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Under the travelling wave transformation, the Camassa–Holm equation with dispersion is reduced to an integrable

ordinary differential equation (ODE), whose general solution can be obtained using the trick of one-parameter group.

Furthermore, by using a complete discrimination system for polynomial, the classification of all single travelling wave

solutions to the Camassa–Holm equation with dispersion is obtained. In particular, an affine subspace structure in the

set of the solutions of the reduced ODE is obtained. More generally, an implicit linear structure in the Camassa–Holm

equation with dispersion is found. According to the linear structure, we obtain the superposition of multi-solutions to

Camassa–Holm equation with dispersion.
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1. Introduction

The Camassa–Holm (CH) equation[1−4] reads as

ut + 2kux − uxxt + 3uux = 2uxuxx + uuxxx, (1)

which describes shallow water waves. The CH equa-

tion has been studied from several aspects.[1−15] Ca-

massa and Holm have found that this equation ex-

hibits ‘peakons’ when k = 0, that is, solitary wave

solutions with discontinuous first derivative at their

crests. This peakons have the following form:

u = c exp(−|x − ct|). (2)

For an arbitrary value of k, Liu et al
[13,14] have shown

that the CH equation has peakons as

u = (c + k)exp(−|x − ct|) − k. (3)

Liu and Qian[15] have also obtained a kind of general-

ized kink and anti-kink wave solutions. In 2001, based

on the CH equation, Dullin[16] derived the Camassa–

Holm equation with dispersion, expressed as

ut + 2kux + 3uux − ε(uxxt

+ 2uxuxx + uuxxx) + γuxxx = 0, (4)

where k, ε and γ are constants. If k = ǫ = 0 and

γ = 1, then the Camassa–Holm equation with disper-

sion becomes the Korteweg de Vries (KdV) equation.

If ε = 1 and γ = 0, the Camassa–Holm equation with

dispersion becomes the CH equation. Dullin[16] has

obtained peakons in the case of k = γ = 0. The

peakons in some special cases are given in Refs.[17–

21]. These peakons are the so-called weak solutions

or generalized solutions. Here we consider classical

solutions.

In the present paper, we give the complete clas-

sification of classical travelling wave solutions of

Camassa–Holm equation with dispersion. Apply-

ing the invariance property of the reduced Camassa–

Holm equation with dispersion under a one-parameter

group, we obtain a general solution of the re-

duced equation. Furthermore using a direct inte-

gral method and complete discrimination system for

polynomial,[22−24] we give the classifications of trav-

elling wave solutions to Camassa–Holm equation with

dispersion. This complete result is valuable for study-

ing the physical properties of Camassa–Holm equa-

tion with dispersion. In addition, we find a two-

dimensional affine subspace structure in the set of the

solutions of the reduced ODE. More generally, an im-

plicit linear structure in Camassa–Holm equation with

dispersion is found. According to the linear struc-

ture, we give the superposition of multi-solutions to

Camassa–Holm equation with dispersion.
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2. Classification of travelling

wave solutions to Camassa–

Holm equation with dispersion

Under the travelling wave transformation u =

u(ξ), and ξ = x − ct, the Camassa–Holm equation

with dispersion is reduced to the following ODE:

(2k − c)u′ + 3uu′ − ε(uu′′′

+ 2u′u′′ − cu′′′) + γu′′′ = 0. (5)

Integrating it once yields the following equation:

u′′ +
1

2(u − c − γ/ε)
(u′)2

− 3u2 − 2(c − 2k)u + c0

2ε(u − c − γ/ε)
= 0, (6)

where c0 is an arbitrary constant.

So we only need to solve Eq.(6).

Lemma The general solution of Eq.(6) is as fol-

lows:

±(ξ − ξ0) =

∫

√

ε(u − c − γ/ε)

(u − c − γ/ε)3 + d2(u − c − γ/ε)2 + d1(u − c − γ/ε) + d0
du, (7)

where ξ0 and d0 are two arbitrary constants, d2 = 2c+

2k+3γ/ε, and d1 = 3(c+γ/ε)2+2(2k−c)(c+γ/ε)+c0.

Proof Since Eq.(6) is invariant under the follow-

ing one-parameter group

ξ∗ = ξ + ǫ, (8)

u∗ = u, (9)

we can reduce Eq.(6) to a first-order ODE. Therefore,

we take a new variable z = u′, and then we have

u′′ = z(dz/du). Substituting those terms into Eq.(6)

and denoting z2 = W yield

dW

du
+

1

u − c − γ/ε
W

− 3u2 − 2(c − 2k)u + c0

ε(u − c − γ/ε)
= 0. (10)

Let

p(u) =
1

u − c − γ/ε

and

q(u) = −3u2 − 2(c − 2k)u + c0

ε(u − c − γ/ε)

and using the method of variation of constants, then

we will have the general solution of Eq.(10) as follows:

W (u) = exp
(

−
∫

p(u)du
)

×
[

c1 −
∫

q(u)exp
(

∫

p(u)du
)

du
]

, (11)

where c1 is an integral constant. Since W = z2 =

(du/dξ)2, substituting the expressions of p(u) and

q(u) into Eq.(11), rescaling arbitrary constant c1 and

arranging the result obtained yield Eq.(7), therefore

the proof is completed.

