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The Holevo capacity of a generalized
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The Holevo capacity of a generalized amplitude-damping channel is investigated by using a numerical method.

It is shown that the Holevo capacity depends on the channel parameters representing the ambient temperature and

fidelity. In particular, under a special condition, the Holevo capacity of the generalized amplitude-damping channel can

be written as an analytical expression.
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In quantum information theory, a central prob-

lem is how to calculate the capacities of quantum

channels.[1−12] Physically, a quantum channel may

be described by a completely positive and trace-

preserving (CPTP) map from input-state density ma-

trices to output-state density matrices.[13,14] Unlike

classical channels, which are adequately character-

ized by a single capacity, quantum channels have sev-

eral distinct capacities, such as the Holevo classi-

cal channel capacity,[15] entanglement-assisted classi-

cal capacity,[16] adaptive classical capacity,[17] and so

on. Here, we shall focus on the Holevo classical chan-

nel capacity. The Holevo capacity is the asymptotic

classical communication that may be achieved by us-

ing joint measurements on output states, but the in-

put states are unentangled.[15] The Holevo capacity of

a quantum channel Φ is determined by

C(Φ) = sup
pi,ρi

S[Φ(ρ̄)] − ΣipiS[Φ(ρi)], (1)

where ρ̄ = Σpiρi, and S(ρ) = −Trρ log2 ρ is the von

Neumann entropy of density operator ρ. The pi is the

probability of the input state ρi, and therefore must

be non-negative, and the total probabilities of all the

input states must sum to 1. In general, it is difficult

to determine the Holevo capacity C(Φ) by expression

(1). Up to now, many researchers have developed only

some special methods and calculated the Holevo ca-

pacity of some quantum channels.[18−21] However, to

the best of our knowledge, the Holevo capacity of the

generalized amplitude-damping channel (GADC) has

not been calculated yet. The GADC is one of the

most important noisy quantum channels, and it can

describe the effect of dissipation to an environment at

a finite temperature.[22] In this paper, we will calcu-

late the Holevo capacity of the GADC and discuss its

dependence of channel parameters. In particular, we

will consider a special case where the Holevo capacity

of the GADC may be exactly expressed by an analytic

formula.

In the Bloch sphere representation, a general

qubit density operator may be expressed as

ρ =
1

2
(1 + r · σ), (2)

where σ is the vector of Pauli operators (σx, σy, σz)
T.

The Bloch vector r is a real three-dimensional vector

(x, y, z)T, which is equal to 1 in magnitude when rep-

resenting a pure state density matrix, but less than 1

for a mixed (non-pure) density matrix. The compo-

nents of vector r determine a position of state in the

Bloch Sphere.

A qubit channel Φ maps the sphere of possible

input states into an ellipsoid, and may be expressed

as[20]

Φ(ρ) =
1

2
[1 + (Λr + t) · σ], (3)

where

Λ =





λ1 0 0

0 λ2 0

0 0 λ3



 , and t =





t1

t2

t3



 . (4)
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The λk and tk (k = 1, 2, 3) are real parameters which

must satisfy certain constrains in order to ensure that

the matrix above represents a CPTP qubit map. The

unital maps correspond to t = 0.

For the GADC, the qubit channel can be deter-

mined by[22]

Φ(ρ) =
∑

i

AiρA
†
i , (5)

where

A1 =
√
p

(

1 0

0
√
η

)

,

A2 =
√
p

(

0
√

1 − η

0 0

)

,

A3 =
√

1 − p

(√
η 0

0 1

)

,

A4 =
√

1 − p

(

0 0√
1 − η 0

)

. (6)

The parameter p ∈ [0, 1] represents the temperature

of the environment, and η ∈ [0, 1] is a parameter rep-

resenting fidelity. This channel induces the following

affine maps into the Stokes parameter space





x′

y′

z′



 =





√
η 0 0

0
√
η 0

0 0 η









x

y

z





+





0

0

(2p− 1)(1 − η)



 , (7)

that is, r → Λr + t, where

Λ =





√
η 0 0

0
√
η 0

0 0 η



 ,

t =





0

0

(2p− 1)(1 − η)



 . (8)

The stationary state of the GADC is

ρ∞ =

(

p 0

0 1 − p

)

, (9)

which satisfies ΦGADC(ρ∞) = ρ∞. When p = 0

or 1, the channel reduces to an amplitude-damping

channel.[22]

Besides expression (1), the Holevo capacity can

also be calculated by using relative entropy[19] as fol-

lows:

