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Using the projective Riccati equation expansion (PREE) method, new families of variable separation solutions

(including solitary wave solutions, periodic wave solutions and rational function solutions) with arbitrary functions

for two nonlinear physical models are obtained. Based on one of the variable separation solutions and by choosing

appropriate functions, new types of interactions between the multi-valued and single-valued solitons, such as a peakon-

like semi-foldon and a peakon, a compacton-like semi-foldon and a compacton, are investigated.
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1. Introduction

Modern soliton theory is applied in almost all

fields of physics, such as fluid mechanics, plasma

physics, nonlinear optics, condensed matter physics,

etc.[1] Particularly, some localized coherent theories of

(2+1)-dimensional soliton systems have been proved

to be of considerable interest. For instance, the dis-

covery, via the Bäcklund transformation by Boiti et

al
[2] of dromion type of coherent solutions of the

Daver–Stewartson I system has renewed the interest

in (2+1)-dimensional soliton systems. In the recent

decade, the main effort to study higher-dimensional

physical models has focused on single valued localized

excitations, such as solitoffs, dromions, rings, lumps,

breathers, instantons, peakons, compactons, localized

chaotic, and fractal patterns, etc.[3−8] However, in re-

ality there are various complicated phenomena like

the ordinary bubbles on a fluid surface, which are

folded in a simple way but they cannot be described

by the single valued functions obviously, neither can

the various types of ocean waves. In Refs.[9,10],

some multi-valued localized excitations have been in-

troduced to describe the folded solitary wave and de-

fine a new type of soliton, i.e. foldon, if the inter-

action between the folded solitary waves (FSWs) is

fully elastic (that is, the amplitudes, velocities and

wave shapes of two solitons do not change after their

interaction). Actually, the simple foldons in lower di-

mensions can be equivalently called the loop solitons

which can be found in many (1+1)-dimensional in-

tegrable models[11,12] and have been applied to some

physical branches like the quantum theory, string the-

ory and particle physics.[13−16] However, comparing

with these known lower-dimensional foldons, we know

little about foldons in higher dimensions.

In this paper, we try to reconsider this case in

higher dimensions. A transformation is first obtained

from the well-known projective Riccati equation[17,18]

and this transformation is taken as an intermediate

to solve the (1+1)-dimensional nonlinear Schrödinger

equations

u(x, t)xx + u(x, t)v(x, t) − ku(x, t) = 0, (1)

u(x, t)x − v(x, t)t = 0, (2)

where k is an arbitrary constant, and the

(2+1)-dimensional modified dispersive water-wave

(MDWW) system

uyt + uxxy − 2vxx − (u2)xy = 0, (3)

vt − vxx − 2(uv)x = 0, (4)
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where u ≡ u(x, y, t) and v ≡ v(x, y, t) are two func-

tions of the independent variables {x, y, t}. As a re-

sult, three types of new variable separation solutions

including the traditional travelling wave solutions of

these celebrated equations are derived. And then,

from a particular variable separation solution and by

choosing appropriate functions, novel types of interac-

tions between the multi-valued and single-valued soli-

tons are discussed.

2. Solutions of the projective Ric-

cati equation and its expansion

method

The well-known projective Riccati equations read

f ′(ξ) = pf(ξ)g(ξ), (5)

g′(ξ) = q + pg2(ξ) − rf(ξ), (6)

where p 6= 0 is a real constant, q and r are two real constants.[17,18] Through a direct verification, we have the

following lemma.

Lemma When p = ±1, the functions f ≡ f(ξ) and g ≡ g(ξ) of the projective Riccati equations (5) and (6)

have the following solutions:[19]

(a) When pq < 0, Eqs.(5) and (6) have a solitary solution

f =
q

r + s cosh(
√−pqξ) + h sinh(

√−pqξ)
, and g = −

√−pq

p

s sinh(
√−pqξ) + h cosh(

√−pqξ)

r + s cosh(
√−pqξ) + h sinh(

√−pqξ)
, (7)

where s and h are arbitrary constants. Here, the relation between f and g is

g2 = −1

p

[

q − 2rf +
r2 + h2 − s2

q
f2

]

. (8)

