Vol 16 No 6, June 2007
1009-1963,/2007,/16(06) /1559-07

Chinese Physics

© 2007 Chin. Phys. Soc.
and IOP Publishing Ltd

Creating unconventional geometric phase gate using
squeeze-like operator assisted by strong driving field*

Zhu Ai-Dong(REZ)>P)T, Zhang Shou(3k )P,
Yeon Kyu—HWangc)’ Yu Seong—ChoC), and Um Chung—lnd)

a) Center for the Condensed-Matter Science and Technology, Harbin Institute of Technology, Harbin 150001, China
b) Department of Physics, College of Science, Yanbian University, Yanji 133002, China

<) Department of Physics & BK21 Program for Device Physics, College of Natural Science,
Chungbuk National University, Cheonju, Chungbuk 361-763, Republic of Korea
d) Department of Physics, College of Science, Korea University, Seoul 136-701, Republic of Korea

(Received 24 August 2006; revised manuscript received 4 January 2007)

Based on the idea that a squeezing process can be thought of as a total cumulative effect of a large number of

tiny squeezing processes, we define a squeeze-like operator with a time-dependent squeeze parameter. Applying this

operator to and combining with a system which includes a two-photon interaction between two atoms and an initial

vacuum cavity field, and resorting to a resonant strong driving classical field, we obtain an unconventional geometric

phase gate with a shorter gating time.
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1. Introduction

As a basic computation unit of quantum com-
puter, a quantum logic gate has been investigated
extensively in recent years.'=) There are two meth-
ods to construct a quantum logic gate primarily, one
is based on dynamic evolution®='? and the other is
based on geometric operation.'3=16 The former has
a shortcoming that it is sensitive to the parameter
fluctuations in operation, while the latter provides a
promising approach to achieving built-in fault-tolerant
quantum gates.!'”) The geometric gate possesses the
advantage that the phase is determined only by the
path area, insensitive to the starting state distribu-
tions, the path shape, and the passage rate to tra-
verse the closed path.['”) Furthermore, the fidelity of
the geometric gate might be higher than that of the
dynamic gate.'* Therefore, the geometric gate has
become a primary object of the research. So far, two
kinds of geometric quantum gates have been investi-
gated which are obtained, respectively, by using adi-
abatic cyclic evolutions!'®'9 and a displacement op-
erator along a closed path conditional on the state
of the qubits.['4=16:20] They are called the conven-

tional geometric gate and unconventional geometric

gate, respectively. Particularly, the latter has at-
tracted much attention in that it provides a method of
fault-tolerant quantum computation. We have noted
that in the phase space, a squeeze vacuum state can
be achieved by a squeeze operator acting on a vac-
uum state. From the viewpoint of geometry, this
is equivalent to a change from a circle to an ellipse.
Moreover, a phase shift can also be obtained during
this change. However, most researches about the ge-
ometric phase gate are devoted to the displacement

(14-16,20] Very recently, Chen and Gao [2U

operator.
and Joshi and Xiao (22 have proposed schemes to con-
struct an unconventional geometric logic gate in cavity
quantum electrodynamics (QED) using a squeeze op-
erator. Their schemes are based on the large-detuning
interaction between the atom and the cavity. In this
work, by defining a squeeze-like operator, we first give
a clearer physical picture for the process of phase gate
using a squeeze operator. Then a geometric phase gate
is created by using this squeeze-like operator. Differ-
ent from the situation in Refs.[21,22], in our scheme
the atoms resonantly interact with a strong driving
classical field (while the situation in the above ref-
erences is based on the large detuning interaction),
thus a shorter gating time is achieved. Moreover, the
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geometric phase gate under the cavity decay is also
considered.

