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We propose a scheme to implement two-qubit controlled quantum phase gate(CQPG) via a single trapped two-

level ion located in the standing wave field of a quantum cavity, in which the trap works beyond the Lamb–Dicke limit.

When the light field is resonant with the atomic transition |g〉 ↔ |e〉 of the ion located at the antinode of the standing

wave, we can perform CQPG between the internal and external states of the trapped ion; while the frequency of the

light field is chosen to be resonant with the first red sideband of the collective vibrational mode of the ion located at the

node of the standing wave, we can perform CQPG between the cavity mode and the collective vibrational mode of the

trapped ion. Neither the Lamb–Dicke approximation nor the assistant classical laser is needed. Also we can generate a

GHZ state if assisted with a classical laser.
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1. Introduction

The quantum computer (QC) is a device based on

the superposition principle of quantum dynamics, and

it can solve a large number of factoring and searching

problems faster than a conventional one. In the last

decade, many schemes have been proposed to realize a

quantum computer for different systems, such as cav-

ity quantum electromagnetic dynamics (CQED)[1−3]

and trapped ions.[4,5] The scheme for trapping ions is

first introduced by Cirac and Zoller,[4] and the system

is based on the laser–ion interaction and possesses long

qubit coherence time.[6] In the scheme, quantum infor-

mation is stored in the internal and external states of

an array of trapped cold ions, the trapped ion must

have three levels, moreover, the trap operates in the

Lamb–Dicke limit (LDL).

Recently, a lot of other schemes have been pro-

posed to modify that scheme. Childs and Chuang[7]

have proposed a scheme to perform a universal quan-

tum logic operation between ions with two internal

levels in a common trap, but the trap was also in

the LDL; Wei et al
[8] have proposed a modified pro-

gramme to realize a CQPG between the internal and

external states of a trapped cold ion beyond the LDL.

We also notice that performing quantum comput-

ing with a system combining an ion trap and a cav-

ity has received more and more attention[9−11] in re-

cent years. In the Refs.[9,10] a CQPG is realized by

means of large detuning between the cavity mode and

the internal states of the trapped ions. As stated in

Ref.[4], two special conditions are required: (a) the

ions must have three levels and (b) the trap must be

workable in the LDL, i.e. the coupling between the

internal spin and external vibrational degrees of free-

dom of the ion must be sufficiently weak, thus the gate

operational time is relatively long. While in Ref.[11]

a QPG involving the vibration mode and cavity mode

for a trapped ion is implemented by means of lasers

and quantized cavity field in the LD limit, where the

electronic internal state of the ion is only an assistant

qubit.

In this paper, we present a simpler alternative

scheme to realize the CQPG beyond the LDL via a

single trapped two-level cold ion in a high-Q cavity.

In our scheme, neither the LD approximation nor the

auxiliary atomic level is needed.

2. Model

We consider a system with a single two-level

trapped ion located in a finesse cavity which supports
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a single-mode quantized radiation field with frequency

ω, so that the cavity mode couples to both the in-

ternal electronic state transition and the vibrational

degree of freedom of the ion. The dynamical charac-

teristics of this system have been extensively studied

in Refs.[12–16]. As discussed in Refs.[10–12] and refer-

ences therein, the Hamiltonian corresponding to such

a system may be written as(assuming ~ = 1)

H = νa+a + ωb+b +
ω0

2
σz + g(σ+ + σ−)

× (b+ + b) sin[η(a+ + a) + ϕ], (1)

where a+(a) is the creation (annihilation) operator

of the centre-of-mass of vibrational motion of the ion

with frequency ν, b+(b) denotes the creation (destruc-

tion) operator of photons in the cavity mode of fre-

quency ω, g is the ion–field coupling constant, η is the

usual Lamb–Dicke parameter, ϕ represents the rela-

tive position of the centre of mass of the ion to the

standing wave, ω0 is the atomic transition frequency

between the internal electronic states |g〉 and |e〉, σ+,

σ− and σz are the familiar pseudo-spin operators for

the ion.