(b) When pq > 0, we have the trigonometric function solution

f =
q

r + s cos(
√

pqξ) + h sin(
√

pqξ)
, and g =

√
pq

p

s sin(
√

pqξ) − h cos(
√

pqξ)

r + s cos(
√

pqξ) + h sin(
√

pqξ)
, (9)

where s and h are arbitrary constants. Here, the re-

lation between f and g is

g2 = −1

p

[

q − 2rf +
r2 − h2 − s2

q
f2

]

. (10)

(c) When q = 0, Eqs.(5) and (6) admit a rational

solution

f =
2

prξ2 + C1ξ − C2
,

and

g = − 2prξ + C1

(prξ2 + C1ξ − C2)p
, (11)

where C1, C2 and r are arbitrary constants. The rela-

tion between f and g then satisfies

g2 =
2r

p
f +

C2
1 + 4C2pr

4
f2. (12)

The basic idea of our algorithm is as follows.

For a given nonlinear partial differential equation

(NPDE) with independent variables X ≡ (x0 =

t, x1, x2, · · · , xm), and dependent variable u ≡ u(X),

P (u, ut, uxi
, uxixj

, · · ·) = 0, (13)

where P is a polynomial function of its argument, and

the subscripts denote the partial derivatives, we as-

sume that its solution is written in the standard trun-

cated Painlevé expansion, namely

u = A0(X) +
n

∑

i=1

(Ai(X)f(ξ(X))

+Bi(X)g(ξ(X)))f i−1(ξ(X)), (14)

where A0(X), Ai(X) and Bi(X) (i = 1, · · · , n) are ar-

bitrary functions of the variable X to be determined,

and f ≡ f(ξ(X)) and g ≡ g(ξ(X))) satisfy the projec-

tive Riccati equations (5) and (6).

To determine u explicitly, one can take the fol-

lowing procedure. First, in a way similar to the

usual function transformation approach, we can de-
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termine n by balancing the highest-order nonlin-

ear term with the highest-order partial derivative

term in Eq.(13). Second, substituting Eq.(14) along

with Eqs.(5) and (6) into the given NPDE, collect-

ing the coefficients of the polynomials of f igj (i =

0, 1, · · · , j = 0, 1) and eliminating each of them,

we can derive a set of partial differential equations

of A0(X), Ai(X), Bi(X) (i = 1, · · · , n) and ξ(X).

Third, to obtain A0(X), Ai(X), Bi(X) (i = 1, · · · , n)

and ξ(X), we solve these partial differential equa-

tions. Finally, substituting A0(X), Ai(X), Bi(X) (i =

1, · · · , n), ξ(X) and the solutions (7), (9) and (11) into

Eq.(14), one can derive exact solutions of the given

NPDE.

3. Applications to the given equa-

tions

3.1. The (1+1)-dimensional nonlinear

Schrödinger equations

The (1+1)-dimensional nonlinear Schrödinger

equations (1) and (2) have been proven to be related to

the sine-Gordon equation by Miura transformation[20]

and are also called negative Korteweg-de Vries system

(NKdV).[21]

According to the balancing procedure, we assume

that the solutions of Eqs.(1) and (2) are

u = A + Bf(ξ) + Cf2(ξ) + Dg(ξ) + Ef(ξ)g(ξ), (15)

v = a + bf(ξ) + cf2(ξ) + dg(ξ) + ef(ξ)g(ξ), (16)

where A, B, C, D, E, a, b, c, d, e and ξ are arbitrary

functions of {x, t} to be determined, f ≡ f(ξ) and

g ≡ g(ξ) satisfy the projective Riccati equations (5)

and (6). Substituting Eqs.(15) and (16) along with

Eqs.(5) and (6) into Eqs.(1) and (2), collecting co-

efficients of polynomials of f igj (i = 0, 1, 2, 3, 4, j =

0, 1) and setting each of the coefficients to zero, we

can derive a set of partial differential equations of

A, B, C, D, E, a, b, c, d, e and ξ. It is difficult to ob-

tain the general solution of these algebraic equations

based on the solutions of Eqs.(5) and (6). Fortunately,

in the case of ξ = χ(x) + ϕ(t), where χ ≡ χ(x) and

ϕ ≡ ϕ(t) are two arbitrary variable separated func-

tions of x and t, respectively, we can obtain solutions

of Eqs.(1) and (2), that is

(a) For p = ±1, q, r, s and h are arbitrary con-

stants (pq < 0, h2 + r2 < s2), we have the solitary

solutions

u =
1

qχx

(−qχxxx + qkχx + pq2χ3
x + 3p(±

√

(s2 − h2 − r2)pqχxχxx − qrχ3
x)f(ξ)

