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This paper proposes a method of generating multipartite entanglement through using d.c. superconducting quan-

tum interference devices (SQUID) inside a standing wave cavity. In this scheme, the d.c. SQUID works in the charge

region. It is shown that, a large number of important multipartite entangled states can be generated by a controllable

interaction between a cavity field and qubits. It is even possible to produce entangled states involving different cavity

modes based on the measurement of charge qubits states. After such superpositions states are created, the interaction

can be switched off by the classical magnetic field through the SQUID, and there is no information transfer between

the cavity field and the charge qubits.
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Two or more quantum systems are entangled

when it is impossible to describe their physical prop-

erties by means of a direct product of their respective

density operators. Entanglement is a natural conse-

quence of linearity of Hilbert spaces, however, it is

difficult to create and observe superposed states be-

cause the fragile coherence of these states can be eas-

ily spoiled by the environment. In recent years, great

effort has been put into preparation of the Schrödinger

cat states (SCSs) in the laboratory,[1,2] where the

extreme cat states have been reduced to superposi-

tions of mesoscopic quantum states (SMSs) with clas-

sical counterparts, the so-called coherent states. De-

coherence processes, their rate being increased with

the size of the system, have been claimed to be the

mechanism inhibiting the manifestation of entangle-

ment in macroscopic objects. In this sense, realiz-

ing bigger SCSs in the laboratory will let us test de-

coherence by monitoring their decay.[1,3] Meanwhile,

multipartite entangled systems are also considered

since they are interesting in connection with quantum

information.[4,5]

Superconducting quantum devices[6−10] allow to

perform quantum state engineering including the

demonstration of SCSs and SMSs. In Ref. [11], a

scheme was proposed to generate SCSs and squeezed

states for a superconducting quantum interference de-

vice (SQUID) ring modelled as an oscillator. Since

then, several proposals have been made which focus

on superconducting qubits interacting with the non-

classical electromagnetic field.[12−18]

In this contribution, we aim at generating SCSs

in the interaction system between a single-mode

microwave cavity field and superconducting charge

qubits. In contrast to other systems, for example

Ref.[19], the interaction between the box and the res-

onator is not switchable. In our proposal, the inter-

action between the cavity field and the SQUID can

be switched off by a classical magnetic field after the

SCSs are generated.

We consider a single d.c. SQUID device. It con-

tains a small superconducting island and two Joseph-

son junctions with the same capacitance CJ and

Josephson energy EJ. A controllable gate voltage Vg

is coupled to the island via the gate capacitor Cg

with dimensionless gate charge ng = CgVg/2e. The
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qubit is assumed to work in the charge region with

kBT ≪ EJ ≪ EC ≪ ∆, where kB, T, EC, and ∆ are

the Boltzmann constant, temperature, charge and su-

perconducting gap energies, respectively. When the

gate voltage range near a degeneracy point ng = 1/2,

only two charge states (|gk〉 and |ek〉) play a lead-

ing role. The other charge states with a much higher

energy can be neglected, which implies that the d.c.

SQUID can be reduced to a two-level system or charge

qubit.[20] This superconducting charge qubit can be

represented by a spin- 1
2 notation such that the charge

states (|gk〉 and |ek〉) correspond to eigenstates | ↑〉
and | ↓〉 of the spin operator σz , respectively. If such

a qubit is placed into a single-mode superconducting

cavity, the Hamiltonian can be written as [14,21]

Hk = ~ωa+a+ Ezσ
(k)
z − EJσ

(k)
x

× cos
[ π

Φ0
(ΦCI + Φ

(k)
Q )

]

, (1)

where ω is frequency of the single-mode cavity, and

Ez = −2Ech(1 − 2ng) with the single-electron charg-

ing energy Ech = e2/(Cg + 2CJ). Here Φ0 is the

flux quantum, ΦC and Φ
(k)
Q are the magnetic fluxes

of the classical and quantized components of the

magnetic field threading the SQUID ring, respec-

tively. I is the identity operator. The Pauli matri-

ces
(

σ
(k)
x , σ

(k)
y , σ

(k)
z

)

are denoted by spin- 1
2 notation as

σ
(k)
x = |ek〉〈gk|+ |gk〉〈ek|, σ(k)

y = −i|ek〉〈gk|+i|gk〉〈ek|,
σ

(k)
z = |ek〉〈ek| − |gk〉〈gk|, and σ

(k)
± = (σ

(k)
x ± iσ

(k)
y )/2.

