detection of this atom
in a definite state can approximately collapse the four
cavity modes into a GHZ state. Then four resonant
two-level atoms, each having a pair of levels resonant
with only one mode of the cavity, can probe the cav-
ity field directly to obtain the relevant measurements
needed to demonstrate the nonlocality. The advan-
tage of the scheme is that careful velocity controlling
in order to achieve the precise atom—cavity interaction
time is not required. However, the success probability
of the scheme is very slight.

In this paper, we propose an alternative work for
preparing four-particle GHZ states by using two bi-

modal cavities. We replace the three-state atom in
Ref.[24] with a four-state atom, of which one state is
only auxiliary and not affected by the atom—cavity
interaction. The frequencies for the atomic transi-
tion and the cavity modes are chosen in a way that
the atom can make resonant single-photon transition
between two pairs of the neighbouring states (except
the auxiliary state). Then we can obtain the required
states without any approximation by the preset time
control for the atom—cavity interaction, with the suc-
cess probability being % in principle. We also consider
the cavity decay and discuss the generation process
over again.

The rest of the paper is organized in the following
way. In Section 2, we propose a scheme for the prepa-
ration of four-particle GHZ states. In Section 3, we
discuss the proposed scheme by taking into account

the cavity decay. Section 4 presents the conclusion.

2. Four-particle entanglement
without decay

Figure 1 displays the setup for preparing four-
particle GHZ entangled states. The Rydberg atoms
are produced in Zone B;(i = 0,1,2,3,4) by the
excitation of velocity-selected atomic beam effusing
from oven O;. Atom Ay produced in Zone By has
a four-level configuration as sketched in Fig.2, the
The other
four atoms Ag(k = 1,2,3,4) respectively produced in

four states are |e), |g), |7), and |g’).

Zones B;(i = 1,2,3,4) are of the type with a pair of
states |e)a, and |g)a,. F is a classical field tuned to
the transition |g) < |g’). C; and Cs are two identical
millimetre-wave superconducting microwave bimodal
cavities. D stands for the atomic ionization detector.

O1 O3
B; Bs
Cl CQ
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Fig.1.
generating four-particle GHZ states.

Sketch of the setup of the proposed scheme for
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The principal quantum numbers for the states |e),
lg), %), and |g’) of atom A are 51, 50, 49, and 48, re-
spectively, and the energies for these states are we,
wg, w; and wgy, respectively (we > wy > w; > wy).
Let us first consider such a system coupling to two
modes of a cavity, as sketched in Fig.2. The tran-
sitions |e) «— |g) and |g) «— [i) are coupled res-
onantly to modes 1 and 2, respectively. The state
lg"), which is unaffected by the atom-—cavity field in-
teraction, is used to perform the local manipulation
with the state |g) by the classical field F.[?5] In the in-
teraction picture, the interaction Hamiltonian for the
atom—cavity system under dipole and rotating wave
appropriate can be written as/26—28

Ao—C
H™™ = g(ay g)aq (el + arle)a, (g]

+ a;r|i>Ao<g| + a2|g>A0<i|)a (l = 1a 2)7 (1)
+( +

where a7 (a3 ) and ai(az) are the creation and anni-
hilation operators for the cavity mode 1(2), respec-
tively. Here we have assumed the same atom-field
coupling constants for both transitions. This condi-
tion can be satisfied by choosing approximate transi-

tions in atomic system, frequencies, etc.!?9]

In the following part of this section, we only con-
sider the generation of four-particle GHZ states with-
out cavity decay.

le)

al

a

lg")

Fig.2. Sketch map of a four-level atom interacting with
a two-mode cavity field.

