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Many unique properties of complex networks result from heterogeneity. The measure and analysis of heterogeneity

are important and desirable to the research of the properties and functions of complex networks. In this paper, the rank

distribution is proposed as a new statistic feature of complex networks. Based on the rank distribution, a novel measure

of the heterogeneity called a normalized entropy of rank distribution (NERD) is proposed. The NERD accords with

the normal meaning of heterogeneity within the context of complex networks compared with conventional measures.

The heterogeneity of scale-free networks is studied using the NERD. It is shown that scale-free networks become more

heterogeneous as the scaling exponent decreases and the NERD of scale-free networks is independent of the number of

vertices, which indicates that the NERD is a suitable and effective measure of heterogeneity for networks with different

sizes.
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1. Introduction

Networks with complex topology describe a wide
range of systems in nature and society.!""? In the past

B3 and scale-free

few years, the discovery of small-world
properties* has stimulated a great deal of interest in
studying the underlying organizing principles of vari-

ous complex networks.5—11]

There are major topological differences between
random and scale-free networks. For random net-
works, vertices have approximately the same degree
k =~ (k), the exponential decay of degree distribution
guaranteeing the absence of vertices with significantly
more edges than (k). In contrast, the power-law distri-
bution implies that vertices with only a few edges are
numerous, but a few vertices have a large number of
edges. The presence of few highly connected vertices
(i.e. ‘hubs’) is the most prominent feature of scale-
free networks and indicates that scale-free networks
are heterogeneous. The heterogeneity leads to many
unique properties of scale-free networks. For example,
Albert et all'?l have demonstrated that scale-free net-
works possess the robust-yet-fragile property, which
means that they are robust against random failures of

vertices but fragile to intentional attacks. Moreover, it
is found that the homogeneous networks are more syn-
chronizable than heterogeneous ones, even though the
average network distance is larger.['3] Consequently,
the measure and analysis of heterogeneity are impor-
tant and desirable to the research of the behaviours
and functions of complex networks.

Several measures of heterogeneity have been pro-
posed. Nishikawa et al['3 quantitated the heterogene-
ity of complex networks using the standard deviation

of degree o. Solé and Alverde [

proposed using the
entropy of the remaining degree distribution ¢(k) to
measure the heterogeneity. Wang et all'®! measured
the heterogeneity of complex networks using the en-
tropy of the degree distribution p(k). However, these
conventional measures do not accord with the normal
meaning of heterogeneity within the context of com-
plex networks. For example, we are generally inclined
to believe that a scale-free network is more heteroge-
neous than a random network, but it does not hold
true for the measure above. In addition, a star net-
work is generally considered to be very heterogeneous
because of the presence of the only hub-vertex, but
the star network is quite homogeneous for the conven-
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tional measures.

In this paper, we first propose the rank distribu-
tion as a new statistic feature of complex networks.
Then we propose a novel measure of the heterogene-
ity of complex networks called a normalized entropy of
rank distribution (NERD) and compare it with con-
ventional measures. Finally, we study the heterogene-
ity of scale-free networks using the NERD.

2. Rank distribution of complex

network

A complex network can be represented by a graph
G with N vertices and M edges. Assume that G is
an undirected and simply connected graph. Let d; be
the degree of vertex v;. Obviously, 0 < d; < N. As
shown in Fig.1, we sort all vertices in descend order
of degree. Note that different vertices may have the
same degree, and then we can group all the vertices
into N — 1 groups according to their degree. That is,
the degree of the vertices in the sth group is N —s. Let
ls be the number of vertices in the sth group, i.e. the
frequency of vertices with degree N — s. Let s; be the
index of the group in which vertex v; is located, and
r; be the global rank of v; among all of the vertices in
descending order of degree. Let p(k)(0 < k < N) be
the degree distribution, i.e. the probability at which
a randomly chosen vertex has degree k.
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Fig.1. Sorting all vertices in descending order of degree and
grouping all vertices into N — 1 groups according to their de-
gree.

We define the degree—rank function of G as the re-
lationship function between degree and rank in the de-
gree sequence D(G) denoted by d = f(r)(1 <r < N).
The degree-rank function is non-stochastic, in the
sense that there need be no assumption of an under-
lying probability distribution for the sequence.