−3p(s2 − h2 − r2)χ3
xf2(ξ) − 3pqχxχxxg(ξ) ± 3p

√

(s2 − h2 − r2)pqχ3
xf(ξ)g(ξ)),

v =
3

q
pχxϕtf(ξ)(−qr − (s2 − h2 − r2)f(ξ) ±

√

(s2 − h2 − r2)pqg(ξ)), (17)

where the coupled functions f(ξ) and g(ξ) satisfy Eq.(7).

(b) For p = ±1, q, r, s and h are arbitrary constants (pq > 0, s2 + h2 > r2), we have the trigonometric

function solutions

u =
1

qχx

(−qχxxx + qkχx + pq2χ3
x + 3p(±

√

(s2 + h2 − r2)pqχxχxx − qrχ3
x)f(ξ)

−3p(s2 + h2 − r2)χ3
xf2(ξ) − 3pqχxχxxg(ξ) ± 3p

√

(s2 + h2 − r2)pqχ3
xf(ξ)g(ξ)),

v =
3

q
pχxϕtf(ξ)(−qr − (s2 − h2 − r2)f(ξ) ±

√

(s2 − h2 − r2)pqg(ξ)), (18)

where the coupled functions f(ξ) and g(ξ) satisfy Eq.(9).

(c) For p = ±1, q = 0, C1, C2 and r are arbitrary constants (C2
1 + 4C2pr > 0), we obtain the rational

solutions

u =
1

4χx

(−4χxxx + 4kχx + 6p(±
√

C2
1 + 4C2prχxχxx − 2rχ3

x)f(ξ)

−3p2(C2
1 + 4C2pr)χ3

xf2(ξ) − 12pχxχxxg(ξ) ± 6p2
√

C2
1 + 4C2prχ3

xf(ξ)g(ξ)),

v =
3

4
pχxϕtf(ξ)(−4r − p(C2

1 + 4C2pr)f(ξ) ± 2p

√

C2
1 + 4C2prg(ξ)), (19)
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where the coupled functions f(ξ) and g(ξ) satisfy

Eq.(11).

3.2. The (2+1)-dimensional MDWW

system

The (2+1)-dimensional MDWW system was used

to model nonlinear and dispersive long gravity waves

travelling in two horizontal directions on shallow wa-

ters of uniform depth, and can also be derived from the

well-known Kadomtsev–Petviashvili (KP) equation

using the symmetry constraint.[22] Abundant propa-

gating localized excitations were derived by Tang et

al
[3] with the help of Painlevé–Bäcklund transforma-

tion and a multilinear variable separation approach.

According to the balancing procedure, we can also

assume that the solutions of Eqs.(3) and (4) are

u = A + Bf(ξ) + Cg(ξ), (20)

v = a + bf(ξ) + cf2(ξ) + dg(ξ) + ef(ξ)g(ξ), (21)

where A, B, C, a, b, c, d, e and ξ are arbitrary functions

of {x, y, t} to be determined, f ≡ f(ξ) and g ≡ g(ξ)

satisfy the projective Riccati equations (5) and (6).

Substituting Eqs.(20) and (21) along with Eqs.(5) and

(6) into Eqs.(3) and (4), collecting coefficients of poly-

nomials of f igj (i = 0, 1, 2, 3, 4, j = 0, 1) and setting

each of the coefficients to zero, we can derive a set of

partial differential equations of A, B, C, a, b, c, d, e and

ξ. In the case of ξ = χ(x, t) + ϕ(y), where χ ≡ χ(x, t)

and ϕ ≡ ϕ(y) are two arbitrary variable separated

functions of {x, t} and y, respectively, we can obtain

solutions of Eqs.(3) and (4), that is

(a) For p = ±1, q, r, s and h are arbitrary con-

stants (pq < 0, h2 + r2 < s2), we have the solitary

solutions

u =
1

2χx

(χt − χxx) ± 1

2q

√

(s2 − h2 − r2)pqχxf(ξ) − 1

2
pχxg(ξ),

v =
1

2q
pχxϕyf(ξ)(−qr − (s2 − h2 − r2)f(ξ) ±

√

(s2 − h2 − r2)pqg(ξ)), (22)

where the coupled functions f(ξ) and g(ξ) satisfy Eq.(7).