We assume both cavities C; and Csq are initially
in the two-mode vacuum state |0,0)c,. Atom Ay, ini-
tially excited to the state |e)a,, is first sent through
cavity Cy, after an interaction time 77, the atom-—
cavity system evolves into the state

7 (12)) a1 = lcos(vagm) + Ulea, 10, O, + g leos(v/Zgm) 1]

2

X |i>A0|1a 1>Cl -

%sin<ﬁgn>|g>m1,o>cl. @)

If the interaction time is chosen carefully so that v/2gr = 7/2 is fulfilled, we have

1 1.
|&D1>A0*Cl = _|6>A0|0a0>01 - _|Z>A0|17 1>Cl -
2 2

i

\/§|g>AO|]"O>Cl' (3)

After exiting from cavity C;, atom Ag crosses the classical field F, leading to the transformation |g) —

l9"),129] then we have

1
|!pl>A0—Cl = §|6>A0|070>Cl -

1. i
|Z>A0|17 1>Cl - _|9I>A0|17 O>Cl' (4)

V2

Then it traverses cavity Cy, and after another interaction time 79, the whole system evolves into the state

7 (7)) aac- s = 510,0)c, { 5cos(vEgm) + 1]Je)as|0. O

2

+ 3 le0s(v2gms) — li)as|1, e, — = sin(v3gm)lgha, 1, e, )

2

1.
- _|Z>A0|17 1>Cl |07 O>Cz

V2

|g/>A0|17O>Cl|O7O>CQ' (5)

i

V2

If the interaction time is chosen to fulfil v/2¢g7, = 7, the state of the whole system composed of the atom and

two cavities reads

1. i
| !pl>A0—Cl—Cz = __|1>A0(|07 O>Cl |17 1>Cz + |17 1>Cl |07 O>Cz) - _|9I>A0|17 O>Cl |O7 0>02' (6)

2

V2
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Now a measurement is performed on atom Ag. If
this atom is detected in the state |i)a,, two cavities
are projected into the state

1
V2
+ |171>C1|070>Cz)7 (7)

|&D1>lecz = (|O7O>Cl|171>c2

where the phase factor —1 is discarded. Thus we ob-
tain a two-photon four-mode GHZ entangled state.
The probability of success is % in principle.

In order to probe the cavity field, we may employ
four identical two-level atoms A; — A4, each has a
pair of states and should be made resonant with only
one mode of the bimodal cavities. The problem re-
mains how to make two identical atoms interact with
two modes at different frequencies in a bimodal cav-
ity. Indeed, this is a crucial point, since it requires
that, when the atom is resonant with one mode, the
interaction with the second one cannot happen, other-
wise the competition between the two modes will oc-
cur. Fortunately, an experiment reported in Ref.[30]
showed that an atom can be controlled by the method
of Stark effect, thus it can be coupled sequentially with
two modes at different frequencies in a bimodal cav-
ity. So one can control these atoms through the Stark
effect, which can be achieved by applying a static field
between two cavity mirrors, ! to make them resonant
with the corresponding modes at different frequencies
to probe the cavity field. Here we assume atoms A;
and Aj are resonant with mode 1, while Ay and Ay
are resonant with mode 2.

Then we send atoms A; and A, through cav-
ity C; and simultaneously A3 and A, through cav-
ity Co. The evolution of each atom with the corre-
sponding cavity mode is dominated by the interaction

Hamiltonian[32:331

H{ = g(a}|g)a, (€| + ajle)a, (g]),
(k=1,2,3,4, j=1,2). (8)
Provided that these atoms are all in their ground
states |g)a,, the atoms make resonant single-photon
transition by coupling with the corresponding modes,
ie.
19)410); = 19)a,10);, (9)

19)ax|1)5 — cos(gtr)lg)a, [1); =1 sin(gtr)[e) a,[0);-(10)

For the respective interaction time t;, = 7/2g, the four
atoms are engineered in the following GHZ state:

1
|!p2>A1~A4 = %(|9>A1 |g>A2|e>A3|e>A4

tlealerazlg)aslg)as),  (11)

leaving all the cavity modes in vacuum states.