Now we give the classification of all single travel-

ling wave solutions to Camassa–Holm equation with

dispersion. We have the following results.

Theorem 1 All travelling wave solutions to the

Camassa–Holm equation with dispersion can be clas-

sified as follows:

Case 1. ǫ > 0.

Case 1.1. d0 = 0. Denote ∆ = d2
2 − 4d1. There

exist two cases to be discussed:

Case 1.1.1. If ∆ = 0, then the corresponding

solutions to Eq.(5) are

u = c1exp
(

± ξ√
ε

)

− k − γ

2ε
, (12)

where c1 is an arbitrary constant.

Case 1.1.2. If ∆ > 0 or ∆ < 0, then the corre-

sponding solution of Eq.(5) is

u = c1exp
( ξ√

ε

)

+ c2exp
(

− ξ√
ε

)

− k − γ

2ε
, (13)

where c1 and c2 are two arbitrary constants.

Case 1.2. d0 6= 0. Denote

∆ = −27
(2d3

2

27
+ d0 −

d1d2

3

)2

− 4
(

d1 −
d2
2

3

)3

, (14)

D1 = d1 −
d2
2

3
, (15)

where ∆ and D1 constitute a complete discrimination

system for

F (u) =
(

u +
ω

k

)3

+ d2

(

u +
ω

k

)2

+ d1

(

u +
ω

k

)

+ d0.

There are the following four cases to be discussed:
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Case 1.2.1. If ∆ = 0, and D1 < 0, then we have

F (u) = (u − α)2(u − β), α 6= β. Take the change of

the variable

u =
βv2 − c − γ/ε

v2 − 1
(16)

and its inverse transformation

u − c − γ/ε

u − β
= v2, (17)

then we will have

± 1√
ε
(ξ − ξ0) = ln

∣

∣

∣

v + 1

v − 1

∣

∣

∣
+

√

α − c − γ/ε

α − β
ln

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

v −
√

α − c − γ/ε

α − β

v +

√

α − c − γ/ε

α − β

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

,
(α − c − γ/ε

α − β
> 0

)

(18)

and

± 1√
ε
(ξ − ξ0) = ln

∣

∣

∣

v + 1

v − 1

∣

∣

∣
− 2

√

α − c − γ/ε

β − α
arctan

(

v

√

β − α

α − c − γ/ε

)

,
(α − c − γ/ε

β − α
> 0

)

. (19)

Case 1.2.2. If ∆ = 0, and D1 = 0, then we have F (u) = (u − α)3, the solution is as follows:

± 1

2
√

ε
(ξ − ξ0) = ±

√

u − c − γ/ε

u − α
+

1

2
ln

∣

∣

∣

∣

∣

∣

∣

∣

√

u − c − γ/ε

u − α
∓ 1

√

u − c − γ/ε

u − α
± 1

∣

∣

∣

∣

∣

∣

∣

∣

. (20)

Case 1.2.3. If ∆ > 0, and D1 < 0, then

F (u) = (u − α)(u − β)(u − ρ). Assume α > β > ρ,

and take the change of variable

u =
αv2 − c − γ/ε

v2 − 1
, (21)

then the corresponding integral will become

±
√

(α − β)(α − ρ)

2
√

ε(α − c − γ/ε)
(ξ − ξ0)

=

∫

{

1 +
1

2

( 1

v − 1
− 1

v + 1

)}

× 1
√

(v2 + A)(v2 + B)
dv, (22)

where

A =
β − c − γ/ε

α − β

and

B =
ρ − c − γ/ε

α − ρ
.

It is easy to see that the integral in Eq.(22) can be

expressed by the elliptic integrals of the first kind and

the third kind.

Case 1.2.4. If ∆ < 0, then we have F (u) =

(u− α)(u2 + pu + q), p2 − 4q < 0. Take the change of

variable

v2 =
u − c − γ/ε

u − α
,

then the corresponding integral will become

± ξ − ξ0√
ε(α − c − γ/ε)

=

∫

(

1 +
1

v − 1

) 1
√

v(Av2 + Bv + C)
dv, (23)

where

A = pα + q + α2,

B = −(2α + p)
(

c +
γ

ε

)

− pα − 2q,

and

C =
(

c +
γ

ε

)2

+ p
(

c +
γ

ε

)

+ q,

with B2 − 4AC < 0. It is easy to see that the corre-

sponding integral in Eq.(23) can be expressed by the

elliptic integrals of the first kind and the third kind.

