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In this paper, with a given manifold y = H(z), we have constructed a response system for a continuous-time

chaotic system as a drive system, and used impulsive control theory to demonstrate theoretically that this response

system can achieve impulsive generalized synchronization (GS) with the drive system. Our theoretical result is supported

by numerical examples.
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1. Introduction

The synchronization of chaotic systems has re-
ceived considerable attention, especially in recent
years. And there have been presented many chaotic
synchronization methods, such as drive-response syn-
chronization method,[! variable structure control
method,? and mutually coupled synchronization
method® and so on. Most of them are devoted to
the study of identical synchronizations (ISs).

However, the IS occurs at a certain point in
the system parameter space, and often is difficult to
achieve except under ideal conditions. Recently a gen-
eralization concept, called generalized synchronization
(GS), has been studied.[*~7 Because there always ex-
ist parameter mismatches and distortions in the phys-
ical world, the applications of GSs may be more exten-
sive and practical than those of ISs. The chaotic com-
munication based on the GS has been studied.!8~1" Lu
and Xil'? have developed a general approach by con-
structing a response system to implement the linear
generalized synchronization with a drive continuous-
time chaotic system.

The impulsive synchronization has been
presented3) and studied.l"*~2! The impulsive con-
trol gives an efficient method to deal with the systems
which cannot endure any continuing disturbances.
Additionally, in a synchronization process, the re-
sponse system receives the information about the

active variables of the driving system only at discrete

amounts of time. This drastically reduces the amount
of information transmitted from the driving system to
the response system, which makes this method more
efficient and useful in applications.

In this paper with a given manifold y = H(z),
we construct a response system for a continuous-time
chaotic system as a drive system, and use the impul-
sive control theory to demonstrate theoretically that
this response system can achieve the impulsive GS
with the drive system. Our theoretical result is sup-
ported by numerical examples.

The rest of the paper is organized as follows. In
Section 2 is given the basic theory of impulsive differ-
ential equations. An impulsive generalized synchro-
nization scheme is developed in Section 3. Numerical
examples are given in Section 4 to illustrate the effec-
tiveness of the main result. Finally, some concluding
remarks are presented in Section 5.

2. Basic theory of impulsive dif-

ferential equations

An impulsive differential equation is described
by 14

jj:f(tv'r)v t#na
Ar=a2(r) —z(n) =UG,z), t=7,i=1,2,...,
:v(tg) = X, to 2 O,

(1)
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where f : Ry X R™ — R"™ is a continuous function,
xr € R"™ is the state variable, and a discrete instant
set {7} satisfies: 0 < M < e < < 7 < Tip1 <
-, T; — 00 as i — OQ.

We use the following definitions and theorems: 4

Definition 1 Let V : Ry X R" — R4, then V
is said to belong to class v if

(1) V is continuous in (1;_1, 73] X R™ and for each
reRYi=12..,

lim  V(t,y) = V(5" 2);

(t) (7 2) b
(2) V is locally Lipschitzian in .

Definition 2 For (¢,x) € (7i—1,7:] X R"™, we
define

1
DYV(t,x) = %irr%) sup E[V(t + h,x

+hf(t,x)) — V(¢ ).

Definition 3 Letting V € vy and assuming that

D+V(t,$) < g(tv V(t,l‘)),
V(t,x + U(i,r)) < i(V (¢, ),

t # i,

t:Ti7

(2)

where g : Ry X Ry — Ris continuous and ¢; : Ry —
R, is non-descending, then the system

t # 15, w(T:r) = wi(w(Ti))v
w(ry") = wo > 0, (3)

w = g(t,w),

is the comparison system of Eq.(1).

Definition4 S, = {z € R"|||z|| < p}, where
| - || denotes the Euclidean norm on R™.

Definition 5 A function « is said to belong
to class k if @« € C[Ry,Ry], «(0) = 0 and a(z) is
strictly ascending with x.