3. Four-particle entanglement in-

cluding cavity decay

In this section, taking into account the cavity
decay, we discuss the above-mentioned scheme over
again and show how such decay will affect the fidelity
and the probability of success of the scheme.

We first describe the preparation of the two-
Provided
that, during the whole preparation process, there is

photon four-mode GHZ entangled state.

no photon detected due to the leakage of a photon by
the cavity mirrors. The evolution of the state of the
system composed of atom Ay and each cavity is dom-
inated by the non-Hermitian Hamiltonian as follows:

HR079 = glaf |g)a, (€] + a1le)a, (9]

+ ay [i)a, (9] + a2]g) a, (i)
R + .
- 15 Zai Qs (.] - 172)5 (12)

where k is the cavity decay rate. Here we have as-
sumed the same decay rate for the two cavity modes.
Once atom Ag exits the cavity, the evolution of each
cavity field state is dominated by the non-Hermitian
Hamiltonian

2
HS = —ig Sata, (j=12).  (13)
=1

We first divide the preparation process into four
parts: (i) Time 77 for atom Ag coupling with cavity
Cy; (i) Time 75 (77 ~ 77 + 75) for atom Ay travelling
between two cavities; (iii) Time 75 (75 ~ 75 + 75) for
atom Ay coupling with cavity Cq; (iv) Time 75 (75 ~
75 + 74 ) for the process of atomic state detection. We
now describe these four periods as follows:

(i) Atom Ag is sent into cavity C;. If the ini-
tial state of the system composed of atom Ay and two
cavities reads |e)a, |0,0)c,|0,0)c,, the evolution of
the system can be written as
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. p7Ag—Ci.c _:7Co _c
|!pr}on1(T1C)>A0—Cl—Cz =e Hadn lTle 1Hm?nTl|e>A0|070>01|07O>Cz

—KTy /2

2

e

{ [cos(on’f)(4 22 + 1) + sin(on'f)g + 1_922} €)a,

igrk . K
% 10,0)c, + 2| = cos(arf) — 2sin(arf) — = |g)a, |1 O)c,

KQ . 2g2 )
+ (14 1) costars) = 25| lidao It Ve, H0, 0)c. (14)
where 2 1)
a= (292 - i) . (15)
4
If the interaction time is chosen to satisfy 7 = o=, the state of the system reads
1 sy [(E 29 29 | gk
|Wclon >A0 C1—-Ce = 56 / ){(a )| >A0|O 0> (a + 042)
292 .
% 1) 0|1, 0)cx = 25 li) a1, 1) |10, 0) - (16)

(ii) During the second period time 75, the evolution of the system can be written as

|lp1}on2( 2C)>A0—Cl—02 =¢e T e_lHnonTz | !pr%on1> —C1-C2

e (5 o, -1 (2 + )

—K/2)Ts 29 e T
R g') g [1,0) 0, = e i) 1 Ley | 10, O)c (17)

During this period, the atomic state |g)a, is manipulated to |¢g')a, by the classical field F.
(iii) During the third period of atom Ag coupling with cavity Ca, the state of the system, after the chosen

time 7§ = 7/«, can be written as

— _ C
|!pr}on> —C1—-Cy =€ TS 1Hn00n T |lpr}on2( 2C)>A0—Cl—cz

1 —km/(4a K 29 € w/(20)
:Ee /"t ){(a+?)|070>C1T(2 2| >A0|050>Cz

492 . (29 GRN\  (k/2)rC —mr/(20
_?|Z>Ao|171>02)—{1(g+§) (1/2)75 o =71/ (20) 19V A

2i
229 19)ao|1, 0)c,

2g —KTy —TK/Q|;
% [1,0)c, + e~ e ™/4i) 5, 1, 1), | 0, 0)c, }- (18)
(iv) Then atom Ay exits from cavity Cz. After time 75, the state of the system evolves into

| WI}CTI] > —C1—-Cy =€ T 71Hn°n‘r4 | !pr};n > —C1-C2
1 K 2g°
_ —mr/(4o¢){(_ i)
26 o + o2 |0,0)¢,

