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Based on the open-plus-closed-loop (OPCL) control method a systematic and comprehensive controller is presented

in this paper for a chaotic system, that is, the Newton–Leipnik equation with two strange attractors: the upper attractor

(UA) and the lower attractor (LA). Results show that the final structure of the suggested controller for stabilization

has a simple linear feedback form. To keep the integrity of the suggested approach, the globality proof of the basins of

entrainment is also provided. In virtue of the OPCL technique, three different kinds of chaotic controls of the system are

investigated, separately: the original control forcing the chaotic motion to settle down to the origin from an arbitrary

position of the phase space; the chaotic intra-attractor control for stabilizing the equilibrium points only belonging to the

upper chaotic attractor or the lower chaotic one; and the inter-attractor control for compelling the chaotic oscillation

from one basin to another one. Both theoretical analysis and simulation results verify the validity of the proposed

means.
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1. Introduction

Chaotic control is a topic occupying an impor-

tant position and receiving much attention in physics

and engineering applications. Many researchers have

extensively investigated several issues related to the

topic; various effective schemes have been developed,

such as linear state feedback,[1] the more general

synthesis Lyapunov-type method,[2] the feedback lin-

earization technique,[3] adaptive control,[4] the bang–

bang controller,[5] prediction feedback control via his-

torical information,[6] the inverse system method,[7]

Linear Matrix Inequalities (LMI) based control,[8] etc.

Recently, the concept of the open-plus-closed-loop

(OPCL) method has aroused the new interest in non-

linear controls.

Lemma 1[9] Let g(t) be an arbitrary smooth

function of t and x(t) be a solution of

dx

dt
= F (x) + S(t)K(g, x), (1)

where x ∈ Rn, S(t) = 0 if t < t0, and S(t) = 1 if

t ≥ t0, while F (x) is everywhere Lipshitz. There ex-

ists a function K(g, x), linear in x(t), such that none

of the basins of entrainment which is associated with

g(t) and t0, defined by

BE(g|t0) =

{

x(t0)| lim |
t→∞

x(t) − g(t)| = 0

}

, (2)

is empty sets.

This can be explained using an interaction,

K(g, x), which is the sum of Huble’s open-loop in-

teraction and a linear closed-loop interaction, namely

K(g, x) =
dg

dt
− F (g) + C(g)(g(t) − x(t)), (3a)

where the matrix C(g) varies with time according to

C(g) =
dF (g)

dg
− A. (3b)

and A = (aij) is an arbitrary constant matrix whose

eigenvalues all have negative real parts. Interaction

(3) is referred to as the OPCL interaction.

Setting x(t) = g(t)+u(t), where u(t0) is arbitrar-

ily small, substituting it into Eq.(1), and when t ≥ t0,

expanding F (g(t) + u(t)) for small u(t) yield the vari-

ational equations (i.e. the linear-approximation equa-

tions)

du

dt
=

dF (g)

dt
u(t) − C(g)u(t) = Au(t). (4)

Since all eigenvalues of A have negative real parts, the

asymptotic stability, expression (2), of Eq.(4) is es-
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tablished. It then follows that this asymptotic stabil-

ity also holds for the nonlinear system (1), and hence

BE(g) is not an empty set

This is a remarkably general theorem, regardless

of whether g(t) is a solution of Eq.(1), without any

control action and g(t) restricted to any region of the

phase space. In retrospect, it is clear that this general-

ity comes simply from the interaction (3) that includes

the cancellation of the first two terms of a Taylor ex-

pansion of F (u + g), for small u, plus a stabilizing

linear feedback action. What is not established by

the theorem is the range of the basin of entrainment,

BE(g) in the phase space, and it is this issue that is

essential to this method.

In this paper we use the OPCL technique to con-

trol a chaotic system: the Newton–Leipnik system,

in which there coexist two strange attractors. The

control condition for stabilizing the unstable equilib-

ria as well as the dynamics of this chaotic system

transferring between arbitrary attractors related to

the Newton–Leipnik system are touched upon. The

resulting controller structure proposed here is in a very

simple linear feedback form. Using the OPCL method

it is also very easy to prove the stability of a closed-

loop system.