Now we consider the vertex reached by following
a randomly chosen edge. The probability distribution
of the rank of the vertex is a new important statis-
tic feature of complex networks. We define it as the
rank distribution denoted by Q(r)(1 <r < N). Such

an edge arrives at a vertex with a probability pro-

portional to the degree of the vertex. The correctly
normalized distribution is

D, fr) [
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As shown in Fig.2, we consider a graph with

N = 5 vertices and M = 6 edges.

quence is D = (4,3,2,2,1). The degree distribution

is p(1) = 1/5, p(2) = 2/5, p(3) = 1/5, and p(4) =

1/5. The degree-rank function is f(1) = 4, f(2) =

3,f(8) = f(4) =2, and f(5) = 1. The rank distribu-

tion is Q(1) = 1/3, Q(2) = 1/4, Q(3) = Q(4) = 1/6,

and Q(b) = 1/12.

The degree se-
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Fig.2. Illustration of a graph with five vertices and six
edges.

3. Normalized entropy of rank

distribution

To measure the heterogeneity of complex net-
works, we define an entropy of a rank distribution
(ERD) as

N
ERD = —> Q(r)nQ(r). (2)
r=1
Obviously, the maximum value of ERD is

ERDpax = log(N) obtained for Q(r) = 1/N, i.e.
di = dy = --- = dy. Note that d; > 0 and the
values of d; are all integers, so the minimum value of
ERD is ERDpin = In4(N — 1)/2 and occurs when
D(G) = (N,1,---,1).
corresponds to the most homogeneous network, i.e. a

The maximum value of ERD

regular network, and the minimum value of ERD cor-
responds to the most heterogeneous network, i.e. a
star network.

The normalized entropy of rank distribution
(NERD) can be defined as

ERD,.x — ERD
NERD = pom—"rs — (3)
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For comparison, we present the definitions of en-
tropy of the remaining degree distribution (ERDD) in
Ref.[14]

N—-2

ERDD = — " q(k) Inq(k), (4)
k=0

where q(k) = (k + 1)p(k + 1)/ >_, jp(j), and entropy
of degree distribution (EDD) in Ref.[15]
N—-1
EDD = — Y p(k)Inp(k). (5)
k=1
For ERDD or EDD, the maximum value is log(N — 1),
which corresponds to the most heterogeneous network,
and the minimum value is 0 obtained for d; = dy =
-+ = dp, which corresponds to the most homogeneous
network. To be consistent with the NERD, we define
a normalized entropy of the remaining degree distri-
bution (NERDD) and a normalized entropy of degree

distribution (NEDD), respectively, as

ERDD — ERDDyin

NERDD = ERDD,,.x — ERDD,.;,,’

(6)

and

EDD — EDDnyin

NEDD = EDD,,.x — EDDpiy

(7)

Then a network becomes more heterogeneous as
NERD or NERDD or NEDD increases.

Now we use NERD, NERDD, NEDD and stan-
dard deviation of degree o to measure different com-
plex networks including (a) a regular network with
N = 1000; (b) a random network (ER model) with
N = 1000 and connection probability p = 0.3; (c)
a star network with N = 1000; (d) a scale-free net-
work (Barabdsi-Albert model) with N = 1000 and
mg = m = 3, the results are shown in Table 1.

Table 1. Results of comparison between the conventional measures and ours.

Type of network NERD NERDD NEDD o
Regular network 0 0 0 0
Random network 0.0014 0.6493 0.6540 25.8196
Scale-free network 0.1118 0.4305 0.2960 6.4841
Star network 1 0.1004 0.0011 31.5595

With the NERDD or NEDD, the order of het-
erogeneity is: random network > scale-free network
> star network > regular network. With the stan-
dard deviation of degree o, the order of heterogeneity
is: star network > random network > scale-free net-
work > regular network. With the NERD, the order
of heterogeneity is: star network > scale-free network
> random network > regular network. We are gen-
erally inclined to believe that a scale-free network is
more heterogeneous than a random network and a star
network is very heterogeneous because of the presence
of the only hub-vertex. So our measure accords with
the normal meaning of heterogeneity within the con-
text of complex networks compared with conventional

measures.

4. Heterogeneity of scale-free

networks
To obtain the ERD of scale-free networks, we first

derive the relationship between the degree distribution
p(k) and the degree-rank function f(r).