492 —KTY|; (29 | GE\ _(k/2)rs —mr/(20) —(r)2)7C
— e i a1 e, ) — [1((Z + B e (2B (ki g

e—mr/(2a) K2

7 (55100l0.0)c. -

2“{9 — KTy
- © 29)a011,0)c,

2 2 c [
X [1,0)c, + e e/ ae i), 1, 1)c, [[0,0)c, |- (19)

Then a measurement is performed on atom Ag. If this atom is detected in the state |i)a,, the two cavities

are projected into the following state:

2 K 2 c c c
|l*p1 >Cl*c2 - —%efﬁﬂ/@a) |:<_ + g ) 7577/(20‘)67’{74 |07 O>Cl|1a 1>Cz + ein(T2+T4)eiﬂ-n/a|1a 1>Cl|0a O>Cz (20)

non o a2
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After normalization, we have
1’ 1 K 29 —k7y —mk/(2a)
|l‘pnon> - F |:< + _)|O O>C1|1 1>Cz +e 2e |1 1>Cl|0 O>Cz ) (21)
C
where N, is a normalized factor given by
202\ 2 . 1/2
N;:[(f4-i%) P (22)
a o«
The fidelity is
_wl ol o (w/a+2g%/a?) + e Fme T/ Co)]2
FC_|<Wnon|lp >CI_CQ| = 2NCQ . (23)
The probability of success is
4.,—3k7/(2a) n—2KT5 202\ 2 .
P, = ge — e 4 |:< i %) +ef2,<~r2efn7r/oc:|' (24)

Then four resonant two-level atoms (Ax, k = 1,2, 3,4) are sent to probe the cavity field. Under the condition

that no photon is detected due to the leakage of a photon by the cavity mirrors, the evolution for the state

of the system composed of one of these atoms and a single cavity mode is dominated by the non-Hermitian

Hamiltonian
H2

non — (aj|g>Ak <6| + ai|€>A,c <g|) — 1—@ a;,

50 (k=1,2,3,4; i=1,2). (25)

According to the Hamiltonian of Eq.(25), we have the following evolution:

g Kk . ig .
[9)acl0)s = 75/ cos(515) — g sin(515)]lo)a, 1): — 5 sin(B)lehan0): (26)
|
where L time (57¢).34 The scale of the independent variable
8= (92_E) / . (27) is set to be 0 < k/g < 0.1. Let k = 0.1g, we

After interacting with each cavity mode for a time
t, = [tan~
in the state

1(48/k)]/B, the four atoms are engineered

2 ) 9almsledsslelas

+e-wﬁe-“/@anem|e>A2|g>A3|g>A4}, (28)

1 K
|W§on>A1~A4 = E [(a +

where N, is a normalized factor equal to N.. The
fidelity is

Fo = [Ty PP = Fee (29)
The probability of success is

P, = e*[ﬁtanfl(‘lﬁ/ﬁ)]/ﬁpcl (30)

Figure 3(a) and 3(b) show the fidelity (F.) and
the probability (P.) of the generated two-photon four-
mode GHZ state with x/g, respectively. Figure 3(c)
shows the probability (P,) of the generated four-
atom GHZ state with k/g.

are chosen to be 7§ = 7§ = 57/(2a), which are

The times 75 and 77

as much as five times of the atom—cavity interaction

have Femin = Famin = 0.8895, P.in = 0.0835, and
P.min = 0.0715. However, under the recent exper-
imental condition, a photon damping lifetime of the
millimetre-wave superconducting cavity is as long as
1 ms,[®23] for the typical atom-cavity coupling con-
stant g = 27 x 23.5 kHz,[%23] the decay rate should
be k ~ 0.0068g. Setting k = 0.0068g, we have
F. = F, = 0.9994, P, = 0.4358, and P, = 0.4312.
Further, we calculate the atom—cavity interaction time
to be ¥ = 7/ (2a) ~ 7.6 us, 75 = w/a ~ 15.2 ps, and
5 = [tan~1(48/K)]/B ~ 11 us.
the atoms with a velocity ~ 10 m/s through a few-

