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Sudden death of entanglement of a quantum model*
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In this paper the so-called sudden death effect of entanglement is investigated in a quantum model. The results

show that one can expect the resurrection of the original entanglement to occur in a periodic way following each sudden

death event. The length of the time interval for the zero entanglement depends not only on the degree of entanglement

of the initial state but also on the initial state.
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Entanglement is one of the most striking features
of quantum mechanics. It plays a fundamental role in
almost all efficient protocols of quantum computation
(QC) and quantum information processing (QIP).[' =3I
In recent years, there has been an ongoing effort to
characterize qualitatively and quantitatively the en-
tanglement properties and apply them in quantum
communication and information.[5=1 More recently,
entanglement decoherence has been studied in connec-
tion with obstacles to realizing various QIP schemes.
Particularly, entanglement can decay to zero abruptly
in a finite time, this phenomenon is termed entangle-
ment sudden death.['23] The purpose of this paper
is to examine two interesting time-evolution quantum
systems that have no route for mutual interaction, but
whose mutual entanglement nevertheless evolves in an
unusual way. Figure 1 shows the system configuration
that we will consider.
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Fig.1. The system configuration diagram used in this pa-
per.

The two atoms are in a perfect one-mode near-
resonant and lossless cavity, but there is no interac-

tion between the two atoms. We can get a mixed
state of atom A and atom B by tracing over the cav-
ity modes at time ¢t. For a pair of qubits, we will
adopt concurrencel'¥l C (p) as the entanglement mea-
sure (1 > C > 0).

The system discussed here consists of two two-
level atoms confined in a linear trap which has been
surrounded by an optical cavity.['5) We refer to atom
A and atom B. The Hamiltonian describing the system
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where a and a' denote the annihilation and cre-
ation operators for the single mode cavity field re-
spectively, and ol = [e)ule|] — |g)ulgl, o’ = |e)ulgl,
ol = |g)ule|(l = A,B) are the atomic operators. wy
and wy are the atomic transition frequencies of atom
A and atom B, respectively. g is the coupling strength
between the cavity and atom. Here we investigate two
two-level atoms resonantly coupling with one mode
optical cavity, i.e. w1 = w3 = w, = w. Clearly there
will be no interaction between atom A and atom B.
For greatest simplicity, we assume that the cavity
is prepared initially in the vacuum state |0) and the
two atoms are in a pure entangled state specified be-
low. This allows a uniform measure of quantum entan-
glement concurrence. In principle, there are three dif-
ferent concurrences which provide information about
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With an
obvious notation we can denote these as CAB, ¢4,

the overall entanglements that may arise.

CB. Here we confine our attention to CAB.

We assume that the two atoms are initially in a
partially entangled atomic pure state which is a com-
bination of Bell states usually denoted by |#F), we
have

| Yatom) = cos[a]|eg) + sinfa]|ge), (2)

where the first index denotes the state of atom A and
the second denotes the state of atom B. Thus the ini-
tial state for the system (1) can be given by

|¥(0)) = (cosalleg) + sin[a]|ge)) @ |0)
= cos|a]leg0) + sin[a]|ge0). (3)

The solution of the system in terms of the standard
basis can be written as

|¥(t)) = 21]eg0) + 22|ge0) + 23]gg0), (4)
the corresponding coefficients are

1
x1 = §9+(9, + coszm]),

xTg = —%GJF(G, — cos[zm]),

i

\/§9+ sin[x7], (5)

T3 =

V2gt

The information about the entanglement of two

where 01 = cos[a] £ sin[a] and x =

atoms is contained in the reduced density matrix pB
for the two atoms which can be obtained from Eq.(4)
by tracing out the photonic part of the total pure

state. p™P can be given in the basis |ee), |eg), |ge)
and |gg) by
0 0 0 0
AB 0 |21]? 2125 0

= ) (6)

0 xom} |22 0

00 0 [ug?

where * stands for the complex conjugate. It can be
shown that the concurrence of the density matrix (6)

is given by
CAB(t) = 2max{|z x5, 0}. (7)

Figure 2 shows that sudden death effect arises for a
smaller «. Entanglement can fall abruptly to zero
and will remain zero for a period of time before en-
tanglement recovers for the smaller o for which the
entanglement is weaker when ¢t = 0. This is different

from the results obtained by Yénac et al.['”]
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Fig.2. The concurrence for the two atoms with the initial

atomic state |WPatom) = cos[a]leg) + sin[a]|ge). (solid
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It is assumed that the initial state for the total

system is in a combination of the other two Bell states
|2F):

|#(0)) = cos[a]|ee0) + sin[a]|gg0). (8)

In this case the state of the total system at time ¢ can
be expressed in the standard basis:

|(t)) = 1]ee0) + 22|g90)
+aslgel) + zalegl) +xsl992),  (9)

where the coefficients are given by:

i(2 J\r/g)m} 7

1
x = ZLi cos[a] exp [—

22 = sinfa] exp [17;] ,
w3 =14 = —% cos[a] sin F%] exp {—i%] :
T5 = %LZ’_ cos[a] exp {—%} (10)

with k£ = = and Ly = 41 + exp[iv27z]. In the basis

)
of |ee), |eg), |ge) and |gg) the reduced density matrix

p*B is now found to be

|z12 0 0 x12s
PAB = 0 |za]? zq} 0 (11)
0 z32} |xs)? 0 7
roxt 0 0 |wof®+ |as)?

and the concurrence for this matrix is given by

CAB(t) = max {sin[2a] cos [%] — 2)z5|%, o} .(12)
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From Fig.3, we can see that sudden death effect
The smaller the
initial degree of entanglement is, the longer the state

also arises for this initial state (8).

will stay in the disentangled separable state. For the
same initial entanglement value, comparing Fig.2 with
Fig.3, we can see that the state (8) has longer length
of the time interval for the zero entanglement than
that of state (2).

In summary, we have investigated the entangle-
ment existed in a quantum model consisting of two
two-level atoms and a single mode cavity. There is
no interaction between the two atoms. We found that
sudden death effect arises when the initial state is a
combination of typical Bell state for both |¥*) and
|2%).
entanglement depends not only on the degree of en-

The length of the time interval for the zero

tanglement of the initial state but also on the initial
state.
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Fig.3. The concurrence for the two atoms with the initial

atomic state |Patom) = cos[a]|ee) + sinfa]|gg). (solid
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