Since v; is located in the s;th group, then we ob-
tain % 1s > r; and Zi;ll ls < r;. Namely, s; is
the minimum 7T that satisfies Zstl lg > 1, €.

T
Si—Tmin{lezri}- (8)
s=1

Noting that I; = Np(k = N — s), we obtain

T
$; = Tin {Zp(k:N—s)Zri/N}. (9)

Assuming that p(k) is integrable, in a continuous
approximation for p(k), we obtain

T
si:Tmin{/l p(kzN—s)dsZri/N}. (10)

Owing to p(k = N —s) > 0, flTp(k = N — s)ds is an
ascending function with respect to T', leading to

/:ip(k—]\]—s)ds—ri/N. (11)

If the degree distribution p(k) is given, we can
solve Eq.(11) for s;, then we obtain the degree-rank

distribution d = f(r) = N — s. Contrarily, if the
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degree-rank function d = f(r) is given, substituting
s =N —d into Eq.(11) we obtain

/d N bk = /. (12)

Assuming that d = f(r) is differentiable, we dif-
ferentiate both sides of Eq.(12) with respect to r,
then we obtain the degree distribution expressed as
p(d) = —1/(Nd'), where d’ is the derivative of d with
respect to r.

For scale-free networks with power law degree dis-
tributions p(k) = Ck~*, where ) is the scaling expo-
nent, according to the relationship above, we can ob-
tain the degree-rank function of scale-free networks as
follows:

a=fr) = <%)—

1
N(N _ 1)—>\+1 =XF1
_ !

X [r + 11 (13)

Note that the scaling exponent of most scale-free

networks in the real world ranges between 2 and 3.

We have N(N —1)**1/(A—1) — 0 as N — oco. Then,

Eq.(13) reduces to

d=f(r)=Cy-r~ %, (14)

where C7 = [(A—1)/(NC)]™® and a = 1/(A — 1).
We refer to a as a degree—rank exponent of scale-free
networks.

Substituting Eq.(14) into Eq.(1), we obtain the
rank distribution of scale-free networks as follows:

e B
BN OD T N =

According to Eq.(15), the rank distribution of scale-

Cir—« roe

Q(r)

free networks is only independent of the scaling expo-
nent A.

Substituting Eq.(15) into Eq.(2), we obtain the
ERD of scale-free networks as follows:

-3 (g5=)) o

In a continuous approximation, we obtain the ERD of

scale-free networks as a function of the degree-rank
exponent a,

a-N'=a.lp N1-e Ni—e
ERD = In—— —

I -1 " 1-a

T (17)

1—a’

Substituting & = 1/(A—1) into Eq.(17), we obtain the
ERD of scale-free networks as a function of the scaling
exponent A,
A—2 A=2
ERD = — ot
(A= 2)(NFT 1) =2
1

Substituting Eq.(18) into Eq.(3), we can obtain
the NERD of scale-free networks. In Fig.3, we show
the plots of NERD versus A € (2, 3) for different values
of N. We can find that a scale-free network becomes
more heterogeneous as A\ decreases. Moreover, we can
find that the plots of NERD for different values of
N overlap with each other, which indicates that the
NERD is independent of N and then the NEDS is a
suitable measure of heterogeneity for different sizes of
scale-free networks.
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Fig.3. NERD versus A € (2,3) for different values of
N, showing that the NERD decreases as A\ increases and
NERD is independent of N.

5. Conclusions

In this paper, we have proposed a new statistic
feature of complex networks called a rank distribution.
Based on the rank distribution, we have proposed a
normalized entropy of rank distribution (NERD) to
measure the heterogeneity of complex networks. The
maximum value of NERD corresponds to the most
heterogeneous network, i.e. a star network, and the
minimum value of NERD corresponds to the most
homogeneous network, i.e. a regular network. We
measure different networks by using the conventional
measures and ours separately. By comparison, the
NERD accords with the normal meaning of hetero-

geneity within the context of complex networks.
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We have studied the heterogeneity of scale-free

networks using the NERD and derived an analytical

expression of NERD for scale-free networks. We have

demonstrated that scale-free networks become more

heterogeneous as scaling exponent decreases. We have

also demonstrated that the NERD of scale-free net-
works is independent of the size of networks indicating
that the NERD is a suitable and effective measure of
heterogeneity.
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