The rest of this paper is organized as follows. In

Section 2 the OPCL control of the Newton–Leipnik

system is described in detail. Namely, a procedure to

design an OPCL controller is presented. In Section 3,

the numerical results are given. Finally, the conclu-

sions drawn from the present study are presented in

Section 4.

2. OPCL control of the Newton–

Leipnik system

The Newton–Leipnik system was obtained by

modifying Euler’s rigid body equations with the ad-

dition of a linear feedback in 1981.[10] The differential

equations of the Newton–Leipnik chaotic system are

as follows:[10]

ẋ1 = −γx1 + x2 + 10x2x3,

ẋ2 = −x1 − 0.4x2 + 5x1x3,

ẋ3 = σx3 − 5x1x2, (5)

where x1, x2 and x3 represent the angular velocities

about principal axes, which are fixed in the body, γ

and σ are the positive parameters related to the eigen-

values of inertia moments of the body. The Newton–

Leipnik system model shows a double strange attrac-

tor for the nominal parameters γ = 0.4 and σ = 0.175.

For the initial states x
(1)
0 = (0.349, 0,−0.160)T and

x
(2)
0 = (0.349, 0,−0.180)T, we obtain two strange at-

tractors (see Fig.1).

Fig.1. The double strange attractors of the Newton–

Leipnik system.

As discussed in the previous work on the Newton–

Leipnik system,[10−12] we refer to the attractor A1 in

the upper space as the upper attractor (UA) and the

attractor A2 in the lower space as the lower attractor

(LA). The equilibrium points of the system (5) with

the nominal parameters γ = 0.4 and σ = 0.175 are

x
(1)
e = (0, 0, 0)T,

x
(2)
e = (0.2390, 0.0308, 0.2103)T,

x
(3)
e = (−0.2390,−0.0308, 0.2103)T,

x
(4)
e = (0.0315,−0.1224,−0.1103)T,

x
(5)
e = (−0.0315, 0.1224,−0.1103)T.

All these equilibrium points are unstable. Note that

the points x
(2)
e and x

(3)
e lie in the eye-centres of UA,

while the points x
(4)
e and x

(5)
e are situated in the eye-

centres of LA.

Theorem 1 The basins of entrainment of the

Newton–Leipnik chaotic system are global.

Proof To study this question, we substitute

x(t) = g(t) + u(t) (6)

into Eq.(1) (with S(t) = 1), and expand F (g + u) to

obtain the nonlinear generalization of Eq.(4),

dui

dt
= aijuj +

1

2

∂2Fi(g, t)

∂gj∂gk

ujuk

+
1

3!

∂3Fi(g, t)

∂gj∂gk∂gl

ujukul + . . . , (7)
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where A = (aij) is the matrix in Eq.(4), repeated in-

dices refer to the summation over (1, . . . , n), and the

higher order derives are added, required by the form of

F (x). In this paper F (x) is a second-order polynomial

(See Eq.(5)), so there are no additional terms except

the first two ones. Also, for simplicity, we restrict our

controls to

aij = δij , aii < 0. (8)

As introduced before, the Newton–Leipnik system is

characterized by

F1 = −γx1 + x2 + 10x2x3,

F2 = −x1 − 0.4x2 + 5x1x3,

F3 = σx3 − 5x1x2, (9)

so that

du1

dt
= a11u1 + 10u2u3,

du2

dt
= a22u2 + 5u1u3,

du3

dt
= a33u3 − 5u1u2, (10)

which do not contain g(t). This is due to the fact

that the polynomials in Eq.(10) contain no more than

second-order terms. If we choose the Lyapunov energy

function as

V =
1

2
(u2

1 + u2
2 + 3u2

3), (11)

since

dV

dt
=

3
∑

i=1

∂V

∂ui

dui

dt

=
∂V

∂u1

du1

dt
+

∂V

∂u2

du2

dt
+

∂V

∂u3

du3

dt

=
1

2
(2u1(a11u1 + 10u2u3) + 2u2(a22u2 + 5u1u3)

+6u3(a33u3 − 5u1u2))

= a11u
2
1 + a22u

2
2 + 3a33u

2
3 ≤ 0 (12)

and by using expression (8), i.e. all aii < 0 (nonzero),

then ‖u‖ must approach zero. Hence, for the Newton–

Leipnik chaotic system BE(g) we have the following

result: The basin of entrainment BE(g) is global for

all values of g(t) and ‖u‖ ∼ exp(at), where a =

max(a11, a22, a33) < 0, which is a remarkably strong

result.