(b) For p = ±1, q, r, s and h are arbitrary constants (pq > 0, s2 + h2 > r2), we have the trigonometric

function solutions

u =
1

2χx

(χt − χxx) ± 1

2q

√

(s2 + h2 − r2)pqχxf(ξ) − 1

2
pχxg(ξ),

v =
1

2q
pχxϕyf(ξ)(−qr − (s2 + h2 − r2)f(ξ) ±

√

(s2 + h2 − r2)pqg(ξ)), (23)

where the coupled functions f(ξ) and g(ξ) satisfy Eq.(9).

(c) For p = ±1, q = 0, C1, C2 and r are arbitrary constants (C2
1 + 4C2pr > 0), we obtain the rational

solutions

u =
1

2χx

(χt − χxx) ± 1

4

√

C2
1 + 4C2prχxf(ξ) − 1

2
pχxg(ξ),

v =
1

8
pχxϕyf(ξ)(−4r − p(C2

1 + 4C2pr)f(ξ) ± 2p

√

C2
1 + 4C2prg(ξ)), (24)

where the coupled functions f(ξ) and g(ξ) satisfy Eq.(11).

4. New types of interactions between solitons in the (2+1)-dimensional

MDWW system

In this section, we discuss a novel localized structure for the physical quantity v expressed by Eq.(23). For

simplicity, we take the constants p = −1, q = −1, r = 3, s = 2 and h = 4, then formula (23) becomes the

following trigonometric function solution:

V ≡ v =
(6 +

√
11) sin(χ + ϕ) + (3 − 2

√
11) cos(χ + ϕ) + 10

(4 sin(χ + ϕ) + 2 cos(χ + ϕ) + 3)2
χxϕy, (25)
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where χ ≡ χ(x, t) is an arbitrary function of {x, t} and

ϕ ≡ ϕ(y) is an arbitrary function of y. Owing to the

arbitrariness of the functions χ and ϕ included in the

expression (25), the physical quantity V may obvi-

ously extend to several different types of structures,

such as the multi-soliton solutions, multi-dromion

and dromion lattice solutions, multiple ring soliton

solutions, breathers, instantons, oscillating solitons,

peakons, compactons, chaotic and fractal localized so-

lutions. For instance, a dromion solution which is

localized in all directions can be driven by multiple

straight-line and straight-line ghost solitons. When

the functions χ and ϕ are, for simplicity chosen as

χ =

M
∑

i=1

eKix+Lit+x0i ,

ϕ = 1 +

N
∑

i=1

ekiy+y0i ,

where Ki, Li, ki, x0i and y0i are arbitrary constants

and M and N are positive integers, we can obtain

a particular multi-dromion solution for the physical

quantity V . Meanwhile, when functions χ and ϕ are

considered to be some piecewise smooth functions, we

can derive some multi-peakon excitations for the phys-

ical quantity V . For example, when

χ =
M
∑

i=1







χi(x + kt), x + kt ≤ 0,

−χi(−x − kt) + 2χi(0), x + kt > 0,

ϕ =

N
∑

i=1







ϕi(y), y ≤ 0,

−ϕi(−y) + 2ϕi(0), y > 0,

where the functions χi(x + kt) and ϕi(y) are the dif-

ferentiable functions of the indicated arguments and

possess the boundary conditions

χi(±∞) = A±i, (i = 1, 2, · · · , M),

ϕi(±∞) = B±i, (i = 1, 2, · · · , N),

with A±i and B±i being constants or even infinity,

we can derive a particular multi-peakon solution for

the physical quantity V . Since these similar situ-

ations have been widely discussed in some previous

literature,[23−27] the related plots are neglected in our

present paper. Here we are interested in revealing

some new types of interactions between solitons in the

(2+1)-dimensional MDWW equation.