Case 2. ε < 0.

Case 2.1. d0 = 0. Let ∆ = d2
2 − 4d1. If ∆ ≤ 0,

then there exist no solutions at all. So we only con-

sider the case of ∆ > 0. When −2k−γ/(2ε)−
√

∆/2 <

u < −2k − γ/(2ε) +
√

∆/2, we have

u = −2k − γ

ε
±

√
∆

2
sin

( 1√
−ε

(ξ − ξ0)
)

, (24)

which can be rewritten as follows

u = −2k− γ

ε
+c1 sin

( 1√
−ε

ξ
)

+c2 cos
( 1√

−ε
ξ
)

, (25)
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where c1 and c2 are two arbitrary constants. These

are periodic solutions.

Case 2.2. d0 6= 0. ∆, D1 and F (u) are the same

as those above. There appear also the following four

cases that are to be discussed:

Case 2.2.1. If ∆ = 0, and D1 < 0, then we have

F (u) = (u − α)2(u − β), α 6= β. Take the change of

the variable

u =
βv2 + c + γ/ε

1 + v2
, (26)

its inverse transformation

u − c − γ/ε

u − β
= −v2, (27)

then we will have

± 1√
−ε

(ξ − ξ0) = 2 arctanv −
√

α − c − γ/ε

β − α
ln

∣

∣

∣

∣

∣

∣

∣

∣

v −
√

α − c − γ/ε

β − α

v +

√

α − c − γ/ε

β − α

∣

∣

∣

∣

∣

∣

∣

∣

,

(

α − c − γ/ε

β − α
> 0

)

(28)

and

± 1√−ε
(ξ − ξ0) = 2 arctanv − 2

√

α − c − γ/ε

α − β
arctan

(

v

√

α − β

α − c − γ/ε

)

,

(

α − c − γ/ε

α − β
> 0

)

. (29)

Case 2.2.2. If ∆ = 0, and D1 = 0, then we have F (u) = (u − α)3, its solutions are as follows:

± 1

2
√
−ε

(ξ − ξ0) = 2

√

u − c − γ/ε

α − u
− 2 arctan

(

√

u − c − γ/ε

α − u

)

. (30)

Case 2.2.3. If ∆ > 0, and D1 < 0, then

F (u) = (u − α)(u − β)(u − ρ). Assume α > β > ρ,

and take the change of variable

u =
αv2 − c − γ/ε

v2 − 1
, (31)

then the corresponding integral will become

±
√

(α − β)(α − ρ)

2
√−ε(α − c − γ/ε)

(ξ − ξ0)

=

∫

{

1 +
1

2

( 1

v − 1
− 1

v + 1

)}

× 1
√

−(v2 + A)(v2 + B)
dv, (32)

where

A =
β − c − γ/ε

α − β

and

B =
ρ − c − γ/ε

α − ρ
.

If A > 0 and B > 0, it is easy to see that no solu-

tion can be given. In other cases, it is easy to see that

the integral in Eq.(32) can be expressed by the elliptic

integrals of the first kind and the third kind.

Case 2.2.4. If ∆ < 0, then we have F (u) =

(u− α)(u2 + pu + q), p2 − 4q < 0. Take the change of

variable

v2 =
u − c − γ/ε

α − u
,

then the corresponding integral will become

± ξ − ξ0√
−ε(α − c − γ/ε)

=

∫

(

1 − 1

v − 1

) 1
√

v(Av2 + Bv + C)
dv, (33)

where A = pα+q+α2, B = −(2α+p)(c+γ/ε)+pα+2q,

and C = (c+γ/ε)2−p(c+γ/ε)+q, with B2−4AC < 0.

It is easy to see that the corresponding integral in

Eq.(33) can be expressed by the first kind and the

third kind of elliptic integrals.

Remark 1 By calculating the integral in Eq.(7),

we can directly obtain the solutions of Eq.(6). Of

course, those solutions are also the solutions of Eq.(5).