The remainder of this paper is organized as fol-
lows. In Section 2, we present the definition of the
squeeze-like operator and its theoretic elements in
quantum optics. In Section 3, we describe the dy-
namic model in which two atoms interact with the
cavity through a two-photon process, by resorting to
a resonant strong driving classical field. In Section
4 and Section 5, the two-qubit quantum phase gates
under an ideal situation and under cavity decay are
obtained, respectively. Finally, a discussion and sum-

mary are given in Section 6.

2. Definition of squeeze-like oper-

ator

An unitary squeeze operator in quantum optics is

written as

s©=eo{zea - et )

where ¢ = rel? is an arbitrary complex number and
In this

work, £ is a time-dependent parameter. The squeeze

|€] = r represents the degree of squeezing.

operator has the property

A squeezed vacuum state can be obtained by the
squeeze operator S(£) acting on a vacuum state. In
the phase space of two orthogonal components X; and
X5 of the field, the relation between the vacuum state
| 7)vac and the squeezed vacuum state | ¥)g, is usu-
ally described by a figure as shown in Fig.1, where
the circle and the ellipse denote the error circles of
the vacuum state | ¥)yac and of the squeezed vacuum
state | ¥)sy, respectively. The error circle of |¥)y,. is
squeezed into an error ellipse of the same area. The
principal axes of the ellipse lie along Y7 and Y5 are
rotated at an angle of 6/2 from the original axes X
and Xs, respectively.

From Eq.(1) the squeeze operator satisfies the
following relation after the higher-order terms have
been neglected in the expansion under the condition
of |&| < 1:

S(e)s(e)
= Sle+ e { @ +ala f. ()

Now based on the above knowledge, we regard a
squeezing process from | ¥)yac t0 | W)y as a total result
of many small processes of squeezing which occur one
by one during some equal intervals At;. Among these
small processes of squeezing, either of the orthogonal
components with an arbitrary squeezing angle 6 has a
possibility to be squeezed.
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Fig.1. A squeezed vacuum state | ¥)sy can be created by
a squeeze operator acting on a vacuum state |¥)vac.

Such a squeezing process is realized by the fol-
lowing series of operators acting on an initial vacuum

state:

S = Si(AEN) St (A&N-1) - -+ St (A1)

In the above equation, Eq.(3) has been used, and A¢;
denotes the tiny squeezing parameter of the jth small
process. For an initial vacuum state of the field, the
term corresponding to afa in Eq.(4) makes no con-
tribution to the evolution of the system. Therefore,
when N — oo within process p of a definite time, the

St=5;<¢}m)€9, (5)

1 *
@_fmAg&. (6)

operator S; is

where

If the field evolves back to the initial vacuum state
again (which we call an evolution period) after a series
of infinitesimal squeezing processes within infinitesi-
mal time intervals, from Eq.(1), Eq.(5) can be written
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as

St = St(O)eiQ = eiQ,
6 = tim j{ erde. (7)
2 Jr

Now we extend the above idea to defining a
squeeze-like operator SF. Because the squeeze opera-
tor has the property described by Eq.(2), we define a
squeeze-like operator as

SE(~1)a”

. SOZH BNC

549 = exp { !

2
where £(t) is a time-dependent complex parameter,
and (—t) = & in order to satisfy Eq.(2). We obtain
the following total operator for a squeezing process
consisting of N small processes of squeezing (we have
assumed that the field is initially in a vacuum state),
which is similar to Eq.(4):

StL—SL(AﬁN)SL(AﬁN 1)

Z A& | exp
j=1

1(A§1)

Z A& (1)

2

x Z AG(—t) = > Ag(—

Jj=2

j—1
> Ag®)] §.0)
k=1

In the limit of N — oo, we have

st= 5t ([ acw) e
0= 1Im Ug(—t)dg(t) — /é(t)dé(—t)] :
=——Re[/§ Hd() /5 ) (— ] (10)

For an evolution period T, the above equation turns
into the following form:

SgJ :SL( ) —A i@ 7A

9_—Im[ €(—t)de(t) fg )dé(— ]

=——Re[7f§ Hd() 7{5 )de (— ].<11>

The operator S& defined here and Egs.(10) and
(11) are used to create a quantum phase gate. It will
be seen that this method is applicable not only to a
system including a cavity without loss, but also to one
including a cavity with loss.