C = C(Φ) = min
ψ0

max
ρ0

D[Φ(ρ0)‖Φ(ψ0)], (10)

where D is a relative entropy

D(ρ‖ψ) = Tr(ρ log ρ− ρ logψ). (11)

Note that we usually take our logarithms to the base

2. The relative entropy can be evaluated using the

following useful formula from Ref.[18]:

D(ρ‖ψ) =
1

2
[f(r) − log(1 − q2) − r cos(θ)f ′(q)], (12)

where

f(x) = (1 + x) log(1 + x) + (1 − x) log(1 − x), (13)

f ′(x) = log
(1 + x

1 − x

)

. (14)

The Bloch vectors for ρ and ψ are r and q, respec-

tively, and we also define r = |r|, q = |q|, and

cos(θ) = r · q/rq.
We call an ensemble of channel output states an

optimal ensemble if this ensemble achieves the Holevo

capacity.[19] In the following, we shall take the states

ρ = Φ(ρ0) and ψ = Φ(ψ0) as output states from the

channel. If ψ = Σkpkρk is an average output density

operator for an optimal ensemble, the operators ρk

that maximize D(ρk‖ψ) are possible output states for

this ensemble. It is shown in Ref.[18] that the opti-

mal ensemble is not necessarily unique because there

may be different ways of choosing the probabilities

such that Σkpkρk = ψ. However, the optimal average

output state is unique.

In our particular case, in order to calculate the

capacity of the GADC, we must know the optimal en-

semble. So, it is important to find the optimal ensem-

ble of the GADC. If we consider only the restricted

case of channels Φ such that the x and y components

of t both are zero, and use the notation t = t3, then t

in expression (4) is given by

t =





0

0

t



 . (15)

For this kind of special channels, Ref.[21] has given

the following theorems.

Theorem 1 For a CPTP map Φt,Λ, with Λ and

t given by expressions (4) and (15) respectively, if

λm = |λ3| or A 6∈ (0, 1/2), where

A =
t2λ2

3

λ2
m − λ2

3

− 1 + λ2
m + t2 (16)

and λm = max(|λ1|, |λ2|), then there exists an ensem-

ble that gives the maximum output Holevo informa-

tion and has two states.
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Theorem 2 For a CPTP map Φt,Λ, with Λ and t

given by expressions (4) and (15) respectively, the con-

dition that λm = |λ3| orA 6∈ (0, 1/2) may be expressed

as two alternative mutually exclusive conditions:

condition 1. λm ≤ |λ3| or A ≥ 1/2,

condition 2. λm > |λ3| and A ≤ 0.

If condition 1 is satisfied, the optimal ensemble

consists of two states on the z-axis. If condition 2 is

satisfied, there is an optimal ensemble consisting of

two states that are equidistant from the z-axis and lie

on a line perpendicular to and intersecting the z-axis.

For the GADC, from expression (8), we know

λ1 = λ2 =
√
η, λ3 = η and t = (2p − 1)(1 − η).

So the value of A in Theorem 1 can be easily calcu-

lated. We obtain A = 4p(1 − η)(p − 1). η ∈ [0, 1]

and p ∈ [0, 1], hence A ≤ 0, that is, the condition

A 6∈ (0, 1/2) in Theorem 1 is satisfied. Thus the op-

timal ensemble of the GADC requires two states. At

the same time,
√
η > η (η 6= 0, 1) and A ≤ 0, hence

condition 2 in Theorem 2 holds. Consequently these

two states are equidistant from the z-axis and lie on

a line perpendicular to and intersecting the z-axis.

By using the method similar to that provided

in Ref.[21], we take it that the input state has

r = (sinφ, 0, cosφ)T, then the output state has r =

(λ1 sinφ, 0, t+λ3 cosφ)T, and the average output state

ψ has q = (0, 0, qz)
T. From the above analyses, we

know that the optimal ensemble of the GADC con-

sists of two states, which are equidistant from the z-

axis and lie on a line perpendicular to and intersect-

ing the z-axis. Therefore, we can assume that, when

φ = ±φ0, the D(ρ‖ψ) is maximum. Then, according

to expressions (10)–(12), the Holevo capacity of the

GADC becomes

C = D(ρ±‖ψ) =
1

2
[f(r±) − log(1 − q2z)

− (t+ λ3 cosφ0)f
′(qz)], (17)

where φ0 satisfies the following equation:[21]

[(λ2
m − λ2

3) cosφ0 − tλ3]f
′(r±)/r± = −f ′(qz)λ3, (18)

and λm =
√
η, λ3 = η and t = (2p− 1)(1 − η).