Theorem 1 Assume that the following three con-
ditions:

(1) V:Ry xS, — Ry,p > 0,V € v
DTV (t,z) < g(t,V(t,x)), t # 7;

(2) There exists a pg > 0 such that z € S,
implies that z + U(i,x) € S, for all ¢ and V(t,z +
Ui, z)) < ¢i(V(t,x)), t =72 € Spy;

@3) Bll=l) <V(t,2) < a(|lz]]) on Ry x Sp,
where o[z []), 5(|[=]) € »

are satisfied, then the stability properties of the trivial
solution of the comparison system (3) will imply the
corresponding stability properties of the trivial solu-
tion of system (1).

Theorem 2 Let g(t,w) = A(t)w, A € C'[R.,
R4], ¥;(w) = dyw, d; > 0 for all 4, then the origin of
system (1) will be asymptotically stable if the condi-
tions A(7i41) + In(yd;) < A(m), for all ¢ wherey > 1,
and A(t) > 0 are satisfied.

3. Impulsive generalized synchro-
nization with a synchroniza-

tion manifold y = H(x)

Consider the following two dynamical systems:

g = g(y, h(z)),

where x € R"™ is the state of the driving system, y €

(4)

R"™ is the state of the response system, h(x) € R™ is
a coupling between the driving and response systems
for driving the response system.

Definition 6 (generalized synchronization!*!)

The two systems in expression (4) are said to
be in a GS state , if there exist a transformation
H:R" — R™, amanifold M = {(z,y)|ly = H(x)},
and aset B = B, x By C R" x R™ with M C B
such that all trajectories of systems (4) with initial
conditions in basin B approach M as time goes to
infinity.

Theorem 3['"] The GS occurs in systems (4) if
and only if for all (zg,yo) € B the response system
¥ = g(y, h(z)) is asymptotically stable.

Now, we study the impulsive GS with a given syn-
chronization manifold.

Given a drive system
& = Az + o(x) (5)

and a synchronization manifold y = H(z) with a con-
tinuous inverse x = H ~!(y), we construct a response
system as follows:
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g =(DH ' ((y) " AH(y) + (DH ™ (y)) " 'p(H™ 1 (y)),
Ayl,—, = —(DH(y)) "' Bz — H(y)), (6)

y(td) =vo, to <1,

where DH~1(y) is the Jacobian matrix of the vector
function H1(y).

Theorem 4 Assume ¢(z) —¢(y) = My y(x —y),
||M,,|| < L.22 Let d be the largest eigenvalue of
(I + BT)(I + B), where B is Hermitian, the spectral
radius of I+ B, p(I+ B) <1, and let ¢ be the largest
eigenvalue of A+ AT and the impulses be equi-spaced

e=d—DH '(y)y = Alx — H ' (y)) + o(x) — o(H 1 (y)) = Ae + M, g1,

Ael,_, = Be, i=1,2, ...,

Let V(t,e) = eTe, for t # 7,

DtV(t,e) = e"Ae+ e ATe+ e M, g1 e
—I—eTM;l:H,l(y)e < qgeTe+2LeTe
= (q+2L)eTe = (¢ + 2L) V(t,e).

Hence condition 1 of Theorem 1 is satisfied when
g(t,w) = (¢ +2L)w.

B is Hermitian, so is I + B. By using the Eu-
clidean norm we have p(I + B) = ||I + B].

Given any po > 0 and e € S, we have

le+U(,e)|| =lle+Bel[<|[I+Bl|le]|
=p(I +B)lle]| <[[e]l

Thus we know e + U(i,e) € Sy, .

For t = 7;, we have V (7;, e+ Be) = (e+Be)T(e+Be) =
el(I+ BTY)(I + B)e < dV(r,e).

Hence condition 2 of Theorem 1 is satisfied when
¢; = dw. We can see that condition 3 of Theorem
1 is also satisfied. It follows from Theorem 1 that the
asymptotic stability of the impulsively controlled sys-
tem (6) is implied by that of the following comparison
system

t # T,

wtd) =wo >0

w=(¢+2L)w,
w(Ti) = dw(ﬁ-),

1
Since 0 < (¢ +2L) < —Zln(ﬁd), E>1,0<éd< 1,
we have [ (¢ + 2L)dt 4 In(éd) < 0. Tt follows from

i=1,2,...,

with an interval A. If 0 < (¢+2L) < —% In(¢d), £ >
1,0 < &d < 1, then the impulsive GS between systems
(5) and (6) is asymptotically stable and the synchro-
nization manifold is M = { (z,y)|y = H(z)}.