3. Dynamic model of a cavity
QED system consisting of two-
photon process and a strong
driving field

Consider a system in which two identical three-
level atoms each with an excited state |i) and two
ground states |e) and |g), interact with a single-mode
cavity which is in the vacuum state initially, through
a two-photon process, assisted by an external classical
driving field as shown in Fig.2.

5 ) |
|4)
classical field We

wr, = wo

le)

lg)

Fig.2. A model of two three-level atoms interacting with
a cavity field through a two-photon process, assisted by a
classical driving field.

The transition |e) < [i) of the atom is driven
by the single-mode cavity field with a coupling con-
stant g and detuning J, and the driving field is reso-
nant to this transition with Rabi frequency 2. The
level |g) is an auxiliary state. The quantum informa-
tion is encoded in the states |g) and the dress state
=) =1/v2(le) -

is expressed as

|i)). The Hamiltonian of the system

2 2
H= wy Z S.i+ weata + gz (aT2SJ-_ + aQS;')
Jj=1 j=1
2 . .
+QZ (e—letS;r + e‘“LtS;) , (h — 1)7 (12)
j=1
1 . T
where S;; = 5 (11); (il —le)yj(el), S = [0)j{el, and
S = le);;(i] are the atomic spin operators for popu-

lation, rasing and lowering, respectively; a'(a) is the
creation (annihilation) operator of the cavity field;
wp, we and wy, are the frequencies of the transition
le) < |i) of the atoms, cavity mode and classical field,
respectively. Performing a rotation with respect to
the classical field wr,, the Hamiltonian of Eq.(12) can
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be written as

2
H, = 5aTa+gZ (aTQS; + a25+
j=1

2
ZS++S

(13)

where § = w. — wg. In order to acquire the effective

Hamiltonian, we define
Hr = HrO + Hri7

2
Hy = dala+ 2 (SF+5;),

j=1
2
H,; = gz (aTQSj_ + aQS]T") , (14)
j=1

and perform the following transformation:
H; = eiHrotHrie_iHmt. (15)

Then the effective Hamiltonian of the system in the
strong driving regime {2 > g, and the rotating-wave
approximation is obtained as

2
Z |+ 77 >jj<_|)
Jj=
x (a e 215t+a1‘2 216t) (16)

where |£); = 1/v/2(|e); £ |i);). In Eq.(16) the term
corresponding to the state |+); makes no contribution

Heﬂ' =

N

to the phase gate to be built because the state |+); is
orthogonal to both |—); and |g);. Hence, we write the

Hamiltonian related to the phase gate as

l\DIQ

2
effg _ Z ]] _| 2 7216t+ 12 215t)' (17)

4. Ideal

tional quantum phase gate cre-

two-qubit unconven-

ated by the squeeze-like oper-
ator

Now we calculate the time-dependant squeezing
parameter £(t) according to this model. Considering
the definition of the squeeze-like operator in Eq.(8),
during an infinitesimal interval ¢t + dt, the corre-
sponding state evolution is determined by the oper-
ator

SL(dg) — oB[dé(—t)a®—dE()a?] _ —iHemedt (18)

It can be seen from Eq.(18) that the state of the sys-

tem, which includes only a single state |—);, will evolve

according to S(d¢), while those that include [ states
[—); (1 <1< N) will evolve according to the operator
St(1d¢). From Egs.(17) and (18
pression for the system state including a single state

=)

), we obtain the ex-

de(t) = —ige?dtdt, (19)

and the expression for those including ! states |—);

d&; (t) = —igle?tdt. (20)

After an interaction time ¢, the time-dependant
squeezing parameters £(t) and & (t) are obtained as

follows:

£(t) = /0 (—ig)e*®7dr = 2% (1 — e, (21)

and
&(t) = IE(@). (22)

Hence, in terms of Egs.(10), (21) and (22), the phase
shift © (for single qubit state |—);) and ©; (for [ states
|—);) are solved as

2 1 )
o, = 1%6. (24)

In addition, A = 0 and A; = 0 are obtained. We have
noted from Egs.(21) and (22) that the condition for
the system to undergo a periodical evolution is

0t = mm, (m=1,2,3,--). (25)

The time ¢t = mm /¢ is just the period of the quantum
phase gate. Considering Egs.(10) and (14), the total
evolution operator is as follows:

U(t) = e ot gl (26)

According to Eqgs.(11), (14) and (26), we obtain the
following evolutions after an evolution period t =

mn/d:

19)119)210)  — |g9)19)2(0),
9)11=)2]0) — €*S™(0)e’®|g)1]—)20)
= el g}, |—),]0),
|—)119)210) — €' 5H(0)e’®|=)1]g)20)
= (T2} (g),]0),
|=)11=-)2]0) — eF 15T (0)e' %[ —)1|—)2[0)
= OF20D ) | -)5)0). (27)
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By performing a single-qubit operation |-);, —

e (28| ). we obtain the following results:

— |g> |—> 0
— [=)lg)2[0
12@| > |

),
)

)2(0), (28)
which is a 26-phase gate, of which the gating time is
determined by Eqs.(23) and (25). For 20 = 7, we ob-

tain a m-phase gate, the gating time is obtained from
Eqgs.(23) and (25) as

V2mm
.

lideal = (29)

5. Two-qubit

gate under the cavity decay

quantum phase

In this section we consider the effect of the cav-
ity decay on the quantum phase gate by use of the
squeeze-like operator.

The Hamiltonian of the system when the cavity
decay is considered is as follows:

2 2
H = wy Z Sz + weala + g Z (aTzS; + CL2S;F)
j=1 j=1
2 K
+0Y_ (7S] +ertsy) —igala, (30)
i=1
where k is the cavity decay rate. By the same steps as
those in Section 3, the effective Hamiltonian under the

strong driving regime 2 > g, and the rotating-wave
approximation is obtained as

2
g
éff: 52 |+JJ

+aT26216teNt) , (31)

>jj <_|) (a2ef2i6tefnt

in which the terms contributing an unconventional
phase shift to the evolution of the qubit states are

2
g —2i —K
o=~ ] (e e
+a/T2e2i5tth) . (32)

So by use of the same method as that for Eqs.(18)—
(22), we obtain the time-dependent squeezing param-
eter £'(t)(&](t)) under the cavity decay as

296 +igk (1

452 n KI2 _ e?ilstent) , (33)

€(t) =

and
§(t) =1€'(t). (34)

According to Eq.(10), we have the following expres-
sions:

/ g 2 2 L.
e = m |:(4($ — K ) (6t — 5 Sln25tCOShK,t>

+26k (kt — cos 20t sinh kt)]

o] =1%o, (35)

/ g° 2 2 (1 :
A = m |:(46 — K ) (5 COS25tSlnhlit

Zt) + 26k (20t — sin 26t cosh mf)]

A =124 (36)

It is seen from Egs.(33) and (34) that the time of a
periodical evolution for the system satisfies the condi-
tion

5t = mm (k<d, and m=1,2,3,---). (37)

In a way similar to that in Sec.4, we obtain the fol-
lowing evolutions after the time ¢ = 7m/¢:

19)119)210)  — |9)119)2/0),
|9)1]=)210)  — e~ ol SE(¢")|g)1|—)2]0)
= e Ael(O 20 gy |),]0),

|=)1lg)210) — e~ ot S (€))|~)11g)20)
= o MO, [g)]0),

|=)al=)210) — e7 ot SE(E)|=)1|—)2]0)
_ e—A;ei(@é+2Qt)|_>1|_>2|O>

_ ef4A’ei(4(~)’+29t)|_>1|_>2|O>' (38)