Because ψ must be the average of the two ρ± and

the z-components of the two r± are equal in mag-

nitude, the z component of q must be also equal to

the z-component of r+ or r− in magnitude. In other

words, if ψ is optimal, the z-component of r should be

equal to the z-component of q in magnitude. There-

fore, the optimal ensemble may be found by finding

the solution of expression (18) with qz = rz . That is

to say,

qz = t+ λ3 cosφ0 = (2p− 1)(1 − η) + η cosφ0. (19)

So

cosφ0 =
qz − (2p− 1)(1 − η)

η
, (20)

r± =

√

η sin2 φ0 + q2z =
√

η(1 − cos2 φ0) + q2z . (21)

Substituting expressions (20) and (21) into Eq.(18)

and solving this equation, we can obtain the value of

qz numerically. Then, the capacity of the GADC may

be determined numerically by substituting qz into ex-

pression (17). It is evident that the Holevo capacity

of the GADC is a function of the channel parameters

p and η, i.e. C = C(p, η).

Fig.1. The Holevo capacity C versus channel parameter

p for (a) different values of η and (b) a fixed value η = 0.5.

Through the numerical computation, we obtain

the relationship between the Holevo capacity and the

channel parameters as shown in Figs.1 and 2. Examin-

ing these diagrams, we have the following conclusions.

(1) For an arbitrary fixed value of η (η 6= 0, 1), the val-

ues of C are symmetric about the channel parameter

p = 0.5. That is to say, C(0.5 + x, η) = C(0.5 − x, η)

with x ∈ [−0.5, 0.5]. These can be seen from Fig.1.

Furthermore, when p = 0.5, the corresponding value
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of C is minimum for any fixed value of η. It is shown

in this situation that the corresponding temperature

of the environment is the worst for transmitting the

information for a GADC, because p is a parameter

that represents the temperature of the environment.

(2) For any fixed value of p, the larger η is, the larger

C will be. In other words, the Holevo capacity C is

a monotonically ascending function of η for any fixed

value of p. This is reasonable, since η is a parameter

that describes fidelity. Moreover, C → 0 as η → 0,

and C → 1 as η → 1. These can be easily seen from

Fig.2.

Fig.2. The Holevo capacity C versus channel parameter

η for different values of p : 0 (curve a), 0.1 (curve b), 0.2

(curve c) and 0.5 (curve d).

Now, we consider a special case. When p = 0.5,

t in expression (8) reduces to t = 0, i.e., the GADC

reduces to a unital channel. Using the method pro-

vided in Ref.[18], we obtain the Holevo capacity of

the GADC as follows:

C = 1 − S(|λmajor axis|) = 1 − S(
√
η)

= 1 +
(1 +

√
η

2

)

log2

(1 +
√
η

2

)

+
(1 −√

η

2

)

log2

(1 −√
η

2

)

. (22)

This shows in this case the Holevo capacity of the

GADC can be exactly written as an analytical ex-

pression. From expression (22), we can easily obtain

the plot of the Holevo capacity C versus the channel

parameter η in Fig.3. It is well identical with curve d

in Fig.2 obtained by the numerical method.

Fig.3. The channel capacity C versus the channel param-

eter η when p = 0.5.

When p = 0 or 1, the GADC reduces to an

amplitude-damping channel. In expressions (17)–(21),

letting p = 0, η = 0.36, or p = 1, η = 0.36, we can

obtain C = 0.360022 through numerical calculation.

This is well consistent with the result in Ref.[18].

In summary, we have calculated the Holevo chan-

nel capacity of the GADC. The numerical calculation

illustrates clearly that the Holevo capacity C of the

GADC varies with the channel parameters p and η.

When the value of p is fixed, the Holevo capacity C

is a monotonically ascending function of the channel

parameter η. When the value of η is fixed, the ca-

pacity is symmetric about p = 0.5. Moreover, when

p = 0.5, the corresponding capacity is minimum for a

fixed value of η (η 6= 0, 1). It is shown that the ca-

pacity of the GADC to transmit information is worst

in this environment, because p is a parameter that

represents the temperature of the environment. In

particular, when p = 0.5, we obtain an analytic rela-

tionship between the Holevo capacity C and the chan-

nel parameter η. At the same time, when p = 0 or 1,

the GADC reduces to an amplitude-damping channel.

The Holevo capacity of an amplitude-damping channel

is a special case of our results about the GADC. Cal-

culating the capacities of quantum noisy channels is

an important task in quantum information theory. We

expect our results to be useful for the transmission of

information through the quantum noisy channels and

to arouse more interest in this subject.
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