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In the measurement-based model of quantum computing, a one-way quantum computer consisting of many qubits

can be immersed in a common environment as a simple decoherence mechanism. This paper studies the dynamics of

entanglement witness for 3-qubit cluster states in the common environment. The result shows that environment can

induce an interesting feature in the time evolution of the entanglement witness: i.e., the periodical collapse and revival

of the entanglement dynamics.
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Quantum entanglement is one of the essential fea-
tures of quantum mechanics and plays also a cru-
cial role in quantum information theory. The cre-
ation and measurement of the entanglement have been
an interesting and important topic since it was first
noticed by Einstein, Podolsky, and Rosen (EPR).[!
In recent years, much research has been devoted to
study the properties of the entangled states induced
by environment.?=6! Tt is well known that in all phys-
ical processes there is an associated loss mechanism,
known as decoherence,!”) which is one of the biggest
obstacles in quantum information processing. A quan-
tum system loses its quantum characteristics if it
opens to the environment. However, the environment
can also provide an indirect interaction between the
subsystems without a direct interaction and thus a
means to entangle them. For such an indirectly inter-
acting system, it is interesting to know the dynamics
of quantum entanglement.

It has been shown that two qubits without a direct
coupling but interacting with the environment could
be entangled®®! when evolving according to a Marko-
vian, completely positive reduced dynamics.ls! The
phase-induced collapse and revival of entanglement
for two qubits have been investigated in Ref.[3]. This
work concerning the two-qubit entanglement has not
only led to significant implication in our understand-
ing of quantum entanglement and quantum dynamics,
but also to an effective approach for creating entan-

glement applicable to quantum computation. Never-
theless, entanglement of many qubits(®! are needed for
quantum tasks such as quantum computation based
on cluster states.[%) The cluster states of many qubits
are an essential physical resource for the so-called one-
way quantum computation.'9=13] Based on such a re-
source, single-qubit measurements on a large set of
entangled quantum system are sufficient to undertake

quantum computation.

In this paper, we aim at studying entanglement
dynamics of a 3-qubit cluster state (which is actu-
ally also a Greenberger—Horne—Zeilinger state for the
three-qubit case, cluster states of more qubits are not
equivalent to the corresponding Greenberger—Horne—
Zeilinger states) in the common environment. In the
measurement-based model of quantum computing, a
one-way quantum computer consisting of many qubits
could be immersed in a common environment. The
situation under consideration could be exactly the
case where the one-way quantum computer interacts
with the common environment as a simple decoher-
ence mechanism of one-way quantum computing. In
the following, we first solve the time evolution of the
system and the environment. Then, by using the en-
tanglement witness operator'¥ made up of stabilizer
operators, 1516 we study the dynamics of the quan-
tum entanglement for the 3-qubit cluster state. It is
worthwhile to point out that, while we merely consider
the three-qubit case as an illustrative example in the
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present paper, our analysis is equally applicable to the
case of multiple qubits.

Consider the following model for a 3-qubit system
interacting with a common environment of a single

harmonic oscillator:17:18]

3
H = hwaJra—l—thUiz (a+ +a) ,
i=1

(1)

where w and a™ (a) is frequency and creation (annihila-
tion) operator of the harmonic oscillator respectively,
0 is the z-component of the Pauli matrices of the ith
qubit, and g is a coupling constant. In order to con-
veniently obtain the time evolution of the total states
for the system and environment, we take the following
unitary transformation:[19=21

H =UHU™!,

U= o2 Shioi(at—a), (2)
With the help of the unitary transformation (2), the
Hamiltonian (1) can be rewritten as

H = UHU!