Now we use the aforementioned OPCL method to

realize the control objectives. Rewrite Eqs.(1), (3a)

and (3b), and (4) as follows:

dx

dt
= F (x)+S(t)K(g, x), (1′)

K(g, x) =
dg

dt
− F (g) + C(g)(g(t) − x(t)), (3a′)

C(g) =
dF (g)

dg
− A, (3b′)

du

dt
=

dF (g)

dt
u(t) − C(g)u(t) = Au(t). (4′)

For stabilizing x
(i)
e , i ∈ {1, 2, 3, 4, 5}, there must be

g(t) = x
(i)
e ,

dg

dt
=

d
(

x
(i)
e

)

dt
= 0,

F (g) = F
(

x
(i)
e

)

= 0,

C(g) =
dF (g)

dg
− A = −A.

So

K(g, x) =
dg

dt
− F (g) + C(g)(g(t) − x(t))

= −A
(

x(i)
e − x(t)

)

.

(13)

Then Eq.(1) turns into

dx

dt
= F (x) + S(t)K(g, x)

= F (x) + S(t)(−A(x
(i)
e − x(t))).

In this paper we choose matrix A as

A = diag(a11, a22, a33)

= diag(−2,−4,−6).

3. Simulation results

Usually, the parameters of the Newton–Leipnik

system are chosen as γ = 0.4, and σ = 0.175. First,

we check the original control. The Newton–Leipnik

system starts from x0 = [0.5,−1, 2]T. According to

the OPCL control law, the closed-loop system con-

verges to the origin [0, 0, 0]T; the results are shown in

Fig.2.
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Fig.2. The Newton–Leipnik system driven from

(0.5,−1, 2)T to the origin, with the control action applied

from t = 10 s on.

We note that the system is free of chaotic tran-

sients and reaches the origin eternally. The intra-

attractor control is to stabilize the equilibrium points,

which are affiliated with the upper attractor (UA) and

the lower attractor (LA), separately. Now we man-

age to force the Newton–Leipnik system into the set-

points like x
(2)
e and x

(3)
e , and the system starting from

x0 = [0.1,−0.1, 0.1]T to x
(2)
e is shown in Fig.3.

Fig.3. The Newton–Leipnik system driven from

(0.1,−0.1, 0.1)T to x
(2)
e , with the control action applied

from t = 10 s on.

Similarly, we can drive the Newton–Leipnik sys-

tem into the set-points like x
(4)
e and x

(5)
e , and the

system starting from x0 = [0.01, 0.15,−0.2]T to

x
(4)
e is shown in Fig.4. Now we turn to an inter-

attractor control. Starting from an initial state x0 =

[0.349, 0,−0.160]T belonging to the state basin of the

UA, the trajectory settles down on this attractor af-

ter the transient. From t = 10s on, the control action

aiming at achieving the equilibrium of the origin is

turned on, and at t = 20s the control action aiming

at achieving the equilibrium of x
(4)
e that is laying in

the LA is turned on; while at t = 30s all the control

actions are set free from the system so that the sys-

tem returns to chaotic state again, this is because the

accumulated error of the computation is enlarged by

the Newton–Leipnik system (see Fig.5).

Fig.4. The Newton–Leipnik system driven from

(0.01, 0.15,−0.2)T to x
(4)
e , with the control action applied

from t = 10 s on.

Fig.5. Inter-attractor control taking the system dynamics

from UA to the origin at t = 10 s, and from the origin to

the equilibrium x
(4)
e of LA at t = 20 s; and then back to

chaotic state at t = 30 s again.

4. Conclusions

In this paper, the control of a chaotic system with

multiple attractors is demonstrated. The analytical

procedure is somewhat complex because we use an

OPCL method, but the final structure is easily ac-

cepted: a simple linear state feedback control. Using
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this special linear controller we can assume the stabil-

ity of a closed-loop system. Such a control can sta-

bilize a desired motion within one attractor, as well

as take the system dynamics from one attractor to

another.
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