Based on the physical quantity V expressed in

Eq.(25), semi-folded localized structures can be dis-

cussed, when the function ϕ is a single valued function

and χ is chosen via the relations

χx =

N1
∑

i=1

αi(ζ − dit), x = ζ +

N2
∑

j=1

βj(ζ − ejt),

and

χ =

∫ ζ

χxxζdζ, (26)

where di and ej (i = 1, 2, · · · , N1, j = 1, 2, · · · , N2)

are arbitrary constants, αi and βj are localized ex-

citations with the properties αi (±∞) = 0, and βj

(±∞) =const. From Eq.(26), one can know that ζ

may be a multi-valued function in some suitable re-

gions of x by choosing the functions βj appropriately.

Therefore, the function χx, which is obviously an in-

teraction solution of N1 localized excitations due to

the property ζ|x→∞ → ∞, may be a multi-valued

function of x in these areas, though it is a single valued

function of ζ. Actually, most of the known multi-loop

solutions are the particular cases of Eq.(26).

4.1. Interaction between a peakon-like

semi-foldon and a peakon

Owing to the arbitrariness of the functions in

Eq.(25), we can discuss the interaction behaviour be-

tween a peakon-like semi-foldon and a peakon by

choosing the function ϕ, a single valued function, and

χ as Eq.(26) with N1 = N2 = 1, namely

χx = 0.8sech2ζ + 0.4sech2(ζ − 0.3t),

x = ζ − 1.5 tanh(ζ − 0.3t), χ =

∫ ζ

χxxζdζ, (27)

ϕ = 8 +











1

4
e2y, y ≤ 0,

1 − 1

4
e−2y, y > 0.

(28)

The corresponding evolution profiles are depicted in

Fig.1, from which one can find that the semi-folded

coherent structure possesses a novel property, namely,

it folds as a loop soliton in the x-direction but lo-

calizes as a peakon in the y-direction, so we call it

a peakon-like semi-foldon. From Fig.1(d), we can see

that the interaction between the multi-valued peakon-

like semi-foldon and the single-valued peakon is non-

fully elastic since the amplitudes of the static peakon

and the moving semi-peakon are both changed. This

property is different from the fully elastic interac-

tion between either the single-valued and single-valued

solitons,[26] or the multi-valued and multi-valued soli-

tons (foldons).[27]



No. 7 The projective Riccati equation expansion method and variable separation solutions for ... 1853

Fig.1. Evolution profiles of the interaction between a peakon-like semi-foldon and a peakon determined by Eq.(25) with

conditions (27) and (28) at (a) t = −18, (b) t = −1, (c) t = 18; (d) The evolution of V with the variables x and t at y = 0.

4.2. Interaction between a 2-compacton-like semi-foldon and a 2-compacton

Similarly, one of the most simple choices for discussing the interaction between a compacton-like semi-foldon

and a compacton is to take an arbitrary multi-valued function and an arbitrary single-valued function, i.e. χ is

chosen as Eq.(27), and ϕ has the following form:

ϕ = 8 +



















0, x ≤ −π

2
,

0.005 sin3 x, −π

2
< x ≤π

2
,

2, x >
π

2
.

(29)

From Fig.2, we can also find that the interaction between the multi-valued 2-compacton-like semi-foldon and

the single-valued 2-compacton is non-fully elastic since the amplitudes of the static compactons and the moving

semi-foldons both increase with the time increasing.

Fig.2. Evolution profiles of the interaction between a 2-compacton-like semi-foldon and a 2-compacton determined by Eq.(25)

with conditions (27) and (29) at (a) t = −18, (b) t = −1, (c) t = 18; (d) The evolution of V with the variables x and t at y = 1.
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5. Summary and discussion

We must point out that for the projective Riccati

equations (5) and (6), when letting f(ξ) = p(g(ξ)− r)

and r2 = − q

p
, we can derive the traditional Ric-

cati equation, namely φ
′

(ξ) = σ + φ2(ξ), only if

φ(ξ) ≡ p

(

g(ξ) − 1

2
r

)

and σ ≡ 1

4
pq. From this point,

the approach we introduced here is a more generalized

method than the mapping approach via the Riccati

equation.[23−25]

With the help of the projective Riccati equation

expansion method, we have obtained three types of

variable separation solutions to the (1+1)-dimensional

nonlinear Schrödinger equations and the (2+1)-

dimensional modified dispersive water-wave system,

respectively, which include solitary wave solutions, pe-

riodic wave solutions and rational function solutions.

