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This paper presents chaos synchronization between two different chaotic systems by using a nonlinear controller, in

which the nonlinear functions of the system are used as a nonlinear feedback term. The feedback controller is designed

on the basis of stability theory, and the area of feedback gain is determined. The artificial simulation results show that

this control method is commendably effective and feasible.
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1. Introduction

Since Pecora and Carroll (PC)I! introduced a
method to synchronize two identical chaotic systems of
different initial conditions, chaos synchronization has
become a hotspot which attracts a great deal of at-
tention in nonlinearity research. Many methods and
techniques for synchronization have been developed,
such as the PC method, variable coupling method,
adaptive control method, variable feedback method,

[2=15] Most methods are used to synchro-

and so on.
nize two identical chaotic systems. However, identical
chaotic systems are rarely found in practice, such as
in physics, autocontrol, information and secure com-
munications. Therefore, it is more important to syn-
chronize two different chaotic systems. Since different
chaotic systems have different nonlinear functions, and
the number of the equilibrium points, the phase map
and the shapes are all different, synchronization of
two different chaotic systems is difficult to realize, and

n.[16:171 The controller in

it has received less attentio
Ref.[16] is constructed by using linear coupling of the
state variables of the drive and response systems to re-
alize synchronization. But the state variables involved
need to be separated from others and coupled into
a linear coupling term to add into the synchronized
system. This is difficult to realize in practice. The
controller in Ref.[17] is constructed by constructing

the Lyapunov function or calculating Lyapunov expo-

nent to realize synchronization, but the calculation is
onerous. This paper presents chaos synchronization
between two different chaotic systems by using a non-
linear controller, in which the nonlinear function of
the system is used as a nonlinear feedback term. So
it is unnecessary to separate state variables, and the
Lyapunov function or Lyapunov exponent does not
need to be constructed or calculated. Then the work
of calculation is largely reduced in the chaos synchro-
nization. So it provides a commendably effective and
feasible synchronization method.

2. Designing of controller

Let us consider the following two systems:

&= f(x,p), (1)
v =g(y,k), (2)
where
T = (II;IQa cee axn)T € RnX1a

Yy = (y15y27" 'ayn)T S RnX1

are state variables of the drive and response systems,
i, k are parameters. The nonlinear controller u(t) is
added to the response system

v =gy, k) + u(t), (3)
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where
u(t) = (ug(t),uz(t), ..., un(t))t € R

Theorem For the response system (3) , the
nonlinear controller is designed as

u(t) = —F(x,e) + W(t), (4)

where x are the state variables, e are errors of the
state variables of the two systems, and W(t) =
(Wa(t), Wa(t),..., W,(t)T € R™! are the control
functions. If the form of W (¢) is chosen appropriately,
the two systems can be synchronized.

Proof The drive and the response systems are
divided into linear terms (constants are included)

fi(x, 1), g1(y, k) and nonlinear terms fa(z, 1), g2(y, k)
i:f(xvﬂ):fl(xaﬂ)+f2(xaﬂ)v (5)
y:g(yvk) :gl(yvk)+92(yvk)' (6)

Suppose e(t) = (e1(t),ea(t),...,en(t)T € R are
the errors of the state variables, i.e.

e(t) = y(t) — 2(t). (7)

According to the dynamic equations (1) and (3), we
obtain

e(t) = 92(3/7 k) + gl(y7 k) - f2(x7 /J')
— filz, p) +u(t). (8)

The difference between the two linear terms (constants
are included) f1(z, ), g1(y, k) can be written as

91y, k) = filw, p) = Ae(t) + f'(2), (9)

where A € R™*™ is the coefficient matrix of e(t), and
f'(z) consists of residual terms. The difference be-
tween the two nonlinear terms fa(x, 1), g2(y, k) is then
written as

92(y, k) = falw, p) = Fx,e) — f'(x).  (10)

Take
u(t) = —F(x,e) + W(t), (11)

where W (t) = (Wi (t), Wa(t), ..., W,(t))T € R"*! are
the control functions.

With the nonlinear controller u(t), the error equa-
tion of the system variables can be written as

é(t) = Ae(t) + W (t). (12)

If error states e(t) approaches to zero as time lapses,
that is
lim e(t) =0, (13)

t—o0

the synchronization of the two different chaotic sys-
tems is achieved.The error equation of the system vari-
ables becomes at last an arbitrary linear stable system

e(t) = Le(t), (14)
and the control function W (t) should be
W(t) = (L — A)e(t). (15)

Matrix (L — A) is the gain matrix of the feedback con-
trol.

The eigenvalue equation of the matrix L € R™*™
is

A — L| =0. (16)

According to Hurwitz stability theory,['8) if the
eigenvalue A has a negative real part,the synchro-
nization of the two different chaotic systems can be
achieved, the area of the gain can be determined by
this condition together with Eqs.(15) and (16).

3. Simulation

The new system considered as a drive system is
described as follows:]

T1 = —x273 + ary,
9 = 173 — b,

x.g = T1T2 — CT3, (17)
the response system is the united system /2"
y1 = (25a 4+ 10)(y2 — 1),

U2 = (28 — 35a)y1 — y1y3 + (29a — 1)y,

+8
s (18)

Y3 = y1y2 —

where a =5, b=10, c=3.4, a € [0, 1].