3
1
hwata — gleﬂ Z 02052 — Leg.  (3)

i#j=1

1

|W(t)>=ﬁ

3hg?

where I.g = is the indirect three-qubit coupling
w

induced by the harmonic oscillator. Under the uni-
tary transformation (2), the time evolution of the total

state is given by

iHt

(W () =e T @ (0) = U e U |W(0). (4)

For a given initial state, it is easy to obtain the time-

dependent state from Eq.(4). Now, suppose that an

initial state is | ¥ (0)) = |¢ (0))®|0) g, where |0) is the

initial state for the environment, and system’s initial

state is a cluster statel”]
1

W (O)> = \/5 (|+>1 |0>2 |+>3 + |_>1 |1>2 |_>3) : (5)

This cluster state is the eigenstate of the following

stabilizer operators:[!9]

Sk |1 (0)) =¥ (0)), (6)
S1 = oMol

So = Ugl)af)agg),

Sy =oPgd), (7)

Substituting the initial state |¥ (0)) into Eq.(4), we
obtain the total state at time ¢ as

e—ia2 sim(wt){69i0t—8io¢2 sin w [1000) ® [3ax (t)>E +111) ® |-3a (t)>E]

+ei(~)t[(|0>1 |0>2 |1>3 + |1>1 |()>2 |()>3 + |0>1 |1>2 |0>3) ® |a(t))

E
F(11)110)3 (D)5 = 1001 [1)3 [1)g = [1)1 [1)210)5 © [—a (t)>E)]}-

Where

alt) =« (e_i“’t - 1) -9 (e_i“t - 1) , 9)
w

Ieff 92 g
0=— == == 10
3h w YT (10)
In order to investigate the entanglement for the 3-
qubit state in Eq.(8), we apply the stabilizer witness
operators'4 to detect the entanglement for the entan-
gled states. To do this, let us first recall the definition
of the entanglement witness.[?) For a given state p,
its entanglement can be measured by entanglement

witness operator W which is defined as 22!

>0 for all separable states,
Tr (Wp) = (11)
< 0 for entangled states.

Based on the definition of the entanglement witness,
one can construct the corresponding witness operator
for the given state. Then the entanglement of the state
can be determined by the expectation value of the wit-
ness operator. In Ref.[14], it was proposed that the
entanglement witness (i.e., stabilizer witness) which
detects the entanglement close to cluster states can
be constructed by the elements of the stabilizer. The
stabilizer witness provides us an effective approach for
measuring the multipartite entangled states. The sta-
bilizer witness which detects N-qubit entanglement

close to a cluster state is defined as(*¥

O =1 8 sy

for k=1,2,---,N—1,
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where the cluster state |Cy) satisfies the eigenvalue
equation S,(CCN ) |Cn) = |Cn) with the following stabi-
lizer operators:

S%CN) =oVe?),
SI(CCN) _ ng—l)ogk)agkﬂ)’ k=2,3,--- N —1,
SJ(\SN) = oN=DgN), (13)

For the case of three qubits in Eq.(12) W,gCN) is

Wi =1 - gl _ g{Cs). (14)

It is easy to see that the entanglement witness in
Eq.(14) for the cluster state (6) is equal to —1, i.e.

(W (0)| W% |y (0)) = —1.

From Eq.(14), through some straightforward calcula-

(15)
tions, we can obtain the following results:

(@ ()] SO | @ (8)) = (@ (1) S | @ (1)
— %e—4a2(l—cos(wt)) (1 + cosy (t)) ,

where

v (t) =8 (0t — o’ sin(wt)) . (16)

Finally, we obtain the entanglement witness in Eq.(8)
as follows:

(@ ()] W | (1))
= 1 — e 4ot (mcoswi) (1 4 cosy (). (17)
From the above result in Eq.(17), one can see that the
dynamical behaviour of witness for three-qubit cluster

2 (1) = ¢ (1)) @ [0)
N
-

+ |0>1 |1>2 |0>3 + |1>1 |0>2 |1>3 - |0>1 |1>2 |1>3 - |1>1 |1>2 |0>3 ® |O>E] } :