In a usual case, based on the solitary wave solu-

tions (22) and the variable separation solutions (24),

one can find abundant localized excitations. However,

in this paper, we have successfully revealed some lo-

calized patterns from the periodic wave solutions (23).

From a special variable separation solution and by

choosing appropriate functions, novel types of interac-

tions between the multi-valued and single-valued soli-

tons have been found. From the derived profiles, one

find that their interactions are non-fully elastic, which

is different from the fully elastic interaction between

either the single-valued and single-valued solitons, or

the multi-valued and multi-valued solitons (foldons).

Moreover, the work in this paper gives a worth-

while example about how to use direct and simple

method to obtain variable separation solutions for

other physical systems, since Zheng et al applied the

mapping method to the BKK hierarchy. It is also

implied that this simple and direct method is an al-

ternative method to realize variable separation for the

physical systems. The physical interpretation of these

solutions and actual applications in reality will be in-

vestigated in future papers.

Acknowledgments

The authors are indebted to Professors Zhang J

F, Zheng C L and Drs Zhu J M, Huang W H for their

helpful suggestions and fruitful discussions.

References

[1] Lou S Y 1998 Phys. Rev. Lett. 80 5027

[2] Boiti M, Leon J, Martina L and Pempinelli F 1988 Phys.

Lett. A 102 432

[3] Tang X Y, Lou S Y and Zhang Y 2002 Phys. Rev. E 66

46601

[4] Lou S Y, Chen C L and Tang X Y 2002 J. Math. Phys.

43 4078

[5] Zhang J F, Guo G P and Wu F M 2002 Chin. Phys. 11

533

[6] Zhang J F, Huang W H and Zheng C L 2002 Acta Phys.

Sin. 51 2676 (in Chinese)

[7] Zhu J M, Ma Z Y and Zheng C L 2004 Acta Phys. Sin.

53 3248 (in Chinese)

[8] Zheng C L, Chen L Q and Zhang J F 2004 Chin. Phys.

13 592

[9] Tang X Y and Lou S Y 2003 J. Math. Phys. 44 4040

[10] Wu X F, Zhu J M and Ma Z Y 2005 Chin. Phys. 14 2395

[11] Vakhnenkl V O 1992 J. Phys. A: Math. Gen. 25 4181

[12] Morrison A J, Parkes E J and Vakhnenkl V O 1999 Non-

linearity 12 1427

[13] Matsutani S 1995 Mod. Phys. Lett. A 10 717

[14] Schleif M and Wunsch R 1998 Eur. Phys. J. A 1 171

[15] Kakuhata H and Konno K 1999 J. Phys. Soc. Jpn. 68 757

[16] Matsutani S 2000 J. Geom. Phys. 43 146

[17] Yan Z Y 2003 Chaos, Solitons and Fractals 16 759

[18] Fu Z T, Liu S D and Liu S K 2004 Phys. Lett. A 326 364

[19] Wang Z, Li D S, Lu H F and Zhang H Q 2005 Chin. Phys.

14 2158

[20] Verosky J M 1991 J. Math. Phys. 32 1733

[21] Nimmo J J C 1992 Phys. Lett. A 168 113

[22] Lou S Y and Hu X B 1997 J. Math. Phys. 38 6401

[23] Zheng C L, Fang J P and Chen L Q 2004 Z. Naturforsch

A 59 912

[24] Zheng C L, Fang J P and Chen L Q 2005 Acta Phys. Sin.

54 1468 (in Chinese)

[25] Ma Z Y and Zheng C L 2006 Chin. Phys. 15 45

[26] Zhang J F, Meng J P and Huang W H 2004 Commun.

Theor. Phys. (Beijing) 42 161

[27] Tang X Y and Lou S Y 2003 Commun. Theor. Phys. (Bei-

jing) 40 62