Provided that the single-mode cavity field is a

standing-wave form. Furthermore, we assume that

the polarization of the magnetic field is along the y

direction, which is perpendicular to the surface of the

SQUID ring. The standing-wave can be denoted as[21]

By = −i

√

~ω

ε0V c2
(a− a+) cos(kz), (2)

where ε0, V , c and k are the dielectric constant of the

vacuum, cavity volume, light speed, and wave vec-

tor of the cavity-mode, respectively. The standing

wave can be formed from pure back reflection because

the superposition of a travelling wave and its reflected

wave. The travelling wave and its reflected wave prop-

agate along the x-z plane and is parallel to the surface

of the SQUID ring. Then the Φ
(k)
Q can be represented

as

Φ
(k)
Q = − i

√

~ω

ε0V c2
(a− a+)

∫

cos(kz)dS

= ηka+ η∗ka
+, (3)

with parameter

ηk = −iS

√

~ω

ε0V c2
cos(kz),

it denotes the strength of the quantum flux inside the

cavity.[21]

We now place N identical d.c. SQUID inside the

cavity. Assume that each qubit resides in a standing-

wave node, and select z = 0 in a standing-wave crest.

Then kz = ±(2i + 1)π, (i = 0, 1, 2, · · ·), cos(kz) = −1.

So, we have

ηk = iS

√

~ω

ε0V c2
.

It manifests that the couplings of the N qubits with

cavity are identical. In this case, the Hamiltonian of

the whole system is

H = ~ωa+a+ Ez

N
∑

k=1

σ(k)
z − EJ

N
∑

k=1

σ(k)
x

× cos
[ π

Φ0
(ΦCI + ηka+ η∗ka

+)
]

. (4)

We further assume that

π|ηk|
Φ0

√
n̄+ 1 ≪ 1,

where n̄ is the mean photon number. In this case,

all higher orders of π|ηk|/Φ0 can be neglected in the

Eq.(4). The Hamiltonian (4) reduces to

H = ~ωa+a+ Ez

N
∑

k=1

σ(k)
z − EJ

N
∑

k=1

σ(k)
x

× [cos θ − sin θ(ξka+ ξ∗ka
+)], (5)

where θ = π(ΦC/Φ0), and ξk = ξ = π(ηk/Φ0). In

the following, we introduce collective spin operator

Jα =
∑N

k=1 σ
(k)
α , α = x, y, z, and further assume that

ng = 1/2, then Ez = 0. In this case, the Hamiltonian

(5) reduces to

H = ~ωa+a− EJ[cos θ − sin θ(ξka+ ξ∗ka
+)]Jx. (6)

The exact time evolution operator of the Hamiltonian

(6) is

U(t) = exp
[

iJ2
x

(E2
J sin2 θ|ξ|2

~2ω
t

− E2
J sin2 θ|ξ|2

~2ω2
sinωt)

]

exp(−iωa+at)

× exp
[

−EJ sin θ

~ω
Jx(ξ∗a+(eiωt − 1)

− ξa(e−iωt − 1))
]

exp
(

iJx
EJ cos θ

~
t
)

. (7)

Some examples of the possible applications of

the interaction described in Eq.(6) are given. If at
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t = 0, N = 1, the 1-qubit-field state is |g〉|0〉 =

(|+〉 + |−〉)|0〉/2, where |±k〉 = (|gk〉 ± |ek〉)/
√

2 are

eigenstates of σ
(k)
x = σ

(k)
+ + σ

(k)
− with eigenvalues ±1,

respectively. The evolved state after a time t will be

|ψ(t)〉 =
1

2
[|g〉(eiΩt|α〉 + e−iΩt|−α〉)]