If we rescale the arbitrary constants ξ0 and c0, then we

can give the solutions of Eq.(5) in more simple forms

such as solutions (12) and (13). On the other hand,

we can verify easily solutions (13) to Eq.(5) by substi-

tuting expression (13) directly into Eq.(5) and using

u′′′ = u′/ε, and u′′ = (1/ε)(u + k + γ/ε).
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3. Superposition of multi-solu-

tions to Camassa–Holm equa-

tion with dispersion

According to case 1.2 in Section 2, we find an

interesting fact, that is, affine superposition of two so-

lutions u1 = exp(x − ct) and u2 = exp(−(x − ct))

is also a solution to Eq.(5). This is because Eq.(5)

has a special structure. In fact, Eq.(5) includes

two parts, one part is −cu′ + cεu′′′, the other is

2ku′ + 3uu′ − εuu′′′ − 2εu′u′′ + ru′′′. If we take

−cu′ + cεu′′′ = 0, (34)

2ku′ + 3uu′ − εuu′′′ − 2εu′u′′ + ru′′′ = 0, (35)

then from Eq.(34), we have u′ = εu′′′, therefore

Eq.(35) becomes u+k+r/(2ε) = εu′′. It is easy to see

that these two equations are compatible. Therefore,

if we take v = u + k + r/(2ε), these two equations

become linear equations v′′ = v/ε essentially. In this

case, the superposition property of the solutions v is

found. Thus there is a two-dimensional linear sub-

space in the set of the solutions of v-equations. When

ε > 0, the corresponding bases are e1 = exp(x − ct)

and e2 = exp(−(x − ct)). When ε < 0, the bases are

e1 = sin(ξ/
√
−ε) and e2 = cos(ξ

√
−ε). This means

that there is a two-dimensional affine subspace in the

set of the solutions of u-equations.

More generally, we find an implicit linear struc-

ture in the Camassa–Holm equation with dispersion.

In fact, we rewrite the Camassa–Holm equation with

dispersion as

ut − εuxxt = ε(2uxuxx + uuxxx)

− γuxxx − 2kux − 3uux. (36)

Letting the left and the right sides both are zeros

yields two equations

ut − εuxxt = 0, (37)

ε(2uxuxx + uuxxx) − γuxxx − 2kux − 3uux = 0. (38)

Integrating Eq.(37) with respect to t, we have

u = εuxx + f(x). (39)

If we take f(x) = −k − γ/(2ε), then ux = εuxxx, and

Eq.(38) is satisfied automatically. Therefore, we find

a linear structure in the Camassa–Holm equation with

dispersion, that is,

u + k +
γ

2ε
= εuxx. (40)

Let v = u + k + γ/(2ε), then the above equation be-

comes

v = εvxx. (41)

When ε > 0, its general solution is as follows:

v(x, t) =
∑

[

gi(t)exp
( x√

ε
− si(t)

)

+ hi(t)exp
(

− x√
ε
− ri(t)

)]

, (42)

where gi(t), hi(t), si(t) and ri(t) all are arbitrary func-

tions. The corresponding u-solution is

u(x, t) =
∑

[

gi(t)exp
( x√

ε
− si(t)

)

+ hi(t)exp
(

− x√
ε
− ri(t)

)]

− k − γ

2ε
. (43)

When ε < 0, the general v-solution is

v(x, t) =
∑

[

gi(t) sin
( x√−ε

− si(t)
)

+ hi(t) cos
( x√

−ε
− ri(t)

)]

, (44)

and the corresponding u-solution is

u(x, t) =
∑

[

gi(t) sin
( x√

−ε
− si(t)

)

+ hi(t) cos
( x√

−ε
− ri(t)

)]

− k − γ

2ε
. (45)

Through the above illustration, we show easily the

affine superposition of multi-solutions to Camassa–

Holm equation with dispersion using an implicit lin-

ear structure. Consequently, we have the following

results:

Theorem 2 When ε > 0, the Camassa–Holm

equation with dispersion has the following solution:

u(x, t) =
∑

[

gi(t)exp
( x√

ε
− si(t)

)

+ hi(t)exp
(

− x√
ε
− ri(t)

)]

− k − γ

2ε
; (46)

when ε < 0, the corresponding solution becomes

u(x, t) =
∑

[

gi(t) sin
( x√

−ε
− si(t)

)

+ hi(t) cos
( x√

−ε
− ri(t)

)]

− k − γ

2ε
, (47)

where gi(t), hi(t), si(t) and ri(t) all are arbitrary func-

tions.

Remark 2 In order to compare with the trav-

elling wave solutions, we have not written the expres-

sions (46) and (47) in more simple forms.
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4. Conclusions

In summary, according to the invariance property

of Eq.(5) under a one-parameter group, we reduce it

to the first-order ODE and give its general solutions.

Furthermore applying a complete discrimination sys-

tem for polynomial, we obtain the classifications of all

single travelling wave solutions to the Camassa–Holm

equation with dispersion. In addition, we find that a

two-dimensional affine subspace structure in the set of

solutions of the reduced ODE can be obtained. More

generally, we find an implicit linear structure. Using

the linear structure, we give easily the affine superpo-

sition of multi-solutions to Camassa–Holm equation

with dispersion.

Remark 3 Because the Camassa–Holm equa-

tion with dispersion becomes a CH equation as ε = 1,

and r = 0, we give the corresponding solution to CH

equation in this parameters case.
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