The Hamiltonian in the interaction picture reads

HI =
g

2i
(σ+eiω0t + σ−eiω0t)(b+eiωt + be−iωt)

× [eiη(a+eiνt+ae−iνt)eiϕ

− e−iη(a+eiνt+ae−iνt)e−iϕ]. (2)

We consider the case in which the light field is resonant

with the kth red-shifted vibrational sideband, i.e. the

frequency of the light field is chosen to be ω = ω0−kν,

where k is a positive integer. After a lengthy algebra

and under a rotating wave approximation, this Hamil-

tonian reduces to

HI = ge−η2/2ηk sin
(

ϕ + k
π

2

)

×
[

σ+b
∑

(iη)2n a+nan+k

n!(n + k)!
+ H.c.

]

. (3)

With this Hamiltonian, we can study the realization of

the controlled quantum phase gate either between the

internal and external states of the ion or between the

cavity mode and the vibrational mode of the trapped

ion; also, we can generate a nonclassical GHZ state if

assisted by a classical laser.

3. Implementation of quantum

phase gate

With the Hamiltonian defined by Eq.(3), we can

obtain

〈m − k, q − 1, e|HI|m, q, g〉 = sin
(

ϕ + k
π

2

)

ge−η2/2ηk

√

q · m!

(m − k)!

m−k
∑

n=0

(iη)2n

(k + n)!
Cn

m−k = Ωm−k,q,k, (4)

where q and m are the photon number of the cavity mode and the phonon number of the collective vibrational

mode of the ion, respectively. Then, the time evolution of the input states |m〉|q〉|g〉 and |m〉|q〉|e〉 can be

expressed, respectively, as

|m〉|q〉|g〉 ⇒
{ |m〉|q〉|g〉, m < k or q = 0,

cos(Ωm−k,q,kt)|m〉|q〉|g〉 − i sin(Ωm−k,q,kt)|m − k〉|q − 1〉|e〉, m ≥ k, q ≥ 1,

|m〉|q〉|e〉 ⇒ cos(Ωm+k,q+1,kt)|m〉|q〉|e〉 − i sin(Ωm+k,q+1,kt)|m + k〉|q + 1〉|g〉, (5)

to implement the CQPG defined by the following op-

erations:

|0〉a|g〉 → |0〉a|g〉, |0〉a|e〉 → |0〉a|e〉,

|1〉a|g〉 → |1〉a|g〉, |1〉a|e〉 → −|1〉a|e〉,

where the subscript a denotes the vibrational mode

of the trapped ion, and the number m in |·〉a means

the phonon number of the collective vibrational mode.

We set k = 0, q = 0, and ϕ = π/2, i.e. the light field

is resonant with the atomic transition |e〉 ↔ |g〉, the

cavity mode is initially in a vacuum state, and the

ion is located at the antinode of the standing wave.

According Eq.(5), it is easy to find that

|0〉b|0〉a|g〉 → |0〉b|0〉a|g〉, |0〉b|1〉a|g〉 → |0〉b|1〉a|g〉,

|0〉b|0〉a|e〉 → cos(Ω0,1,0t)|0〉b|0〉a|e〉
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− i sin(Ω0,1,0t)|1〉b|0〉a|g〉,

|0〉b|1〉a|e〉 → cos(Ω1,1,0t)|0〉b|1〉a|e〉

− i sin(Ω1,1,0t)|1〉b|1〉a|g〉,

where the subscript b denotes the cavity mode,

Ω0,1,0 = ge−η2/2, and Ω1,1,0 = ge−η2/2(1 − η2).

If the following conditions are satisfied:

Ω0,1,0t = 2pπ, Ω1,1,0t = (2l − 1)π, (7)

where p and l are two positive integers, and p ≥ l, we

can have

|0〉b|0〉a|e〉 → |0〉b|0〉a|e〉,

|0〉b|1〉a|e〉 → −|0〉b|1〉a|e〉; (8)

thus the CQPG defined by Eq.(6) is realized. Here we

give some values of the suitable η and its correspond-

ing gate operational scale time gt in Table 1.

Table 1. Some of the suitable values of η and its correspond-

ing gate operational scale time.