+
1

2
[|e〉(eiΩt|α〉 − e−iΩt|−α〉)], (8)

where

Ω =
EJ cos θ

~
,

and a global phase factor exp(iϕ) has been neglected,

with

ϕ =
(E2

J sin2 θ|ξ|2
~2ω

t− E2
J sin2 θ|ξ|2

~2ω2
sinωt

)

.

|±α〉 denotes coherent state

|±α〉 = e−|α|2/2
∞
∑

n=0

(±α)n

√
n!

|n〉, (9)

where

|α〉 =
ξ∗EJ sin θ

~ω
(e−iωt − 1). (10)

After the time interval t, we impose ΦC = 0 by ad-

justing the classical magnetic field, thus the interac-

tion between the charge qubit and the cavity field is

switched off (e.g., the last term in Eq.(6) vanishes).

Eq.(8) shows that entanglement of the qubit and the

microwave cavity field can be prepared for an evolu-

tion time t 6= 2mπ with the integer number m, then

the SCSs can be created. And measurement of the

qubit state will produce the so-called even or odd co-

herent states (one of the SMSs) in the cavity field de-

noted by

|SMS〉± = N±(eiΩt|α〉 ± e−iΩt|−α〉), (11)

+ or − depending on whether |g〉 or |e〉 was found.

If at t = 0, N = 2, the 2-qubit-field state is

|g1g2〉 ⊗ |0〉, the evolved state after a time t will be

|ψ(t)〉 =
1

2
[ei(4ϕ+2Ωt)|φ1〉|2α〉 + ei(4ϕ−2Ωt)|φ2〉|−2α〉

+ (|φ3〉 + |φ4〉)|0〉], (12)

where |φi〉 are the eigenstates of the qubit operator
∑2

k=1 (σ
(k)
+ + σ

(k)
− ) with eigenvalues γ1,2 = ±2 and

γ3,4 = 0. The state of Eq.(12) is a bigger and more

elaborate microscopic-mesoscopic 2-qubit-field entan-

gled state. After a time interval t, we can switch off

the interactions between the charge qubits and the

cavity field by setting ΦC = 0 and ng = 1/2. Measur-

ing the two qubits in the state |g1g2〉 will produce the

field state

N ′[ei(4ϕ+2Ωt)|2α〉 + ei(4ϕ−2Ωt)|−2α〉 + 2|0〉], (13)

which is a triple mesoscopic field superposition state

with not only an ‘alive’ or ‘dead’ cat, but also and

primarily an ‘absent’ one.

The interaction of Eq.(5) lets us create more

sophisticated and bigger microscopic-mesoscopic N -

qubit-field entangled states and field superposition

states, which will not be described here. Some of these

new states,[22] in fact, present large quantum infer-

ence regions when displayed in phase-space, showing

distinctly their quantum nature.

It is well worth mentioning another application

to implement a quantum controlled phase gate in our

system as discussed in Ref.[23].

Below, we briefly discuss the experimental feasi-

bility of the current scheme. For the used charge qubit

in our scheme, the relaxation time T1 of the charge

qubit is longer than its dephasing time T2, the switch

time tq during a single-bit operation can be enhanced

through choosing the shorter microwave wavelengths

and smaller volume cavity. In order to obtain SMSs,

the readout time τm of the charge qubit should be less

than the dephasing time T2 of the charge qubit and

the lifetime time td of the cavity field. For example,

in Ref.[19] with a set of given parameters, the esti-

mated time, τm = 4 ns, is less than T2 = 5 ns.[7] For a

good cavity, the quality factor Q can reach very high

values, such as Q = 3 × 108, and then the lifetimes

of the microwave field would be in the range 0.001 s

≤ 2πtd ≤ 0.15 s, which implies tm ≪ td. So the read-

out is possible within current technology.

In conclusion, we have analysed the generation

of SCSs by using superconducting charge qubits cou-

pling to a cavity with a standing wave. Based on our

scheme, the SMSs can be created by using one quan-

tum operation together with the quantum measure-

ments on the charge qubits. After the SCSs or SMSs

are created, the coupling between the charge qubits

and the cavity field can be switched off, in principle.

Therefore, our proposal should be experimentally ac-

cessible in the near future.
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