Proof Letting e =  — H~(y), then the error
system is given by

Theorem 2 that the origin of Eq.(7) is asymptotically
stable; that is, the impulsive GS between (5) and (6)
is asymptotically stable and the synchronization man-
ifold is M = {(z,y)|y = H(z)}.

4. Numerical examples

In these examples, we study the impulsive GS
with weak couplings as follows:

0 0 0
C=10-01 0 )

0 0 -01
In(&dy)

ithg=-02, =11, A=— :
w1 75 ) q+2L

Example 1 (Linear GS)

Let the synchronization manifold y = H(x) =
Pz + @, where P € R™", and Q € R™*! are con-
stant matrices, P is invertible. The drive system is a
Lorenz oscillator expressed as & = Ax + ¢(x), where

—a a 0 0
A= r =1 0 |,andp(x)=| —zyzg |with pa-
0 0 -b T122

8
rameters a = 10, b = =, and r = 28.
In this case we construct a response system as
given in Eq.(6)
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y=PAP ' (y— Q)+ Por(P ' (y—Q)), t#7i
Ay| :_PC(I_Pil(y_Q))v t_T’La 1_1725' ’ (8)
y(t3) = vo, to <71
-100 0 —a a 0 —af
Choose P=| 0 10|,and Q= |0 where A= 1 11|, ¢ = 0 , and
001 0 0 —B8 0

The numerical results are shown in Figs.1 and 2
with L = 50, and A = 0.002. In Fig.1(a) we plot the
attractor of Lorenz chaotic system and the response
system (8) without impulsive control; in Fig.1(b) we
plot the attractor of Lorenz chaotic system and the
response system (8) with impulsive control.

Example 2 (Nonlinear GS)
Let the synchronization manifold y = H(x) be

Y1 = 21, Y2 = T2 +x3—23, and y3 = x3. The drive sys-
tem is a Chua’s oscillator expressed as & = Ax + p(x),

50 §

3

20

—50—20 z1

1
f=0br + E(a = b)(Jz1 + 1| — |x1 — 1]), with param-
B = 1487, v =0, a = —1.27,
The response system is given in

eters a = 10,
and b = —0.68.
1 = Y1,

Eq.(6), with x = H1(y): To =ys — Y3 + yg, and

T3 = Y3-
10 0
DH Y(y)= 101 —1+2y3
00 1

The numerical results are shown in Figs.3 and 4
with L = |aa|, and A = 0.0029.

50 5

—50 —20

Fig.1. (a) Lorenz chaotic attractor and the response system (8) without impulsive control (above row); (b)
Lorenz chaotic attractor and the response system (8) with impulsive control (below row).
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xr1 T2 z3

Fig.2. (a) Relationships between Lorenz chaotic attractor and the response system (8) without impulsive control;
(b) Relationships between Lorenz chaotic attractor and the impulsively controlled response system (8).

-50 —5 Y1

—50—5

Fig.3. (a) Attractor of Chua’s oscillator and the response system (6) without impulsive control (above row);
(b) Attractor of Chua’s oscillator and the response system (6) with impulsive control (below row).
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Fig.4. GS errors without (a) and with (b) impulsive control respectively, where e1 = 1 — y1,e2 = z2 —

(y2 —ys +v2), and e3 = x3 — ya.

5. Conclusion

In this paper, we have investigated the issue on
the impulsive generalized synchronization of chaotic
systems. We have constructed a response system and
used impulsive control theory to demonstrate theoreti-
cally that this response system can achieve the impul-

sive generalized synchronization with the drive sys-
tem, with the synchronization manifold being a given
manifold. Examples, including linear impulsive GS
and nonlinear impulsive GS, along with computer sim-
ulation results, provide us with a chance to visualize
the satisfactory control performance.
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