After a single-qubit operation |—); — e—i(0'+021)
|—);, we obtain a 20’-phase gate under the cavity

decay

e 4g)1]-)2]0),
0) — e 4 [=)1]g)2/0),
— e MOy | )0]0).  (39)

In the above equation, 20’ = 7 yields a m-phase gate
under the cavity decay, and the corresponding gating
time can be calculated from Eq.(37) and the following
condition:
92 [(452 — ,%2) (515 1 sin 20t cosh Iit)
(402 4 K2)2 2
20k (Kt — cos 26t sinh kt)]

+
= 3 (40)
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Obviously, Egs.(35), (36), (39) and (40) will return to
the corresponding equations for the ideal situation in
which k = 0.

6. Discussion and summary

Firstly, it is necessary to account for the restric-
tive condition of our scheme. We can give the squeez-
ing degree |¢'(t)] vs both ¢ and the ratio of xk/J ac-
cording to Eq.(33) as shown in Fig.3 where we have
assumed g/6 = 1. From this figure we can see that in
an ideal situation in which x = 0 the squeeze parame-
ter exhibits a standard periodical evolution. However,
with the increase of ratio x/J, the evolution of |¢'|
gradually deviates from the periodical variation. This
indicates that after a period of mn/d, the cavity is
unable to return to the initial state precisely because
the decay of the cavity increases, i.e. the quantum
jump has occurred. In order to avoid this situation,
our scheme is restricted to the condition of K < ¢. In
addition, we should point out that an initial vacuum
cavity field is required in our present scheme because
of the feature of the squeeze operator in Eq.(4).

€]

Fig.3. Evolution of the squeeze parameter with both time
t and ratio x/d, with g/d = 1 assumed.

Secondly, we should discuss the experimental fea-
sibility of our scheme. The classical driving field in

our scheme must be restricted to being a microwave
field. Then the levels |i), |e) and |g) correspond to the
levels of a Rydberg atom with the quantum numbers
51,50 and 49, respectively. According to the data from
Ref.[2], the lifetime of the excited level of a Rydberg
atom is T, ~ 3 x 10~2s, the photon lifetime in the cav-
ity is T, ~ 3 x 10735, and the coupling strength of a
two-photon process can be taken as g ~ 2r K H (about
1/50 of the coupling strength of the single-photon pro-
cess). So the gating time for m = 1 of our scheme from
Eq.(29) is tideal = V27/g ~ 7.0711 x 10~*s. It is much
shorter than T} and T¢. If the cavity decay is consid-
ered, we can take x = ¢/27.2 In this case we have
k/d ~ 0.0524 from Eqgs.(37) and (40), so the condition
K < ¢ is satisfied approximately. Then the gating time
is calculated as t, ~ 1.415687/g ~ 7.0784 x 10™4s,
which is also much shorter than 7; and T,. The gat-
ing time is prolonged by only about 0.104% because
of the cavity decay. It can be seen that this time
is much shorter than that of the situation of large-
detuning.?1:22] But the disadvantage of the present
scheme is that it does not work if an optical cav-
ity of laser is used according to relevant experimental
data.l?!

In summary, we have given a clear physical de-
scription of the geometric phase gate using a squeeze-
like operator. This squeeze-like operator possesses the
property similar to that of the squeeze operator, but
Further-
more, by this operator acting on a QED system which

the squeeze parameter is time-dependent.

includes a two-photon interaction between the atoms
and an initial vacuum cavity field assisted by a reso-
nant strong driving field, an unconventional geometric
phase-gate is obtained. By applying a resonant clas-
sical driving field, we have obtained a shorter gating
time even if in the case of cavity decay. To ensure the
validity of the scheme, the condition k < § must be
satisfied. We believe that this scheme provides a new
way of exploring an unconventional geometric phase
gate.
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