Thus one can send

cm-long cavities to achieve this purpose, and one can
use a velocity selector and apply a Stark field adjust-
ment in order to make the atom resonant with the
cavity for the different lengths of time. Considering
the imperfection of the atomic state detection,®®! we
can only obtain the required states with probabilities
of P/ ~70% P, = 0.3051 and P, ~ 70% P, = 0.3018,

respectively.

In the above, the atomic spontaneous emission is
neglected. In respect that the Rydberg atoms used



No. 7

Generation of four-particle GHZ states in bimodal cavity QED 1969

commonly in cavity QED experiment has a lifetime

as long as about 30 ms,!!

corresponding to a spon-
taneous emission rate I' ~ 33.3 s~!, the condition
I'(~ 22 x107% g) < K can be assumed to be sat-
isfied and thus the spontaneous emission rate can be

approximated to zero.
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Fig.3. Schematic diagrams of the fidelity and the proba-
bility of the generated four-particle GHZ states. (a) The
fidelity (Ft) of the generated two-photon four-mode GHZ
state as a function of k/g. (b) The probability (Pc) of the
generated two-photon four-mode GHZ state as a function
of k/g. (c) The probability (P.) of the generated four-
atom GHZ state as a function of k/g.

4. Conclusion

In conclusion, we have proposed a scheme for
preparing four-particle Greenberger—Horne—Zeilinger

states of the type of Eq.(7) and Eq.(11) in cavity
QED. The scheme is an alternative to the previous
one proposed by Gerry.[?4 For preparing a two-photon
four-mode GHZ state, we use the resonant interac-
tion; the atom can make resonant single-photon tran-
sition between two neighbouring states. Thus the re-
quired states can also be engineered in a faster way.
In principle, we can obtain the required state with
the fidelity of unity and the success probability of %
In the scheme of Ref.[24], the atom is made to un-
dergo two-photon transition between the upper and
the lower states, with the intermediate state adiabat-
ically eliminated, under the condition that the tran-
sition frequencies for two pairs of the neighbouring
states are highly detuned from the frequencies for the
corresponding cavity modes, and the required state
can only be prepared in an approximate way, pro-
vided that the atom—cavity interaction time is small
enough. If this assumption is not satisfied, the fidelity
of the generated state would be decreased. Since the
required states can only be engineered on condition
that At < 1 (see Ref.[24]), the probability of success
(2|\pt|?) for the generated state is very small.

In contrast to the schemes in Refs.[12-15], the
present scheme may reduce the number of atoms, as
the cavity field in the present scheme does not have to
be initially prepared in a coherent state or a superpo-
sition of zero- and Fock- states. Thus it is unnecessary
to employ more atoms to detect or to prepare the field
states, which might diminish the difficulty of experi-
mental implementation of the scheme.

Moreover, taking into account the cavity decay,
we obtain that the fidelity for the generated state is
very close to unity if cavities with high quality factor
are used (with storage lifetime 1 ms for a photon).
Although the efficiency for the atomic state detection
is not perfect (about 70% at present), one only has to
repeat the preparation process four times before it can
reach its successful conclusion (with the probability of
success about 30%). The careful selection of velocity
for the atoms in order to achieve the precise interac-
tion times is no longer a great problem in the present
cavity QED experiment (see Ref.[23]). A challenge re-
mains: the first atom should be made to be resonant
simultaneously with the two modes with different fre-
quencies in a bimodal cavity. Based on the current
cavity QED technique or anticipated improvements,
the present scheme might be achievable.
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