Since the new system (17) and the united sys-
tem (18) have different nonlinear functions, they are
two different chaotic systems. Simulation is made be-
tween systems (17) and (18), when the parameters are
chosen as a = 5, b = 10, ¢ = 3.4, a = 0.7, initial val-
ues of the state variables are z1(0) = 3, x2(0) = 3,
23(0) = =6, y1(0) = =5, y2(0) = 0, y3(0) = 3, respec-
tively. As shown in Fig.1 chaotic behaviour appears
for both systems, and the traces change of z, y with
time are different. As shown in Fig.2 the return maps
are also different in shape.
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Fig.1. (a) Variation of (z1,y1) with time ¢; (b) Variation of (x2,y2) with time ¢; (c¢) Variation of (z3,y3) with time ¢.

30 : : : r , to the new system (17). Thus, the system error is
20 e1 =y —T1, e =y2— T2, e3=y3—x3 (19)
= 10 the linear differences between two systems are
+
T oo
] 911(y) — fui(z) = (25a + 10)(e2 — e1)
-1 + (250 + 10)z2 — (250 + 10 + @)z,
—20 g12(y) — f12(I) = (28 — 350&)61 + (290& — 1)62
-30 i : + (28 — 35a)z1 + (290 — 1 + b)xo,
—30 a+8 a+8
913(y) — fis(z) = — es+(c— )z, (20)
30 3
20 and the nonlinear differences between two systems are
— 10 921(y) — fa1(z) = 22233,
+ B g22(y) — fa2(x) = —e1e3 — e3x1 — e1x3 — 20103,
5 g23(y) — faz(x) = erea + eaw1 + €120 (21)
—-10
Thus, the nonlinear controller is designed as follows:
—20
30 ; ; : : ui(t) = — (25a+ 10)z2 + (25 + 10 + a)zy
—30 — xox3 + Wi (t),

y1(t)

Fig.2. (a) The return maps of phase space in new sys-

us(t) = — (28 — 35a)x1 — (29 — 1 4+ b)ao

+ €1€3 + €3x1 + €1T3 + 2I1$3 + WQ(t),
( a+8

—(c—

tem; (b) The return maps of phase space in united system.

U3(t) = ).Ig — €162 — €21

The controller u(t) = (uy(t),ua(t),us(t))T is de-
signed to make the united system (18) synchronized —e1x2 + Ws(t). (22)
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The dynamical equation of the error of the two sys-
tems can be written as

él = (2504 + 10)(62 — 61) + W1 (f),

€y = (28 — 35a)e; + (290 — 1)eg + Wa(t),
oa+8

3

The control function

é3 = ez + W3 (t) (23)
W (t) = (Wi(t), Wa(t), Wa(t)) "

is a function of ey, es, es. If lim e(t) = 0 and the

t—oo

20 i—l'l

T1,Y1

error system (23) has three eigenvalues with negative
real parts, synchronization can be realized.There are
many possible choices for W (t), here we choose

Wi (t) = —(25a + 10)es,

Wa(t) = —(28 — 35a)e; — [(29a — 1) + 1]eq,
Ws(t) = 0. (24)

In this case, the three eigenvalues of the coefficient
matrix are —(25a+ 10), —1, —(a + 8)/3 which are all
negative, and the two systems are synchronized.

20

P -

...............

—920 }--t.-

[T

Fig.3.

Fig.4. Synchronization errors with time ¢.

Simulation of synchronization is made, while the
system parameters and state variables of the origi-
nal systems keep constant during the simulation. The

(a) Variation of (z1,y1) with time ¢; (b) Variation of (z2,y2) with time ¢; (c) Variation of (x3,y3) with time ¢.

states of the systems synchronized are shown in Fig.3,
and the error is shown in Fig.4. As shown in Figs.3
and 4, the three variables of the united system are syn-
chronized with those of the new system by the function
of the nonlinear controller u(t), and the orbit of the
united system in the return maps is exactly the same
as that of the new system (shown in Figs.5 and 6). Be-
cause the nonlinear functions of the systems are used
as the nonlinear feedback terms to the controller, the
nonlinearity of the controller proceeds harmoniously
with that of the systems, which enhances the strength
of the control and there is not a sudden rise or fury
surge in the error signal even when the systems have
stronger nonlinearity. The error signal approaches to
zero smoothly, which made the controller more effi-
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Fig.5. Synchronization return maps in new system.
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Fig.6. Synchronization return maps in united system.

4. Conclusion

Synchronization between the new system and the
united system is studied in this paper. A nonlinear
controller is designed with the nonlinear functions of
the systems, which are used as a nonlinear feedback
term of the controller. The structure and the area
of feedback gain are chosen according to the stability
theory, and the artificial simulation results show that
this control method is commendably effective and fea-
sible. Comparing with the other controllers, the one

in this paper has the following advantages.

First, since the nonlinear functions of the systems
are used as a nonlinear feedback term to the controller,
it is unnecessary to get detailed information of the
systems. Second, the nonlinearity of the controller is
enhanced according to the nonlinearity of the system,
which enhances the strength of the control. Therefore
there is not a sudden rise or fury surge in the error sig-
nal when the systems have stronger nonlinearity, and
the error signal goes to zero smoothly, which makes
the controller more efficient. Thirdly, the Lyapunov
function or Lyapunov exponent is unnecessary to be
constructed or calculated, thus the work of calculation
in the Chaos synchronization is largely reduced.
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