When the qubits without interaction interact with the
common environment, it is easy to see from the above
analysis that the environment induces the indirect in-
teraction between qubits and causes the collapse and
revival of the entanglement witness of the qubits. In
the case of weak coupling (w > g), although the sys-

state which is induced by the environment is deter-
mined by the parameters w and g. The entanglement
witness of the three qubits exhibits the periodical col-
lapse and revival under the condition of w > g (see
Fig.1). In the case of w > g, we have the result of
e~da’(1=cos(@b) ~ 1~ (f) ~ 80t. Thus the witness
(17) becomes

(@ ()| W) | W (1)) = — cos (861) . (18)

Witness
1.0

0.5

—0.5

—1.0

Fig.1. The dynamical behaviour of the entanglement wit-
ness for a 3-qubit system. Initially in a cluster state and
in the common environment. The periodical collapse and
revival of the entanglement dynamics is given under the
condition of w > g.

It is obvious that Eq.(18) also exhibits the periodical
collapse and revival of entanglement dynamics for the
time evolution of the 3-qubit system. It also means
that the environment state is almost always in the vac-
uum state. Therefore, in this case, the state | ¥ (¢)) in
Eq.(8) becomes the product state

7 [1000) +[111) @ [0)g] + (|0, 0}, [1)5 + [1), 10), [0),

tem and the environment are in the product state,
the system is still in entangled states and shows the
exactly periodical collapse and revival of the entan-
glement witness for the three-qubit system. In fact,
if the initial state of the environment is in coherent
state |a), we can still obtain the result of Eq.(18).
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Let us consider the case in which initial state of the environment is in a coherent state |a), i.e., the initial

state of the system and environment is

170) = [ O) @lalg = (142,100,105 + 1)1 11105 ) @ e

Then from Eq.(4), we obtain the total state | ¥ (¢)) as follows:

1 i —24ia” sin(w —12ia” sin(w
@ (1)) = —={e [j000) & e7280" ) ) (1)) + [111) @ €7 12000000 g (1))

2v/2

Lt [(|0>1 0)5 |1)5 + (1) ]0)5]0)5 + |0}, |1)5]0)3) @ e~ dia®sin(wt) | (t)g

(11, 10)5 115 = 103, [1)3 115 = 1) [1)210); @ la)g) | }- (20)

where

lo1 () = }a (4e_iwt - 3)>E J
|z () = [—a (267 = 3)) .,
las () = }a (2e_iwt - 1)>E :

Using Eq.(14), we obtain the entanglement witness of
the 3-qubit system in Eq.(20)

<!p (t)| Wl(C3) | W (t)> —1_ e—4a2(1—cos(wt)) cos 3 (t)

1
—56740‘2(17605(“)0) [COS " (t)

+ cosya ()], (21)
where

71 (t) = 80t — 220 sin(wt),
vo (t) = 80t — 1002 sin(wt),
3 (t) = 602 sin(wt).
Obviously, in the special case of w > g, Eq.(21)
becomes Eq.(18). In this case, |a; (t))g (i =1,2,3)
are very close to |a)g, i.e., the overlap (a | o; (t)) ~ 1.

This means that the environment state is almost al-
ways in the coherent state.

In conclusion, we have studied the dynamical be-
haviour of the entanglement witness for a 3-qubit clus-
ter state in the common environment. The test of en-
tanglement for the 3-qubit cluster state can be realized
by stabilizer operators in Ref.[14]. We have demon-
strated the fundamental role of the environment in
such an entanglement dynamics. The result shows
that the environment can induce an interesting fea-
ture in the time evolution of the entanglement wit-
ness: i.e., the periodical collapse and revival of the
entanglement dynamics. When the frequency w of the
harmonic oscillator for the environment and the cou-
pling constant g satisfy the relation w > ¢, the sys-
tem and the environment are in the product state, and
dynamics of the entanglement witness for the system
takes the cosine function. Using our method, one can
study the entanglement dynamics of cluster states for
an N-qubit system in the common environment by us-
ing the corresponding witness operators. And similar
entanglement dynamics can be expected. In such an
N-qubit system, the situation corresponds to the case
where a one-way quantum computer interacts with a

common environment.
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