η 0.2132 0.31623 0.40825 0.5 0.70711 0.86603 0.91287

gt 72.329 34.72 22.268 16.136 10.359 26.603 43.372

We can see from Table 1 that the scale time is

not longer than 72.329 (equivalent to 0.5 ms in case of

g = 2π×24 kHz) in each case. Also we depict the rela-

tions between the gate operational scale time and the

Lamb–Dicke parameter in Figs.1 and 2, in the cases of

l ≤ 13 and l ≥ 12, respectively. In Figs.1 and 2, those

points marked by the same symbol and connected by

the same (dotted) line is corresponding to the same

value of l, and the value of l increases from right to

left. In Fig.1, those points corresponding to gt > 100

are not depicted.

Fig.1. Relation between the gate operational scale time

and the parameter η when l ≤ 13 and gt ≤ 100.

Fig.2. Relation between the gate operational scale time

and the parameter η when l ≥ 12 and gt ≤ 200.

We can see, from Fig.1 and Fig.2, for a certain

value of l, the gate operational scale time increases

with the increasing of η, so there is a shortest gate

operational scale time for each l, but it increases with

the decreasing of η(increasing of l). The scale time

10.359, corresponding to l = 1 and η = 0.70711, is the

shortest one among all possible gate operational scale

times. Each value of gt in Table 1 is the shortest one

for a given η.

When the frequency of the light field is chosen to

be resonant with the first red sideband of the collec-

tive vibrational mode (k = 1 in Eq.(5)) and the ion is

located at the node of the standing wave (ϕ = 0), we

can perform another CQPG between the cavity mode

and the vibrational mode of the ion, which is defined

as follows:

|0〉a|0〉b| → |0〉a|0〉b, |0〉a|1〉b| → |0〉a|1〉b,

|1〉a|0〉b → |1〉a|0〉b, |1〉a|1〉b → −|1〉a|1〉b.
(9)

According to the time evolution of the input state

|m〉|q〉|g〉 in Eq.(5), it is easy to find that

|0〉a|0〉b|g〉 → |0〉a|0〉b|g〉,

|0〉a|1〉b|g〉 → |0〉a|1〉b|g〉,

|1〉a|0〉b|g〉 → |1〉a|0〉b|g〉,

|1〉a|1〉b|g〉 → cos(Ω0,1,1t)|1〉a|1〉b|g〉

− i sin(Ω0,1,1t)|1〉a|0〉b|e〉, (10)

where Ω0,1,1 = gηe−η2/2. At the time defined by

cos(Ω0,1,1t) = −1, (11)
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the output state corresponding to the input state

|1〉a|1〉b|g〉 will be −|1〉a|0〉b|g〉, and the CQPG be-

tween the cavity mode and the collective vibrational

mode of the ion is then realized.

We also notice that a GHZ state

(|m〉a|q〉b|g〉 + i|m + k〉a|q + 1〉b|e〉)/
√

2

can be generated via this system. When the system

is initially in the state |m〉a|q〉b|e〉, at the time defined

by cos(Ωm+k,q+1,mt) = 1/
√

2, the system will be in

the state

(|m〉a|q〉b|e〉 − i|m + k〉a|q + 1〉b|g〉)/
√

2.

And then we apply a classical laser coupled to the

atomic transition |g〉 ↔ |e〉 with a Rabi frequency

Ω ≫ Ωm+k,q+1,k, and after a short time τ = π/2Ω ,

the system will be in the state (|m〉a|q〉b|g〉 + i|m +

k〉a|q + 1〉b|e〉)/
√

2. This is a typical GHZ state.

4. Summary

An easy way of realizing quantum computation

in small scale is of particular interest for experimen-

talists, and also very important for developing a real

quantum computer. In this paper, we have proposed

a simple scheme of CQPG via a single trapped two-

level ion in a single mode high-Q cavity beyond the

LDL. When the frequency of the light field is chosen

to be resonant with the atomic transition or with the

first red sideband of the vibrational mode of the ion,

we can achieve a CQPG between the external and in-

ternal states of the ion or between the cavity mode

and the vibrational mode of the ion beyond the LDL.

Neither the Lamb–Dicke approximation nor the assis-

tant classical laser is needed, and the gate operational

speed is relatively high. Since the techniques of cou-

pling between the cavity mode and a single trapped

ion have been developed,[17,18] our scheme can hope-

fully be realized.
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